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Three-dimensional laser cooling method based on resonant linear coupling
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A three-dimensional~3D! laser cooling method of fast stored ion beams based on a linear coupling mecha-
nism is explored. We extensively study two approaches proposed in previous publications, i.e., the dispersive
coupling scheme and the coupling-cavity scheme, confirming how much one can improve the transverse
cooling efficiency. A possible design of a coupling cavity is presented. We employ the tracking codeSAD and
the molecular dynamics codeSOLID to carry out reliable numerical experiments where realistic lattice structures
of storage rings and particle Coulomb interactions are taken into account. Through systematic simulations, it is
demonstrated that resonant coupling remarkably enhances transverse cooling rates for any initial beams, mak-
ing it feasible to reach an equilibrium temperature far below the current achievable level. We further emphasize
the crucial importance of avoiding the Mathieu instability. We also discuss the minimum cooling power
required for beam crystallization as well as on an interpretation of past experimental results in the TSR and
ASTRID storage rings.@S1063-651X~99!04803-5#

PACS number~s!: 41.75.2i, 29.20.Dh, 61.50.2f, 52.25.Wz
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I. INTRODUCTION

During the past several decades, various cooling te
niques of charged hadron beams have been invented an
perimentally tested—stochastic cooling@1#, electron cooling
@2#, and Doppler laser cooling@3#. By increasing the phase
space density of the beam, these techniques have played
cial roles for rare particle~antiproton and radiative particles!
collection, for beam stacking, for emittance preservation,
for luminosity improvements. To our current knowledg
Doppler laser cooling is the most promising technique
achieving the highest possible phase-space density of
beams. The limiting temperature attainable with this cool
method is below mK, sufficient to realize the theoretica
predicted phase transition of fast stored beams@4#. In fact,
ion crystallization has been experimentally observed in
traps as well as static traps using laser cooling. For coo
of fast stored beams, presently two storage rings, i.e.
TSR ring in Germany@5# and the ASTRID ring in Denmark
@6#, are equipped with laser coolers, where beam temp
tures much lower than those ever recorded with other te
niques have been obtained in thelongitudinal direction of
beam motion. The success achieved by the TSR
ASTRID groups has now allowed us to reasonably anticip
that one may be able to produce crystalline beams in the
future.

*Present address: Department of Quantum Matter, Grad
School of Advanced Sciences of Matter, Hiroshima Univers
1-3-1 Kagamiyama, Higashi-Hiroshima 739-8526, Japan.
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In contrast with the experimental success in reducing
longitudinal beam temperature to an ultracold range, la
cooling in the transverse directions has been much less
fective. Although the natural Coulomb interaction betwe
individual particles can be a source of heat exchange, its
is low. In past experiments@7#, the transverse temperatur
appeared to saturate far above the final longitudinal temp
ture. As this difficulty has not been overcome in the la
decade, in spite of continuous experimental effort, it is n
thought that one may need to develop another approac
order to extend the powerful laser cooling force to the tra
verse degrees of freedom.

In previous papers@8,9#, Okamoto, Sessler, and Mo¨hl first
proposed the idea of using artificial dynamical coupling
indirectly provide a strong transverse dissipative force. T
coupling source theoretically considered was the linear
tential induced either by a specialcoupling cavityoperating
in the TM210 mode@8# or by momentum dispersionin a regu-
lar rf cavity @9#. It was proved that the transverse coolin
rates can be considerably enhanced under the resonance
ditions

nx2ns'k, nx2ny' l ~k,l 5 integer!, ~1!

where nx and ny are the horizontal and vertical betatro
tunes, andns is the synchrotron tune. A significant feature
these proposed schemes is their simplicity; they are w
within the scope of existing technology. For instance, in
dispersive coupling scheme we only need to install an o
nary accelerating cavity at a location where the dispersio
finite. Clearly, it is possible to test the validity of the bas

te
,
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PRE 59 3595THREE-DIMENSIONAL LASER COOLING METHOD . . .
idea in the TSR and/or ASTRID ring only by making min
modifications to the lattice parameters. In fact, a very rec
experiment@10# has demonstrated the effectiveness of
resonant coupling method.

In Sec. II, we first evaluate the efficiency of various res
nant coupling schemes described in Refs.@8# and@9#. After a
brief review, in Sec. III we present a possible design of
coupling rf cavity. In Sec. IV, single-particle simulation
incorporating the actual lattice parameters of several exis
cooler rings, are performed with the tracking codeSAD ~Stra-
tegic Accelerator Design! @11# to investigate the cooling
characteristics in the high-temperature regime system
cally. In Sec. V, the molecular dynamics~MD! approach is
further employed to incorporate the effect of Coulomb int
actions which dominates the beam at low temperature.
nally in Sec. VI, we attempt to answer questions such as
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following: ‘‘What is the lowest transverse temperatu
achievable with the coupling method ?’’ ‘‘Why is the imba
ance of equilibrium beam temperatures so large between
longitudinal and transverse directions in TSR a
ASTRID?’’ ‘‘How great a cooling rate is necessary in a
ideal situation to reach the lowest possible temperature
‘‘Is laser cooling of fast stored beam really only longitud
nally powerful?’’

II. THREE-DIMENSIONAL LASER COOLING SCHEMES

A. Dispersive coupling in a rf cavity

Consider an ordinary storage ring consisting of dipo
magnets, quadrupole magnets, and a regular rf cavity.
single-particle Hamiltonian governing this dynamical syste
can be written, in smooth approximation, as@9#
H15
1

2
~px

21nx
2x2!1

1

2
~py

21ny
2y2!2

hW2

2
1GqyS x2

Dx

R
WD dp~u2uq!2

hbqVb

p0b0c
cosFc2

1

RS Dxpx2
dDx

du
xD Gdp~u2ub!,

~2!
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where the canonical variables (x,px ,y,py ,c,W) have been
scaled to be dimensionless@12#, dp(z) is the periodicd func-
tion with a periodicity of 2p, and the independent variableu
is defined asu5s/R, with R and s being, respectively, the
average radius of the ring and path length along the de
orbit. Other parameters appearing in Eq.~2! areh, the phase
slip factor;p0 , the design kinetic momentum;q, the charge
state of stored ions,hb , the harmonic number of the rf sys
tem;Vb , the voltage of the rf system;b0 , the Lorentz factor;
Dx , the horizontal dispersion function;Gq , the skew cou-
pling factor;c, the speed of light;ub , the longitudinal coor-
dinate at the rf cavity; anduq , the longitudinal coordinate a
the skew quadrupole. The skew quadrupole field, co
sponding to the fourth term on the right hand side of Eq.~2!,
is needed to couple the vertical motion to the horizontal m
tion. When the axial length of the skew magnet isLq , the
coupling factorGq can be defined by

Gq

R
5

Lq

BrS ]B

]y D , ~3!

whereB is the magnetic field, andBr is the magnetic rigid-
ity. Instead of a skew quadrupole magnet, a solenoid can
course, also be used for horizontal-vertical coupling@8#.

Specifically, the rf potential represented by the last te
in Eq. ~2! yields a synchrobetatron coupling, provided th
either the functionDx or theu derivative ofDx is nonzero at
the location of the rf cavity. Although the rf coupling in
volves not only linear but also nonlinear components,
linear contribution is of primary importance. Through th
coupling potential, the longitudinal dissipative force due
laser photons can be effectively extended to the transv
degrees of freedom under the condition of Eq.~1!. Needless
to say, the mixing of the three harmonic motions, i.e., s
chrotron motion and betatron motion, is always present
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less we turn off the coupling fields. However, when the o
erating point of a storage ring is far away from the coupli
resonance, no dramatic cooling effect will take place in
transverse directions.

B. Coupling-cavity scheme

An alternate way to artificially generate a strong synch
betatron coupling is to use a dedicated coupling cavity. Fr
the above discussion, it is mathematically evident that
key item is the second-order potential proportional to
productxc ~or yc). Such a term can be created by means
a specialcoupling cavityexcited in a TM210 mode@8#. As-
suming a simple rectangular pillbox cavity of width 2a and
height 2b, the vector potential for this mode is given by

Ac5X0,0,
Vc

vc
sinS px

a D cosS py

2b D sin~vct1fc!C, ~4!

whereVc andvc denote the voltage and angular frequency
the coupling rf field, andfc is the initial phase. Equation~4!
indicates that, in the paraxial approximation, the longitudi
electric field of the cavity is linearly dependent on the ho
zontal coordinatex and, thus, can be a source of linear sy
chrobetatron coupling. Neglecting the dispersive effects
the sake of simplicity, the approximate Hamiltonian for t
coupling-cavity scheme takes the form@13#

H25
1

2
~px

21nx
2x2!1

1

2
~py

21ny
2y2!2

hW2

2

2
hbqVb

p0b0c
coscdp~u2ub!1Gqxydp~u2uq!

2
2phbGc

hc
x sinS hc

hb
c D dp~u2uc!, ~5!
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where hc is the harmonic number of the coupling cavi
sitting atu5uc , andGc is the coupling strength fully depen
dent on the cavity design. Obviously, the lowest order te
of the coupling-cavity potential is proportional toxc as re-
quired.

The coupling-cavity scheme has two unique featur
First, it is straightforward to develop a direct coupling b
tween longitudinal and vertical direction by means of aver-
tical coupling cavity, i.e., with the coupling cavity bein
rotated by 90° around the beam line. Second, the transv
cooling rates can be further enhanced from those of th
dispersive coupling method discussed in Sec. II A. The m
reason for this is that, in the coupling-cavity scheme,
always have to turn on a regular cavity as well in order
satisfy the resonance condition@14#. This implies that the rf
dispersive coupling is also activated as long as the disper
is finite at the location of the regular rf cavity—we have t
couplings originating from two separate sources.

C. Coupling resonance width

We now estimate the sensitivity of transverse cooling
ficiency to the resonance condition. Consider only
longitudinal-horizontal dispersive coupling for brevity. Th
cooling rate per revolution can be derived as~see the Appen-
dix!

Lx5
~12g!L

2
for the horizontal motion, ~6a!

Ls5
~11g!L

2
for the longitudinal motion, ~6b!

where we have assumed a smooth longitudinal cooling fo
having a friction coefficientL,

g5
ucos~2pnx!2 cos~2pns!u

A@cos~2pnx!2 cos~2pns!#
21j2 sin~2pnx!sin~2pns!

,

~7!

and the coupling constantj is defined by

j25
2phbqVb

p0b0c S Db

R D 2

, ~8!

whereDb is the dispersion at the location of the rf bunchi
cavity. In this analysis, terms of order higher thanj2 andL
are neglected. Note that the sum of the horizontal and lo
tudinal rates in Eqs.~6! is equal to a constant,L, which is a
result of energy conservation.

Equations~6! and ~7! indicate that the horizontal coolin
rate grows as the synchrotron tunens approaches the frac
tional part of the betatron tunenx . The two cooling rates
become the same when cos(2pnx)5 cos(2pns). The full
width half maximum of this resonance peak with respect
ns can be obtained as
s.
-

rse
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dns'
j

A3p
. ~9!

III. A POSSIBLE DESIGN OF THE COUPLING CAVITY

Before proceeding to numerical simulations, in this se
tion we present a possible design of the coupling cavity. O
first task is to determine the operating rf frequency. In ord
to reduce unnecessary nonlinear effects during the coo
process, the bucket length of the coupling-cavity field ne
to be shorter than or equal to that of the bunching rf fie
namely,hc<hb . For simplicity, we assumehc5hb in the
following discussion@15#.

The rf harmonic numbers used for bunched-beam la
cooling in TSR and ASTRID are moderate—typically le
than 30. For the application of resonant coupling schem
however,hb needs to be much greater to ensure a relativ
high synchrotron tune with a low rf voltage. Here we spec
Vb to be of the order of 100 V or less based on the exp
ence of past cooling experiments in ASTRID@16#. On the
other hand, the synchrotron tunens has to be sufficiently
large to provide adequate clearance from the transverse
ger stopbands@under the condition of Eq.~1!#. To meet these
two contradictory requirements, a beam of lower kinetic e
ergy is preferred. While the minimum resonance stopba
width depends on the condition of machine imperfection,
considerns up to 0.1 to reserve adequate distance from
stopbands in this paper.

For the pill-box geometry considered in Eq.~4!, the rf
frequencyf c (5vc /2p) satisfies

1

a2
1

1

~2b!2
5S 2 f c

c D 2

. ~10!

Obviously, the cavity dimension becomes excessively la
unless the frequency is chosen to be sufficiently high. In fa

FIG. 1. Conceptual layout of a coupling cavity. rf power
supplied directly to the two electrodes by an external circuit.
generate a dipolelike electric field near the beam line, rf voltage
opposite signs are applied to the electrodes.
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even for a frequency in the range of several hundred M
the cavity size is still of the order of 1 m. Assuming24Mg1

ions stored in the ASTRID ring at a total energy of 100 ke
the harmonic number will then exceed several thousand
responding to the rf bucket length of less than 1 cm. The
fore, from a practical point of view, here we devise a spec
lumped circuit instead of a simple rectangular resona
yielding a much lower design frequency.

Designing a proper lumped circuit is actually straightfo
ward. Since the axial electric field of a coupling cavity
proportional tox cos(vct1fc) near the beam line, we desig
a cavity with a geometry to produce a dipolelike field. Co
sider a simple structure such as depicted in Fig. 1, i.e
rectangular box with two electrodes standing across
beam line. The longitudinal dimension of the cavity is a
proximately equal to 2b0c/ f c . To excite the coupling field
the electrode poles are connected to an external circuit f
ing rf power at the design frequency. The frequency is s
ply determined by the external electronics devices.

To give an example of the coupling-cavity design, w
again consider the ASTRID ring storing a 100-keV24Mg1

beam. We choosehc5hb5260, which is ten times large
than that of the usual ASTRID operation. The correspond
rf frequency is 5.78 MHz. At this harmonic number, the
voltage required forns50.1 is only about 37 V. In order to
analyze the electromagnetic field distribution of the coupl
cavity precisely, it is indeed necessary to employ a thr
dimensional~3D! Maxwell equation solver. On the othe
hand, since the cavity dimension is much smaller than th
wavelength, we can approximately treat the case as a s
problem, thus using thePOISSONcode@17# for a quick evalu-

FIG. 2. A possible coupling-cavity design. One-quarter of t
cavity has been drawn. The solid curves inside the cavity repre
the equipotential lines obtained from thePOISSON code, and the
small arrows show the directions of the electric field.
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ation of the coupling field. Figure 2 displays a couplin
cavity design, assuming that the structure is spatially hom
geneous in the vertical direction. In deciding the geometri
parameters, we particularly demand the following points:~a!
the cavity size is modest,~b! the coupling coefficientGc is as
large as possible, and~c! the field disturbance by the en
plates and the beam holes is negligible.

The use of the field data in Fig. 2 enables us to estim
how much coupling can be generated at a specific amoun
supplied power. To evaluate the net effect of the cavity fi
on the particle orbits, we introduce thex-dependent functions

Vx̄52E
2Lc/2

Lc/2 ]V

]x
cosS hc

s

RDds, ~11a!

Vs̄52E
2Lc/2

Lc/2 ]V

]s
sinS hc

s

RDds, ~11b!

whereV is the scalar potential calculated fromPOISSON, Lc is
the axial length of the cavity, and the origin of the longit
dinal coordinate is located at the center of the cavity. In F
3, these integral-field functions are plotted for the geome
of Fig. 2, where the electrode voltage is assumed to be61
V. Apparently, the longitudinal field component of the co
pling cavity is linearly dependent on the horizontal coor
natex in the vicinity of the beam line, which is consisten
with Eq. ~4!. Expanding Eqs.~11! into power series as

Vj̄5VcFz j 01z j 1S x

dD1z j 2S x

dD 2

1z j 3S x

dD 3

1••• G
~ j 5x or s!, ~12!

whered is the scaling constant, chosen here to be 1 cm,

nt
FIG. 3. The effective fields of the coupling cavity defined b

Eqs.~11!. The interelectrode voltage has been set at 2 V.
en
TABLE I. The expansion coefficients in Eq.~12!, where the cavity geometry exhibited in Fig. 2 has be
assumed.

z j 0 z j 1 z j 2 z j 3

Vx( j 5x) 26.760631022 6.710831024 26.415731023 24.292831026

Vs( j 5s) 5.776531024 2.874131022 24.151731023 2.854931023
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expansion coefficients are found as in Table I, showing t
zs1 is dominant.~The constant offsetzx0 has no impact on
the beam dynamics.! In the present design, the distance b
tween the electrodes has been chosen to be rather lar
eliminate possible aperture limitation. If the interelectro
distance is shortened, the value ofzs1 can be increased ac
cordingly.

IV. SAD TRACKING RESULTS

In general, ion beams circulating in storage rings are q
hot and thin in all three degrees of freedom, which impl
that intraparticle collisions through the Coulomb fields a
initially negligible. For studies in this high-temperature r
gime, the MD approach is often computationally too tim
consuming. Instead, we use the tracking codeSAD @11# to
explore the hot beam behavior systematically. In order
incorporate the effect of coupling cavities intoSAD, here we
employ the effective fields in Eq.~12! under the thin lens
approximation. Furthermore, for the laser-cooling proce
we have added another subroutine where a longitudinal
sipative force is applied to simulation particles. As sho
systematically in Fig. 4, we first preset the widthDw of the
laser-cooling band to be much smaller than the rf buc
height. (Dw is associated with the limiting temperatu
reachable in the simulation.! The cooling band sits near th
top of the bucket at the beginning, and is then scanned d
to thedp/p50 axis at a certain speed. During this scann
process, ions which happen to be inside the band when
versing the cooling section lose energy in the amount ofDw.
In this way, the beam is gradually compressed into a t
region around the origin unless the scanning speed of
cooling band is too fast compared to the synchrotron os
lation cycle.

As an example, we first study with computer simulati
the typical operating condition ofASTRID, wherenx52.29
andny52.73~see Table II!. The stored particles are 100-ke
24Mg1 ions, as have been actually used in recent coo
experiments in ASTRID. The harmonic number of the acc
erating cavity is 26. The rf voltage is linearly increased fro
0 to 10 V within the first 103 turns in order to capture th
initial continuous beam adiabatically into the rf buckets. A
ter this beam capturing procedure, the laser cooling ban
scanned in the subsequent 105 turns. We then obtain Fig
5~a!, in which no transverse cooling is visible. In contra
we now increase the quadrupole strengths so thatnx53.11
and ny53.09. A pure skew quadrupole magnet withGq

FIG. 4. Longitudinal laser-cooling model employed in theSAD

code.dp/p is the momentum deviation from the design value.
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50.48 is also added to couple the horizontal and verti
motions. We adjust the synchrotron tune to 0.1, increas
the harmonic number to 260. TheSAD result based on this
resonant situation is given in Fig. 5~b!. The effectiveness of
the coupling scheme is evident.

To evaluate the dependence of the cooling efficiency
the resonance condition, we perform a series of simulatio
varying the synchrotron tune over a wide range. The latt
condition is taken to be exactly the same as that of Fig. 5~b!.
As indicated by the solid curves in Fig. 6, the final transve
emittances rapidly increase in the regionns<0.05, due to the
reduction of cooling efficiency. The approximate coolin
rates evaluated fromSAD simulations are also displayed i
Fig. 7, where significant enhancement of transverse diss
tion around the coupling resonance has been verified.
resonance width estimated by Eq.~9! is about 0.033, which
agrees fairly well with this tracking result.

TABLE II. The main ASTRID parameters in the normal ope
ating mode.

Quantity Value

Ring circumference 2pR 40 m
Betatron tunes (nx ,ny) ~2.29, 2.73!
Dipole bending radius 6.366 m
Lattice superperiodicityNl 4
Transition energygT 4.58
rf harmonic number 26

FIG. 5. SAD simulation results. The time evolutions of roo
mean-squared~rms! beam emittances are plotted. Case~a! corre-
sponds to the ordinary operating mode of ASTRID, while the latt
parameters have been modified in case~b! such that the resonanc
conditions in Eq.~1! are roughly satisfied. Notice that the coolin
process can be shortened in case~b! because of the high synchro
tron tune.
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In the bunched-beam operation, the coupling potential
ists as long as the rf cavity is located in a dispersive reg
However, the transverse cooling rates are low if the work
point is far away from the resonance. We can further
hance the transverse cooling efficiency in the off-reson
region by switching on a coupling cavity. The dotted curv
in Fig. 6 correspond to the cases where the coupling ca
has been excited with different rf powers. We clearly see
remarkable improvement of final emittances. Concerning
electrode voltage,Vc of less than a few hundred V seems
suffice for achieving transverse temperatures comparab

FIG. 6. The ratio of final to initial rms emittances vs operati
synchrotron tune. The solid curves represent the case where
dispersive rf coupling is present. We have also tried three diffe
cases of the coupling-cavity scheme~the dotted curves!; i.e., Vc 5
348 V ~open circles!, Vc 5 696 V ~triangles!, and Vc 5 1044 V
~squares!.

FIG. 7. Approximate cooling rates evaluated fromSAD simula-
tions, where no coupling cavity has been activated. The sim
linear friction model has been used. The horizontal and vert
cooling rates are identical.
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-

nt
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e

to

the longitudinal final value. Note here that the value ofVc
does not represent the actual potential ‘‘felt’’ by stored ion
For instance, whenVc5500 V, the maximum linear coupling
potential at the horizontal positionx51 cm is only 14.37 V
according to Table I. As the transverse dimension of a coo
beam is typically even much smaller than 1 cm, t
coupling-cavity parameters considered in Fig. 6 is inde
practical to implement.

V. MOLECULAR DYNAMICS RESULTS

We are now ready to examine the effect of space char
on the cooling efficiency, employing the MD codeSOLID

@18#. In this code, we numerically iterate the equations
motion, incorporating the characteristics of actual stora
rings like bending and straight sections, and alternating g
dient focusing, as we did in theSAD simulations. A Ewald-
type @19# summation is performed in the azimuthal directio
to evaluate the long-ranged Coulomb forces among partic
and their image charges modeled in periodic ‘‘supercel
for computing efficiency. In the following MD simulations
we always set the initial beam temperatures to be a few h
dred kelvins in all three directions since this range of te

TABLE III. The main TARN II parameters.

Quantity Value

Ring circumference 2pR 77.7 m
Betatron tunes (nx ,ny) ~2.096, 2.104!
Dipole bending radius 4.01 m
Skew quadrupole strength 0.001 m21

Lattice superperiodicityNl 6
Transition energygT 2.258
Ion species 24Mg1

Kinetic energy 1 MeV
rf harmonic number (hb5hc) 1000

nly
nt

le
l

FIG. 8. Equilibrium beam temperature vs operating synchrot
tune, obtained fromSOLID. The same resonant ASTRID lattice a
employed in Fig. 6 has been considered, namely,nx53.11, ny

53.09, Gq50.48, andhb5260. The coupling cavity has bee
switched off. The cooling strength parameter isls50.9. The mini-
mum transverse temperature reached with the coupling metho
certainly much lower than that experimentally achieved
ASTRID. Notice also that there still exists significant temperatu
imbalance between the longitudinal and transverse degrees of
dom.
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perature can be accomplished, e.g., with the electron coo
technique. Furthermore, for the sake of reducing the com
ing time, a simplified cooling model is adopted; that is, w
use the linear transformation

S dp

p D
out

2S dp

p D
in

5lsS dp

p D
in

, ~13!

where (dp/p) in and (dp/p)out are the momentum deviatio
before and after the cooling section, andls is proportional to
the cooling strength. While the model is rather crude,
fundamental difference fromSAD results has so far bee
identified in the high temperature regime.

The first example is the resonant ASTRID lattice stud
in Sec. IV. Figure 8 illustrates thens dependence of the fina
beam temperature where the total number of stored24Mg1

ions is 2.63104. It is shown that the present couplin
method achieved transverse temperatures of the order of
Of particular interest is that the achievable lowest tempe
ture is almost independent of the synchrotron tune in
ultracold regime, where the Coulomb coupling is effectiv
At high temperature, however, the transverse cooling proc
is extremely slow unless the synchrotron tune is near
resonant value. In fact, in order to save computing time w
ns,0.05, we must initially employ a rf voltage close to th
optimum resonant value until the beam becomes sufficie
cold. ~The voltage is adjusted to a proper value after
transverse temperature has reached around a few ten
kelvins.! In all these cases, beam crystallization cannot
realized.

FIG. 9. Equilibrium beam temperature vs operating synchrot
tune, obtained fromSOLID. The TARN II parameters listed in Tabl
III have been employed. The upper and lower figures show
equilibrium temperatures achieved by the dispersive coup
scheme and by the coupling-cavity scheme respectively. Herels

has been set at 0.9, and the total stored ions are 105.
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As is well-known, the lattice of a storage ring suitable f
beam crystallization must fulfill the so-calledmaintenance
conditiongiven by @20#

max~nx ,ny!,
Nl

2A2
, ~14!

where Nl is the lattice superperiodicity. Since neith
ASTRID nor TSR meet this requirement, we here ta
among a wide range of choice, the lattice parameters
TARN II @21# to investigate the role of the maintenance co
dition. The TARN II ring, with a circumference of 77.7 m
has a design of sixfold symmetry. Each lattice period co
tains four bending magnets with an orbit curvature of 4.
m. For vertical-horizontal coupling, we put a skew quad
pole magnet in every period, keeping the high superperi

n

e
g

FIG. 10. Real-space profiles of a 1-MeV24Mg1 beam laser
cooled with the dispersive-coupling scheme in the TARN II ring
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icity. The coupling constant defined by Eq.~3! is 0.0124.
Other main parameters used in the present TARN II simu
tions are summarized in Table III. In order for the betatr
tunes to satisfy Eq.~14! and the resonance condition simu
taneously, we choose the gradients of the focusing qua
pole fields such that (nx ,ny)5(2.096,2.104). Then, accord
ing to Eq.~1!, the synchrobetatron coupling is most effecti
whenns'0.1.

The beam temperatures achieved in TARN II by means
the coupling method are plotted in Fig. 9. We see that
transverse temperatures have now become more than
orders of magnitude lower than those in the ASTRID ca
Moreover, the strange temperature anisotropy observe
ASTRID has disappeared. The beam temperatures reach
these numerical experiments are already beyond the bo
of phase transition to an ordered state. Figure 10 displays
real-space profile of the24Mg1 beam in an equilibrium state
in TARN II. As anticipated, a 3D ordered structure has be
formed.

Figure 9 also indicates that, similar to the ASTRID ca
in Fig. 8, a higher transverse cooling rate does not alw
yield a lower beam temperature. The equilibrium tempe
ture tends to be even lower at a smaller synchrotron tu
regardless of the fact that the transverse cooling efficie
certainly is low in the off-resonant region. Furthermore, t
coupling cavity does not improve the final temperature,
though it significantly shortens the cooling time. These
sults strongly suggest that transverse cooling rate itself m
not be of essential importancefor cold beams, at least from
the viewpoint of the achievable temperature.

In order to confirm this result, we explore the coolin
efficiency as functions of the cooling power. We obtain
the ls dependence of the minimum beam temperature
illustrated in Fig. 11, showing a sudden jump aroundls
'0.3 @22#. Oncels exceeds the threshold value, the equil
rium temperature stays at an almost constant level. This
servation supports the above expectation that the lowest
perature achievable in a particular direction is independen
the cooling rate in that direction as long as the beam is c
The issue is how muchtotal cooling power one can apply t
a stored beam. Finally, for reference, in Fig. 12 we show
equilibrium temperatures obtained with different number
stored ions. No noticeable dependence of temperature
been found on the total number of ions in the storage rin

VI. DISCUSSION

In spite of the past experimental observations in TSR
ASTRID, the MD results given in Sec. V naturally lead us
the conclusion that longitudinal laser cooling of fast stor
beams can be equally efficient in all three degrees of freed
@23#. If so, what has caused such a large imbalance betw
longitudinal and transverse temperatures in these sto
rings? The answer is just behind Eq.~14!. The mean property
of a cold circulating beam can be approximately describ
by the envelope equations familiar in the standard theory
linear transport systems. It is then straightforward to sh
that the envelope motion can be unstable due to the Mat
resonance@24#. Equation ~14! is actually nothing but the
condition for extremely space-charge-dominated beam
avoid half-integer Mathieu stopbands@24,25#. Recalling that
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the maintenance condition has been broken in both TSR
ASTRID, high-density ion beams laser cooled in these m
chines are always inside a Mathieu stopband and, there
simply unstable in the transverse directions. Consequen

FIG. 11. Dependence of equilibrium beam temperature on l
gitudinal cooling power. The synchrotron tune has been fixed
0.05, and the total number of stored ions is 105. In the upper pic-
ture, only the dispersive coupling in the regular rf cavity has be
considered, while, in the lower picture, the coupling cavity has b
excited simultaneously.

FIG. 12. Equilibrium beam temperature vs total number
stored ions atls50.1 ~upper! and 0.9~lower!. The TARN II pa-
rameters given in Table III have again been assumed.
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the transverse equilibrium temperatures can never be red
to the TARN II level@26,27#. During the present MD study
we have also recognized that, unlike the TARN II case,
time evolution of beam temperature in ASTRID is ofte
quite spiky since captured ions tend to escape from th
buckets. The primary source of this spiky behavior can ag
be attributed to the Mathieu instability rather than to bina
Coulomb collisions. Hence the temperature anisotropy
perimentally detected in TSR and ASTRID should not
interpreted as evidence that transverse motion of fast st
beams can only be cooled weakly by longitudinal laser lig

In principle, a storage-ring system for low-energy ions
similar to a rf quadrupole~RFQ! ion-trap system, except fo
the existence of momentum dispersion induced by bend
magnets.~The contribution of dipole fields is almost sep
rable in the stationary state of space-charge-domina
beams@24#.! Accordingly, what happened in a rf trap ca
also happen in a storage ring. Since a single laser in
longitudinal direction is adequate to make a crystal in a R
ion trap, this longitudinal cooling force should also symp
thetically produce a strong transverse friction in fast sto
beams at low temperature. On the other hand, stored
feel a rf force in the beam frame as they are circulat
around the system at great speed. In order to gain insight
the beam stability behavior, it is suggestive that the stab
of crystals in rf traps can be studied under control
Mathieu-type instability conditions@28#.

The dispersive effect peculiar to storage-ring systems
poses a special demand upon the nature of cooling force
stabilizing crystals. Since the revolution frequencies of
ions forming a crystalline beam are identical in order
maintain its ground-state structure, a longitudinal laser m
provide such a cooling force as to give a greater aver
velocity to a radially outer particle. This is referred to
tapered cooling@20,29#. If too powerful anuntaperedlaser is
applied, multidimensional crystalline structures can be ea
destroyed, since the laser simply equalizes the longitud
velocities of all particles.

We now give a plausible explanation as to why there i
jump of equilibrium temperature in Fig. 11. The heating-ra
diagram shown in Fig. 13 provides insight in this rega

FIG. 13. Schematic drawing of a typical heating-rate curve. T
heating ratet5DT/T is the rate of temperature increase in t
absence of cooling force, which can be evaluated from MD ca
lation.
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Interestingly, the basic feature of the diagram is insensit
to the lattice design, stored ion species, beam energy,
according to the past MD studies@30#, as long as the
crystalline-beam maintenance condition is satisfied. For
ideal storage ring free from field imperfections, the pe
heating ratetmax due to random Coulomb collisions ha
been found to be typically of the order of 0.1. To attain
crystalline beam, we must overcome this peak. If the av
able cooling rate is less than the maximum heating rate,
will inevitably hit the high-temperature side of the heatin
rate mountain in Fig. 13 and fail to go beyond the peak
beam crystallization. On the other hand, once the coo
rate exceeds the peak heating rate, we can reach the cry
line state. This is the reason why the sudden change of e
librium temperature occurs at a specific value ofls . The
minimum cooling power required for beam crystallization
the product of beam temperature and the corresponding h
ing rate. This product usually becomes maximum at arou
T'Tpeak. The energy removed by a single traversal of co
ing section should thus be greater than, at least,tmaxTpeak~in
kelvins!. SinceTpeak is 1 – 10 K andtmax'0.1 in most cases
the cooling power of 0.1– 1 K/turn will be necessary for o
final goal.

Finally, we again emphasize the practical importance
the resonant coupling method explored in this paper. Si
the method does not rely on mutual particle interactions,
can readily bring any high-temperature beam to an ultrac
state within a very short cooling time, independent of the
density. In contrast, in the case of sympathetic cooling
stored beam must be initially dense enough to develop str
Coulomb coupling; otherwise, the cooling time may beco
unreasonably long or it may be simply impossible to co
betatron motions. In practice, we will need artificial couplin
to quickly reduce the transverse temperature of initial
beams. As demonstrated in the present MD simulations,
possible to realize a Coulomb ordering, by means of
resonant coupling method, if the storage-ring lattice is pr
erly designed@31#.
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APPENDIX

When ns!1, one can approximately rewrite Eq.~2! by
smoothing the synchrotron motion, as

H̃15
nx

2
~ p̃x

21 x̃2!1
ns

2
~ p̃z

21 z̃2!2j z̃p̃xdp~u2ub!

where the vertical motion as well as the higher-order ter
has been neglected for brevity, theu derivative ofDx has
been assumed to be zero at the cavity location, and the
canonical variables are given by

e

-
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~ x̃,p̃x,z̃,p̃z!5S Anxx,
px

Anx

,A hbqVb

2pnsp0b0c
c,Auhu

ns
WD .

The parameterj, which determines the strength of synchrobetatron coupling, is defined by Eq.~8!. The one-turn transfer
matrix M for this coupled motion can be diagonalized to a 232 form as

UMU215S M1 0

0 M2
D ,

with

U5S a 0 2k@cos~2pnx!2 cos~2pns!# 2k sin~2pns!

0 a k sin~2pnx! 0

0 2k sin~2pns! a 0

k sin~2pnx! k@cos~2pnx!2 cos~2pns!# 0 a
D ,

where, by using the parameterg in Eq. ~7!, we have

a5A11g

2
and k2 sin~2pnx!sin~2pns!5

12g

2
.

Assuming a uniform longitudinal damping along the ring circumference, the cooling rates are given by the diagonal
the matrixUVU21, where

V5S cos~2pnx! sin~2pnx! 0 0

2sin~2pnx! cos~2pnx! 0 0

0 0 e2L cos~2pns! e2L sin~2pns!

0 0 2e2L sin~2pns! e2L cos~2pns!

D S 1 0 2j 0

0 1 0 0

0 0 1 0

0 j 0 1

D 2M

'2LS 0 0 0 0

0 0 0 0

0 0 cos~2pns! sin~2pns!

0 0 2 sin~2pns! cos~2pns!

D S 1 0 2j 0

0 1 0 0

0 0 1 0

0 j 0 1

D .

After some straightforward algebra, we obtain the cooling-rate formulas in Eqs.~6!.
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