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O„aas… matching coefficients for theDB52 operators in the lattice static theory

K-I. Ishikawa, T. Onogi, and N. Yamada
Department of Physics, Hiroshima University, Higashi-Hiroshima 739-8526, Japan

~Received 15 December 1998; published 25 June 1999!

We present the perturbative matching coefficient toO(aas) which relates theDB52 operator in the
continuum to that of the lattice static theory, which is important in accurate extraction of the continuum value
of BB from lattice simulations. The coefficients are obtained by one-loop calculations in both the continuum
and lattice theory. We find that two new dimension-7 operators appear atO(aas) with O(1) coefficients. We

also discuss possible cancellation of theO(aas) correction in the ratioBB5^B̄uOLuB&/@(8/3)(f BMB)2# quali-
tatively. @S0556-2821~99!01813-5#

PACS number~s!: 12.38.Gc, 12.39.Hg, 13.20.He, 14.40.Nd
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I. INTRODUCTION

One of the most important issues in particle physics is
origin of mass andCP violation. Cabibbo-Kobayashi
Maskawa~CKM! matrix elements are believed to play a k
role to probe the physics behind it. Despite a lot of effort
various approaches, the matrix elementVtd which can be
determined fromB0-B̄0 mixing is still only poorly known
due to theoretical uncertainty in the hadronic matrix eleme
The hadronic matrix element for theB0-B̄0 mxing is param-
etrized using theB meson decay constantf B and the bag
parameterBB . Lattice QCD has been considered to be one
the most reliable approaches for computing these quant
with high precision. So far most of the effort has been d
voted to theB meson decay constant. At an early stage,
decay constants were computed in the static approxima
and from extrapolation from light quarks. It was found th
both the lattice cutoff dependence and heavy quark m
dependence are significantly large. Later the scaling beha
for the lattice spacinga @1,2# and the heavy quark mass 1/mQ
@3# were investigated carefully and the best estimate off B
from quenched lattice QCD is nowf B5165(20) MeV@4#.
On the other hand, until recently, the bag parameter has b
calculated only either in the static limit or by naive extrap
lation from light quarks. In this respect, careful studies
systematic errors of the bag parameter are still missing.

In general, in order to get a continuum result of a physi
quantity such asf B from lattice simulation, we have to com
pute physical quantities on different lattices and extrapo
the results to the continuum. Therefore the final results h
smaller errors if the cutoff dependence is smaller. It w
found thatO(a) improvements of the action and lattice o
erators in the Symanzik approach significantly reduce
lattice cutoff dependences of various matrix elements.
heavy-light axial vector current, such kinds of improveme
have been accomplished by Morningstar and Shigemitsu@5#
in the lattice nonrelativistic QCD~NRQCD! formalism.
They found that the additional operator mixed atO(aas) and
the inclusion of the effect significantly reduced the value
f B at finite lattice spacing and it was also the case in
static limit. In contrast to the decay constant, theO(aas)
mixing effect has not been studied forBB . One reason is tha
only the operator matching ofO(as) has been done in Refs
0556-2821/99/60~3!/034501~8!/$15.00 60 0345
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@6–9# so far. Although previous simulations have not show
a clear cutoff dependence ofBB @9,10#, it would be very
important to study theO(aas) mixing effect explicitly in
order to obtain the precise value ofBB .

The purpose of this paper is to investigate theO(aas)
effect for BB . We perturbatively compute the operat
matching coefficients of static-cloverDB52 operators up to
O(aas). We use the notation defined by the authors in Re
@6,7#.

A phenomenologically important quantity might be th
product ofBBf B

2 which is just the expectation value of th
DB52 operator. Therefore it seems sufficient to impro
only the DB52 operator. To determinef B and BB sepa-
rately, however, would have a somewhat greater advan
from a technical point of view@4#. SinceO(aas) improve-
ment for BB requires improvements of both the heavy-lig
axial vector current and theDB52 operator, we also men
tion the result for heavy-light current for completeness.

The paper is organized as follows. In Secs. II and III, o
main results, the matching coefficients to theO(aas) for
heavy-light current and theDB52 operator, are shown, re
spectively. In Sec. IV, we discuss the impact of our resu
on the determination ofBB . Finally we conclude in Sec. V
The appendixes are devoted to some details in this calc
tion.

Throughout this paper, we choose the Feynman ga
(a51) and the light quark massmq is set to zero. The ul-
traviolet divergences appearing in the continuum calculat
are regulated by dimensional regularization and the c
tinuum operators are renormalized with modified minim
subtraction (MS) scheme, while the infrared divergences a
regulated by the gluon massl in both the continuum and
lattice theory. Operators with superscripts ‘‘con’’ and ‘‘lat
define the continuum operators and the lattice operators
spectively. In our convention,g5 always anticommutes with
gm . We give all equations in Euclidean form.

II. STATIC HEAVY-LIGHT CURRENT

In this section, we present the matching coefficients of
static-light current operators which are relevant to the de
minations of the form factors of the static to light decays
well as the following discussion. Our lattice gauge action
©1999 The American Physical Society01-1
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the standard Wilson plaquette action. For the light quark
use theO(a)-improved SW quark action@11# with the clover
coefficientcsw and, in contrast to Ref.@7#, we do not incor-
porate the rotation operator associated with the clover
mion in the current operator.

In the following, we describe the lattice static quark.
the static limit, the quark action is separated into two pie
in the Dirac basis, namely, one for the static quarkb8 and the
other for the static antiquarkb̃8. Both are two-componen
fields which are related to the relativistic four-compone
field b as

b5S b8

b̃8†D , b̄5~b8†2b̃8!. ~1!

In our convention, the action is given by

Sstat5(
x,y

ba8
†i~x!@dx,yd

i j 2U4
†i j ~y!dx24̂,y#dabbb8

j~y!

1(
x,y

~2b̃a8
8 i

~x!!@dx,yd
i j 2U4

i j ~x!dx14̂,y#

3da8b8b̃b8
8† j

~y!, ~2!

wherea (a8) andb (b8) run over 1 and 2~3 and 4!. Our
Feynman rules for the lattice static quark and antiquark
obtained from the above action through the standard pro
dure. The heavy quark~antiquark! propagates only forward
~backward! in time direction.

To determine the matching coefficients up toO(aas), ~i!
we calculate the heavy to light on-shell scattering amplitu
with the following operator with arbitrary gamma matrixG,

JG
(0)5q̄Gb,

in the continuum full theory up to one-loop order, expand
resulting expression with respect to the momenta of exte
quarks at their rest frame, which is required to obtain
matching coefficients through desired orderO(aas), and
take the static limit of the heavy quarks.~ii ! We repeat a
similar calculation to step~i! on the lattice static theory.~iii !
Finally we express the continuum operators in terms of
lattice operators with appropriate matching coefficie
which are adjusted so that both theories give identical o
loop scattering amplitudes up toO(aas). In this matching

procedure, we have two coupling constants,as
MS̄ in the con-

tinuum theory andas
lat in the lattice theory. In this paper

both coupling constants are rewritten in terms of t
V-scheme coupling@12# at one-loop order.

In step~i!, we calculate the scattering amplitude with
initial heavy quark carrying momentumpW and a final light
quark carrying momentumkW . The resulting expression is
03450
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^q~kW !uJG
(0)conub~pW !&5H 11

as

4p
CFF S 1

4
H22

5

2D lnS m2

mb
2D

2
3

2
lnS l2

m2D 2
HG

2
1

3

4
H2

2HH82
11

4 G J ^JG
(0)&0

1
as

4p
CFG

8p

3al
^JG

(1)&0 , ~3!

where the symbol̂•••&0 denotes the tree level expectatio
value between the same initial and final states as those o
left hand side,CF5(Nc

221)/2Nc with number of colorNc ,

mb is the heavy quark mass, andJG
(1)[q̄(aDQ •gW )Gb. The

renormalization scale for the amplitude ism. The definitions
of H, G, andH8 are the same as those in Ref.@13#. In de-
riving Eq. ~3!, we use the equation of motion for the ligh
quark, q̄g4k452q̄gW •kW , and also that for the heavy quar
g4ub5ub , to simplify the result.

Repeating a similar calculation as in the continuum the
in step ~ii !, we obtain the corresponding amplitude on t
lattice as follows:

^q~kW !uJG
(0)latub~pW !&5F11

as

4p
CFS 2

3

2
ln~a2l2!1AG

(0)

1AG
I (0)1

1

2
u0

(2)D G^JG
(0)&0

1
as

4p
CFS G

8p

3al
1r ~12csw!ln~a2l2!

1AG
(1)1AG

I (1)D ^JG
(1)&0 , ~4!

where

AG
(0)5d11d2G1

1

2
~e(R)1 f !, ~5!

AG
I (0)52dIG1

1

2
f I , ~6!

AG
(1)5UG1V, ~7!

TABLE I. The numerical values ofdI , U, UI , V, andVI for each
value of r.

r 1.00 0.75 0.50 0.25 0

dI 24.14 23.74 23.12 22.04 0
U 4.89 5.27 6.16 8.26 12.72
UI 20.29 20.11 0.02 0.06 0
V 27.14 27.51 27.72 26.99 0
VI 1.98 1.82 1.51 0.98 0
1-2



O(aas) MATCHING COEFFICIENTS FOR THEDB52 . . . PHYSICAL REVIEW D 60 034501
TABLE II. The results of the heavy-light current matching andH, H8, andG for eachG.

G H H8 G zG
(0) zG

(1)

1 4 1 1 3 3
2 ln(m2/mb

2)1 3
2ln(a2mb

2)22.25 0.56

g5 24 21 21 3 3
2 ln(m2/mb

2)1 3
2ln(a2mb

2)28.41 9.76

g i 22 21 21 3
2 ln(a2mb

2)214.41 9.76
g4 22 21 1 3

2 ln(a2mb
2)26.25 0.56

g5g i 2 1 1 3
2 ln(a2mb

2)28.25 0.56
g5g4 2 1 21 3

2 ln(a2mb
2)212.41 9.76

s4i 0 1 21 2
3
2 ln(m2/mb

2)1 3
2ln(a2mb

2)214.41 9.76
s i j 0 1 1 2

3
2 ln(m2/mb

2)1 3
2ln(a2mb

2)28.25 0.56
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I (1)5UIG1VI . ~8!

The renormalization scale for the amplitude isa21. AG
(0) and

AG
I (0) correspond toAG andAG

I in Ref. @7#, respectively, and
the numerical values ofd1 , d2 , e(R), and f are tabulated in
Refs.@6,7,13#. Although our explicit form of the integrand o
dI completely agrees with that of Ref.@7#, the numerical
value ofdI is slightly larger in magnitude than that of Re
@7#, and the value is tabulated in Table I.U, UI , V, andVI

are new contributions atO(aas). Their explicit forms of the
integrands are shown in Appendix B and their numeri
values are tabulated in Table I. The coefficients with
superscriptI vanish when Wilson light quark is used (csw

50). u0
(2) comes from the tadpole improvement of the lig

quark wave function renormalization; for details see App
dix A.

In step ~iii !, matching Eq.~3! to Eq. ~4!, we obtain the
following relation between the operators in the continuu
and lattice theory:

JG
(0)con5F11

as

4p
CFzG

(0)GJG
(0)lat1

as

4p
CFzG

(1)JG
(1)lat

[ZG
(0)JG

(0)lat1ZG
(1)JG

(1)lat, ~9!

where

zG
(0)5S 1

4
H22

5

2D lnS m2

mb
2D 2

3

2
lnS l2

m2D 2
HG

2
1

3

4
H22HH8

2
11

4
1

3

2
ln~a2l2!2AG

(0)2AG
I (0)2

1

2
u0

(2) , ~10!

zG
(1)52r ~12csw!ln~a2l2!2AG

(1)2AG
I (1) . ~11!

The result of Eq.~10! was obtained in Refs.@6,7# except for
the differences of our inclusion of tadpole improvements a
the wave function renormalization of lattice static quar
Equation~11! gives a new result for the arbitrary static-lig
current. For axial vector current and vector current
matching coefficient forJG

(1)lat has been calculated wit
NRQCD action for heavy quarks in Ref.@5#. From Eq.~9!
we observe that theO(a) operatorJG

(1)lat appears at this or
der, which is considered to be a lattice artifact. It is no
03450
l
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that there is no linear divergence proportional to 1/l in the
coefficients, while there is a logarithmic divergence unle
csw51. In the use of Wilson light quark (csw50), therefore,
we cannot match these operators consistently due to this
frared mismatch as previously pointed out in Refs.@5,7#.

The results ofzG
(0) andzG

(1) for eachG are summarized in
Table II, wherer 5csw51 and the tadpole improvement
performed by using the perturbative expression of the crit
hopping parameter. The numerical values of theO(aas) cor-
rection for axial vector current and vector current are con
tent with those in Ref.@5#.1 It should be noted that the coe
ficient of JG

(1)lat depends only onG, andG521 might lead
to a large mixing effect, whileG51 does not. Actually the
mixing effect leads to a significant change forf B , which has
been seen in Refs.@2,14#.

III. DB52 OPERATOR

In this section, we discuss the matching of theDB52
operator. The matching procedure of theDB52 operator is
essentially the same as that for heavy-light current in
previous section. Before proceeding to step~i!, we give the
definitions of the operators:

OL5@ b̄gmPLq#@ b̄gmPLq#,

OS5@ b̄PLq#@ b̄PLq#,

OR5@ b̄gmPRq#@ b̄gmPRq#,

ON52@ b̄gmPLq#@ b̄gmPRq#14@ b̄PLq#

3@ b̄PRq#,

OLD5@ b̄gmPLq#@ b̄gmPL~aDW •gW !q#,

1Note that since there are some differences in the definitions of
lattice operators and the matching coefficients in this paper an
Ref. @5#, one would need to redefine our definitions to compare
results with theirs.
1-3



de
d

ght
ti-

at

K-I. ISHIKAWA, T. ONOGI, AND N. YAMADA PHYSICAL REVIEW D 60 034501
OND52@ b̄gmPLq#@ b̄gmPR~aDW •gW !q#

14@ b̄PLq#@ b̄PR~aDW •gW !q#,

wherePL512g5 andPR511g5.
In step~i!, we calculate the two-body scattering amplitu

for OL between the initial state with a heavy antiquark an
03450
a

light quark and the final state with a heavy quark and a li
antiquark in the continuum theory. The initial heavy an

quark carries momentumpW 2, the initial light quarkkW2, the

final heavy quarkpW 1, and the final light antiquarkkW1. We
obtain the scattering amplitude in the continuum theory
one loop as
ar in
^q̄~kW1!,b~pW 1!uO L
conuq~kW2!,b̄~pW 2!&5Zq

conZb
con(

i
V con

( i ) ~kW1 ,pW 1 ,kW2 ,pW 2!

5H 11
as

4p F2 lnS mb
2

m2D 24 lnS l2

mb
2D 1CL1

7

3G J ^OL&0

1
as

4p
CS^OS&01

as

4p

16p

3al
^OND&0 , ~12!

where theV con
( i ) ( i runs overa–d) denotes the contributions from each diagram in the continuum theory, which appe

Appendix C. The constantsCL5214 andCS528 appear in Refs.@6,7#.
In step~ii !, we calculate the corresponding amplitude with the lattice theory and obtain the result as follows:

^q̄~kW1!,b~pW 1!uO L
latuq~kW2!,b̄~pW 2!&

5Zq
latZb

lat(
i
V lat

( i )~kW1 ,pW 1 ,kW2 ,pW 2!

5F11
as

4p S 24 ln~a2l2!2DL2DL
I 1

7

3
1

4

3
u0

(2)D G^OL&01
as

4p
~2DN2DN

I !^ON&01
as

4p
~2DR2DR

I !^OR&0

1
as

4p S 2
10

3
r ~12csw!ln~a2l2!2DLD2DLD

I D ^OLD&01
as

4p S 16p

3al
2DND2DND

I D ^OND&0 , ~13!
as

e

where

DL52
10

3
d12

1

3
c2

1

3
v2

4

3
~e(R)1 f !1

7

3
, ~14!

DL
I 52

1

3
v I2

4

3
f I , ~15!

DN52d2 , ~16!

DN
I 522dI , ~17!

DR5
4

3
w, ~18!

DR
I 5

4

3
wI , ~19!

DLD5
10

3
V, ~20!
DLD
I 5

10

3
VI , ~21!

DND522U, ~22!

DND
I 522UI . ~23!

The coefficientsDL , DL
I , DN , DN

I , DR , andDR
I have been

calculated in Refs.@6–9# and we use the same notation
those in Refs.@6,7# for convenience. The coefficientsDLD ,
DLD

I , DND , andDND
I are novel results of this paper.V lat

( i ) ( i
runs overa–d) is the contribution from each diagram in th
lattice theory, which are shown in Appendix C.

In step~iii !, using Eqs.~12! and~13! we match the lattice
operator and continuum one toO(aas). We obtain the op-
erator identity

O L
con5(

X
ZXO X

lat , ~24!

whereX runs over$L,S,N,R,LD,ND%:
1-4
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ZL511
as

4p S 6 ln~a2mb
2!22 ln~a2m2!

1CL1DL1DL
I 2

4

3
u0

(2)D , ~25!

ZS5
as

4p
CS , ~26!

ZN5
as

4p
~DN1DN

I !, ~27!

ZR5
as

4p
~DR1DR

I !, ~28!

ZLD5
as

4p S 10

3
r ~12csw!ln~a2l2!1DLD1DLD

I D ,

~29!

ZND5
as

4p
~DND1DND

I !. ~30!

O L
con andO X

lat are defined at the scalem and a21, respec-
tively; thusZX’s are functions ofm anda21. Here and here-
after we do not explicitly show the arguments of the ope
tors and renormalization coefficients, which should
obvious to the reader. We find that the above results
O(as) agree with those of Refs.@6,7# except for the coeffi-
cient DR

I in Ref. @7# ~see Appendix C!. The correct value of
DR

I including a double rotation operator has been alre
obtained in Refs.@8,9# and ourDR

I is consistent with them
Two new operatorsO LD

lat andOND
lat mix at the O(aas). It

should be noted that the coefficients of the new opera
have completely common integrands to those ofJG

(1)lat in
heavy-light current. The use of the Wilson light quark (csw
50) leads to a mismatch of the infrared behavior betwe
continuum and lattice theory as in the case of heavy-li
current.

Whencsw5r 51, Eq. ~24! becomes

O L
con5F11

as

4p
~6 ln~a2mb

2!22 ln~a2m2!235.15!GO L
lat

1
as

4p
~28!O S

lat1
as

4p
~26.16!ON

lat

1
as

4p
~20.52!OR

lat1
as

4p
~217.20!O LD

lat

1
as

4p
~29.20!OND

lat . ~31!

Here we used a tadpole-improved expression for the crit
hopping parameter. It is found that the one-loop coefficie
of the two new operators are 17.20/4p and 9.20/4p, respec-
tively, and are ofO(1). This means the possibility of a larg
03450
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O(aas) correction forO L
con as in the case of axial vecto

current, though the lattice matrix elements ofO LD
lat andOND

lat

are not yet known.

IV. DISCUSSION

In the previous section, we pointed out that theDB52
operator might receive a largeO(aas) correction. For a rig-
orous investigation of theO(aas) effect, we must rely on
future works. On the other hand, previous simulations h
not shown a clear cutoff dependence ofBB and seem to
imply that the vacuum saturate approximation~VSA! is plau-
sible within a 10% level around the used lattice cutoff sc
(;2 –3 GeV)@9,10,15,16#. In this section, therefore, we at
tempt to estimate theO(aas) effects forBBf B

2 and BB as-
suming the VSA for the lattice matrix elements and using
results of the previous sections and then investigate the
sistency of our result with previous simulations. Althoug
this analysis is quite rough, we believe that it is possible
find some, at least, qualitative features.

Let us discuss theO(aas) correction for^B̄0uO L
conuB0&

using the VSA. Under the VSA, the relevant lattice mat
elements take the following values:

^B̄0uO L
latuB0& (VSA)5^B̄0uOR

latuB0& (VSA)

5^B̄0uON
latuB0& (VSA)

52
8

5
^B̄0uO S

latuB0& (VSA)

5
8

3
~ f B

(0)latMB!2, ~32!

^B̄0uO LD
lat uB0& (VSA)5^B̄0uOND

lat uB0& (VSA)

52d f B
lat8

3
~ f B

(0)latMB!2, ~33!

where f B
(0)latMB[^0uJg5g4

(0)latuB̄0& and d f B
lat[^0uJg5g4

(1)latuB̄0&/

^0uJg5g4

(0)latuB̄0&. Substituting Eqs.~32! and ~33! into Eq. ~31!,

we obtain

^B̄0uO L
conuB0&→

VSA

^B̄0uO L
conuB0& (VSA)

5
8

3
~ f B

(0)latMB!2F11
as

4p
~6 ln~a2mb

2!

22 ln~a2m2!236.83126.40d f B
lat!G ,

~34!

where the last term withd f B
lat is essentially due to the

O(aas) effect. We can use the data calculated by Ali Kh
et al. in Ref. @14# to guess the value ofd f B

lat in the static
limit. In our estimate, their finite mass results atb56.0 im-
ply d f B

lat;20.5 in the static limit. Using the coupling con
1-5
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K-I. ISHIKAWA, T. ONOGI, AND N. YAMADA PHYSICAL REVIEW D 60 034501
stants at the corresponding lattice with a Lepage-Macke
prescription@12#, as;0.15–0.25, we find that the magnitud
of the O(aas) correction for ^B̄0uO L

conuB0& (VSA) is very
large, about 15–25 %. Although this analysis is a naive e
mate of theO(aas) correction using the VSA, this sugges
that there are large contributions fromO(aas) correction for
O L

con and the improvement ofO(aas) should be necessaril
included.

Now we turn toBB , which is defined by

BB5
^B̄0uO L

conuB0&
8

3
~ f BMB!2

. ~35!

To improveBB in a consistent way, we should include th
O(aas) improvements of both the numerator and denomi
tor of Eq. ~35!. Substituting Eqs.~9! and ~24! into Eq. ~35!
and linearizing the resulting expression inas according to
the discussion of Ref.@15#, we obtainBB as

BB5(
X

vXBX
lat22v1d f B

latBL
lat ,

whereX runs over$L,S,N,R,LD,ND%:

vX5
ZX

~Zg5g4

(0) !2
,

v15
Zg5g4

(1)

Zg5g4

(0)
,

BX
lat5

^B̄0uO X
latuB0&

8

3
~ f B

(0)latMB!2

.

In the VSA, using Eqs.~32! and~33! we obtain the following
expression forBB to O(aas):

BB→
VSA

BB
(VSA)5S vL1vR1vN2

5

8
vSD

2~vLD1vND12v1!d f B
lat ,

5S 11
as

4p
D D2S as

4p
ED d f B

lat , ~36!

where the term withd f B
lat comes from theO(aas) improve-

ments again. The coefficientsD andE are given as follows:
03450
ie

ti-

-

D5F2 lnS mb
2

m2D 2
14

3
2

2

3
~d11d22dI !2

1

3
c2

1

3
~v1v I !

1
4

3
~w1wI !G , ~37!

E5
2

3
@r ~12csw!ln~a2l2!1U1UI1V1VI #. ~38!

In deriving Eqs.~37! and ~38!, there are some cancellation
between the coefficients of theDB52 operator and the axia
vector current.

Now let us roughly estimate theO(aas) effect in the
BB

(VSA) numerically. Whenr 5csw51 is chosen, we obtain
D52 ln(mb

2/m2)23.72 andE520.37. Using the data ofd f B
lat

and the coupling constants as before, we find that
O(aas) effect for theBB

(VSA) is smaller than 1%. Of course
such a drastic cancellation would not take place in rea
due to deviations from the VSA, but at least the pres
analysis suggests that there is a possibility of a signific
cancellation ofO(aas) corrections inBB . This is consistent
with the observation from previous simulations that there
no clear cutoff dependence ofBB .

V. CONCLUSION

In this paper, we reported the coefficients of theO(a)
operators which are newly induced atO(aas) in the pertur-
bative continuum-lattice operator matching of heavy-lig
current and theDB52 operator. We also roughly estimate
the O(aas) effect onBBf B

2 andBB using the VSA in lattice
hadronic matrix elements. Although theO(aas) effect is sig-
nificant in the determination off B and BBf B

2 , it seems that
the effect is not so forBB , at least, in this VSA analysis
because the cancellation between theO(aas) effects in the
numerator and denominator works well. Therefore previo
works, which imply that there is no cutoff dependence
BB , seem to be consistent with our analysis. Now, howev
that theO(aas) improvement for thef B has been already
done, in order to calculateBB in a consistent way the
O(aas) operators should be included in the calculation. F
a precise determination, it is also required to include
finite mass correction in both calculations of the matrix e
ment and the matching coefficients.
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APPENDIX A

Here we show the wave function renormalization co
stants for each external quark line in each theory,

Zq
con512

as

4p
CFFA2 lnS l2

m2D 2
1

2G ,

Zb
con512

as

4p
CFFA2 lnS mb

2

m2D 22 lnS mb
2

l2 D 14G ,

Zq
lat511

as

4p
CF@ ln~a2l2!1 f 1 f I1u0

(2)#,

Zb
lat[ZQ

lat5Zx
lat511

as

4p
CF@22 ln~a2l2!1e(R)#,

where f, f I , ande(R) can be found in Refs.@6,7#. In above
equationsA51/e1 ln(4p)2gE andu0

(2) is a perturbative co-
efficient of the tadpole improvement factor defined byu0

511asCFu0
(2) . The coefficientu0

(2) is obtained through cal
culation of the mean plaquette value or the critical hopp
parameter u0

(2)52p2 or u0
(2)52@4.425918.4327r

24.8619csw#, respectively.

APPENDIX B

Here we show the explicit forms of the integrands forU,
UI , V, andVI , which first appear inO(aas). For shorthand
notation, we define the following quantities:

D15 (
m51

4

sin2S l m

2 D ,

D25 (
m51

4

sin2~ l m!14r 2~D1!2,

D1
(3)5 (

m51

3

sin2S l m

2 D ,

D2
(3)5 (

m51

3

sin2~ l m!14r 2~D1
(3)!2,

D4
(3)5 (

m51

3

sin2~ l m!,

D5
(3)5 (

m51

3

sin2~ l m!sin2S l m

2 D .

Using the above convention,
03450
-

g

U5~4p!2E
2p

p d3l

~2p!3 F 1

12D1
(3)D2

(3) @31~3r 221!D1
(3)#

2
1

12D1
(3)~D2

(3)!2
~D4

(3)22D5
(3)12r 2D1

(3)D4
(3)!

2
2

3~ lW2!2
u~12 lW2!G2

16

3
,

UI5~4p!2r 2E
2p

p d3l

~2p!3 F D4
(3)

48D1
(3)D2

(3)
2

1

12~D2
(3)!2

3~D4
(3)22D5

(3)12r 2D1
(3)D4

(3)!G ,

V5~4p!2r E
2p

p d4l

~2p!4 F2
1

4D2
2

1

12D1~D2!2

3$12@112D1
(3)12~r 221!D1#~12D11D1

(3)!D1
(3)

1~D4
(3)22D5

(3)12r 2D4
(3)D1!%1

1

~ l 2!2
u~12 l 2!G ,

VI5~4p!2r E
2p

p d4l

~2p!4 F 1

12D1~D2!2
$@112D1

(3)

12~r 221!D1#D4
(3)1~D4

(3)22D5
(3)12r 2D4

(3)D1!%

3~12D11D1
(3)!2

1

l 2
u~12 l 2!G .

APPENDIX C

Here we show the contribution from each diagram exp
itly. In the continuum, each contribution is as follows:

V con
(a)5^OL&0 ,

V con
(b)5

as

4p F10

3
A2

10

3
lnS l2

m2D 2
11

3 G ^OL&02
as

4p
8^OS&0

1
as

4p

16p

3al
^OND&0 ,

V con
(c) 5

as

4p F2
4

3
A1

4

3
lnS mb

2

m2D 2
2

3
lnS l2

mb
2D 2

5

3G ^OL&0 ,

V con
(d)5

as

4p F2
4

3
A1

4

3
lnS l2

m2D 2
5

3G ^OL&0 ,

where~a! corresponds to the tree diagram,~b! those with the
gluon connecting the static and the light quarks,~c! those
1-7
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connecting the static quark and the static antiquark, and~d!
those connecting the light quark and the light antiquark. A
on the lattice,

V lat
(a)5^OL&0 ,

V lat
(b)5

as

4p

10

3
@2 ln~a2l2!1d1#^OL&01

as

4p
2@2d21dI #

3^ON&01
as

4p

10

3
@r ~csw21!ln~a2l2!2~V1VI !#

3^OLD&01
as

4p
2F 8p

3al
1~U1UI !G^OND&0 ,

V lat
(c)5

as

4p

1

3
@22 ln~a2l2!1c#^OL&0 ,
-
do

03450
dV lat
(d)5

as

4p

1

3
@4 ln~a2l2!1~v1v I !#^OL&0

1
as

4p

4

3
@2~w1wI !#^OR&0 . ~C1!

The calculation is straightforward though slightly length
The full use of the equations of motion for the heavy and
light quarks and of the identities forg matrices sometimes
leads to simplification, in particular for the derivation o
V lat

(d) . We find that our result ofV lat
(d) is inconsistent with Eqs.

~B.16! and ~B.25! of Ref. @7# provided the sign of the nu
merical values tabulated in Table 3 of this reference w
correct, which has been already pointed out in Refs.@8,9#.
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