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Thermal photon statistics in laser light above threshold
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We show that the reduction in photon-number fluctuations at laser threshold often cited as a fundamental
laser property does not occur in small semiconductor lasers. The conventional theory of threshold noise is not
valid in lasers with a spontaneous emission factor larger than 1028. If the spontaneous-emission factor is larger
than 1024, the photon-number statistics even remain thermal far above threshold. We therefore conclude that
the reduction in photon-number fluctuations is not a fundamental laser property but rather a matter of size and
the corresponding relative importance of quantum fluctuations above threshold.

PACS number~s!: 42.55.Ah, 42.50.Ar, 42.55.Px
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The matter of photon-number fluctuations in a sing
mode laser has been studied more than thirty years ago
number of pioneering works@1–5#. At that time the question
of photon-number fluctuations at the laser threshold was
solved by adiabatically eliminating the excitation dynam
of the gain medium. That procedure allows the formulat
of a photon-number rate equation for the single-mode li
field that can easily be solved analytically@6#. However, the
requirement that at every instant the gain function imme
ately adjusts to the photon number in the cavity is not n
essarily a valid assumption close to the laser threshold. In
following, we show that the validity of the assumption d
pends on laser size and breaks down as the lasers get sm
In particular, we derive a general expression for the phot
number fluctuations of both small and large lasers and d
onstrate that, indeed, near threshold the photon statistic
small lasers such as typical semiconductor laser diodes
quite different from those of larger lasers.

The dynamics of a single-mode laser can be described
the rate equations

d

dt
N5 j 2

1

tsp
N22

b

tsp
~N2NT!n,

~1!
d

dt
n52

b

tsp
~N2NT!n2

1

tcav
n1

b

tsp
N.

The dynamical variables are the photon numbern in the
cavity mode and the excitation numberN in the gain me-
dium. The physical properties of the laser device are cha
terized by four device parameters. These are the spontan
relaxation ratetsp

21 of the excitations, the spontaneous em
sion factorb defined as the ratio between the spontane
emission rate into the laser mode and the total spontan
relaxation rate of the excitations, the photon lifetimetcav
inside the optical cavity, and the excitation numberNT in the
gain medium at transparency. The pump rate is given bj.
With respect to electrically pumped semiconductor laser
odes, it will be referred to as the injection current.

The excitation density at transparencyNT /V, the sponta-
neous emission ratetsp

21 and the dependence of the spon
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neous emission factorb on the volumeV of the cavity are
properties of the gain medium. The order of magnitude of
cavity lifetimetcav is also defined by the gain medium sinc
the cavity loss rate (2tcav)21 must be lower than the maxi
mal amplification ratebNT /tsp to achieve laser operation
Therefore, the device properties in the rate equations dep
mainly on the material properties of the gain medium and
cavity size. For typical semiconductor laser diodes the dev
parameters are

bV'10214 cm3, ~2a!

NT

V
'1018 cm23, ~2b!

tspont'331029 s, ~2c!

tcav.1.5310213 s. ~2d!

The very fact that semiconductor lasers can be as small
few mm in size is a direct consequence of the relatively h
spontaneous emission ratetsp

21 .

The stable stationary excitation numberN̄ and the stable
stationary photon numbern̄ may be obtained as a function o
injection currentj. Transparency is reached at an injecti
current ofj 5NT /tsp . The photon number at transparency

nT5bNT

tcav

tsp
. ~3!

This photon number is a measure of the cavity lifetime
units of bNT /tsp53310213 s. Typical values will be be-
tween one and two photons corresponding to cavity lifetim
of two to four times the minimum required to achieve las
operation.

The laser threshold is defined by the light-current char
teristic
©2000 The American Physical Society07-1
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n̄

tcav
5

j 2 j th2tcav
21

2
1

1

2
A~ j 2 j th!21tcav

21 ~2 j th1tcav
21 !.

~4!

via the threshold currentj th . The threshold currentj th marks
the point at which the transition from an almost negligib
slope of the light-current characteristic~4! to a slope of one
takes place. This clearly corresponds to the intuitive not
of the laser light ‘‘turning on’’ at the laser threshold. In term
of the device parameters~2!, the threshold currentj th reads

j th5
NT

tsp
F S 11

1

2nT
D2bS 11

1

nT
D G , ~5!

where the cavity lifetimetcav has been expressed in terms
the photon number at transparencynT . Note that since lasing
requires thatnT.0.5, this current is always less than twic
the current required to reach transparency. It is thus poss
to estimate the spontaneous emission factor directly from
threshold current. In electrically pumped semiconductor la
diodes, the product of the threshold current and the spo
neous emission factor is approximately 0.5mA, e.g., a typi-
cal spontaneous emission factor of 1025 corresponds to a
threshold current of 50 mA.

Since for the purpose of photon statistics we will in t
following express the point of operation in terms of the a
erage photon numbern̄ in the cavity, it is the photon numbe
nth at j 5 j th that defines the laser threshold. Assuming t
the spontaneous emission factorb is sufficiently smaller than
one, this photon number reads

n̄th5
AnT1

1

2

2b
. ~6!

This photon number is much higher than the photon num
at transparencynT , indicating that even below threshol
stimulated processes contribute more to the light-field int
sity than spontaneous emissions.

With these definitions, the photon-number fluctuatio
may now be obtained from the linearized dynamics of
excitation-number fluctuationdN5N2N̄ and the photon-
number fluctuationdn5n2n̄ that read

d

dt S dN

dn D 52S GN rvR

r 21vR gn
D S dN

dn D 1q~ t !, ~7!

wheregn is the relaxation rate of the photon-number fluctu
tion andGN is the relaxation rate of the excitation-numb
fluctuation. The coupling ratevR describes the rate at whic
the holeburning effect of a photon-number fluctuation a
back on that fluctuation. The fluctuation ratior is a measure
of the relative importance of photon-number noise with
spect to excitation-number fluctuations. In terms of the s
tionary photon numbern̄ and the four device paramete
NT , nT , b, andtsp the rates and the ratio read
06380
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gn5tsp
21 bNT

nT

nT1
1

2

n̄1
1

2

, ~8a!

GN5tsp
21~112bn̄!, ~8b!

vR5tsp
21A2b

bNT

nT
~ n̄2nT!, ~8c!

r 5ANT

2nT

~ n̄2nT!

S n̄1
1

2D 2. ~8d!

The fluctuation termq„t… is the shot noise arising from th
quantization of excitation energy and light field intensit
Since the excitation numberNT at transparency is usuall
much larger than the average photon numbern̄ in the cavity,
the ratior is much larger than one, indicating that the flu
tuations in the excitation number are much smaller than
fluctuations in the photon number. It is therefore reasona
to consider only the photon-number contribution. Thus,

q~ t !5S 0

qn
D ,

with ^qn~ t !qn~ t1Dt !&52n̄~ n̄11!gnd~Dt !. ~9!

Note that this approximation is not valid for the low
frequency part of the noise spectrum since energy conse
tion requires that the low-frequency noise is a function of
noise in the injection current at high quantum efficienc
@7#.

With these assumptions we obtain the photon-num
fluctuations

^dn2&5n̄~ n̄11!
1

11
GNvR

2

gn~vR
21GNgn1GN

2 !

. ~10!

This function is always lower than the thermal noise limit

^dn2&5n̄(n̄11). If the noise threshold is defined as th
point at which the photon-number fluctuation drops bel
half the thermal noise limit, then this threshold is determin
from

GNvR
25gn~vR

21GNgn1GN
2 !. ~11!

If GN@gn and GN@vR , the excitation dynamics may b
adiabatically eliminated. This is the basic assumption m
in the conventional derivation of threshold noise@6#. Indeed,
one finds that the photon numbern̄1/2 at which the fluctua-
tions correspond to one-half thermal noise is in that c
given by
7-2
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n̄1/25
AnT1

1

2

2b
5n̄th . ~12!

The noise threshold is then identical to the laser threshol
agreement with the predictions and observations made in
early days of laser physics@1–5#. However, the requiremen
that GN@vR at n̄5n̄th is only valid for

b!
1

2nT11 S nT

bNT
D 2

'1028. ~13!

In electrically pumped semiconductor lasers this would c
respond to a threshold current of more than 50 A. Theref
the assumption that the fluctuationsdN in excitation number
can be adiabatically eliminated at threshold does not appl
typical semiconductor laser diodes that commonly ha
threshold currents significantly below 50 A. Thus, for su
devices the conventional theory no longer describes
photon-number fluctuations at threshold. Instead, the c
plete dynamics of the fluctuations both in excitation num
and in the number of photons needs to be taken into acco

For typical semiconductor lasers with spontaneous em
sion factorsb@1028, the coupling ratevR is much larger
than the relaxation rateGN at laser threshold. The nois
threshold condition~11! then reduces to

GN5gn . ~14!

As long as the total rate of spontaneous emissiontsp
21 is still

greater than the rate of stimulated emission 2bn̄tsp
21 , the

photon number at the noise threshold is fixed by the prop
ties of the gain medium at

n̄1/25bNTS 11
1

2nT
D'104. ~15!

However, stimulated emission takes over as the major re
ation mechanism in the gain medium at an injection curr
is twice the threshold current. The noise threshold is loca
beyond an injection current of two times threshold curren
laser devices with

b.F2bNTS 11
1

2nT
D G'1024. ~16!

This situation should apply in diodes with threshold curre
of less than 5 mA. In such devices the noise threshold
given by

n̄1/25ANT

2 S 11
1

2nT
D'102Ab. ~17!

For semiconductor laser diodes, the dependence of the
ton number at the noise thresholdn̄1/2 on the spontaneou
emission factorb may thus be summarized as illustrated
Fig. 1:
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n̄1/255
1

Ab
for b,1028,

104 for 1028,b,1024,

102

Ab
for 1024,b.

~18!

Since the photon number atj 52 j th is approximately equa
to (nT11/2)/b, the currentj 1/2 at which the photon-numbe
fluctuations drop to one-half their thermal value is appro
mately given by

j 1/22 j th

j th
5H 0 for b,1028,

104b for 1028,b,1024,

102Ab for 1024,b,

~19!

as illustrated in Fig. 2.
In conclusion, the assumption that above threshold

photon-number fluctuations of laser light are lower than
fluctuations in equally coherent thermal light sources is
valid in typical semiconductor lasers. In particular, laser

FIG. 1. Noise thresholdn̄1/2 as a function of the spontaneou
emission factorb. The dotted line shows the threshold photon nu
ber nth .

FIG. 2. Normalized difference between the injection current
one-half thermal noisej 1/2 and the threshold currentj th as a func-
tion of the spontaneous emission factorb.
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odes with a threshold current of less than 5 mA still fluctu
thermally far above threshold. Thus it is not possible to d
tinguish in principle between lasers and thermal light sour
based on the statistical properties of the emitted light fi
@8#. Therefore ‘‘black box’’ laser definitions disregarding th
nature of the internal light-matter interaction by which t
light field is generated do not apply to typical semiconduc
laser diodes. If the definition of laser light is neverthele
based on the photon-number fluctuations as suggested
by Wiseman@9#, then the light from most laser diodes cou
not be considered laser light even though it is definitely g
erated by laser amplification. Moreover, a laser definit
based on the condition that the relaxation rate of the exc
-

lls

06380
e
-
s

d

r
s
.g.,

-
n
a-

tions given byGN must be larger than the optical relaxatio
rategn entirely fails to relate to the original meaning of th
acronym laser, i.e.,light amplification by stimulated emissio
of radiation.

It therefore seems to be reasonable to distinguish betw
a thermal laser regime and a saturated laser regime sepa
by the noise threshold discussed above. In the therma
gime, laser light indeed is indistinguishable from lamp lig
In fact, the thermal laser regime naturally connects the s
rated laser regime to the black body radiator from which
concepts of spontaneous and stimulated emission origin
@10#, thus providing a ‘‘missing link’’ in the theory of laser
and quantum optics.
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