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Abstract

The NVT ensemble of water octamer is divided into the configurational subsets, which
correspond to the topology-distinct H-bond patterns, and the relative molar Helmholtz
energies of the H-bond patterns are evaluated. The method is based on the
combination of standard Monte Carlo techniques with defined H-bond patterns. The
structure distributions of water octamers at 200 and 300 K are presented based on the
H-bond patterns instead of the ‘inherent structures’. The thermodynamically favored
structures of water octamer, which are energetically favored and readily feasible

(entropy-favored for cluster formation), are presented.
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1. Introduction

A hydrogen-bond (H-bond) network is formed in a water cluster [1-9]. Extensive
attention has been directed to locating all the local minimum structures on the potential
energy surface (PES) of water clusters [9,10] and finding the global minimum structure
for each system [6-8,11].

A water cluster is relevant to a digraph and can be classified to an H-bond pattern

[2,3,12]. We have shown that the numbers of topology-distinct H-bond patterns of
(H,0), are 5, 22, 161, 1406, 14241 and 164461 for n=3-8, respectively, using the
H-bond matrix by graph-theoretical enumeration. A water cluster at finite temperature
has a structure that corresponds to one of these topologically distinct H-bond patterns.

Water octamer, (H2O)s, has been the subject of considerable theoretical studies [5-7,
11-28 and references therein]. Several local minimum structures are located on the
PES by means of the Monte Carlo (MC) simulated annealing procedure or the
jump-walking method [4,13]. Two nearly isoenergetic and most stable structures
[6,11,13,14,18-21] are shown in Fig. 1, as 12A (D.4) and 12B (S4) together with their
H-bond patterns, where twelve H-bonds form the cubic H-bond network.

In the present letter, we show a new concept to divide the configurational space
according to the H-bond patterns and present thermodynamically favored structures of

water octamer, which are not based on the ‘inherent structures’ but the H-bond patterns.

2. Methods
2.1. H-bond pattern and digraph
An H-bond pattern in water cluster can be represented by digraph, and it

corresponds to the H-bond matrix [2]. A digraph has a set of information on the H-bond



connectivity between any two of the constituent water molecules. Here we describe
the H-bond patterns in a decomposed water cluster system using non-connected
digraphs. There are 164461 topology-distinct connected H-bond patterns
corresponding to water octamer; 183120 H-bond patterns, including decomposed

cluster.

2.2. Monte Carlo sampling

We coded our own program to create the configurations of water clusters so as to
form the NVT ensemble (at constant number N, volume V and temperature 7) using the
MC method based on the Metropolis algorithm [29] and to analyze the water cluster
distribution by means of the H-bond matrix [2]. We adopt the periodic boundary
condition to keep the volume of the system constant with a constant number of the
constituent water molecules; i.e., the density of the water cluster is defined. The
two-body interactions are restricted to those between eight water molecules which are
nearest neighbors in the periodic image, and the total number of the interactions is kept
constant in the MC simulations. In this procedure, we set the simulation box to be so
large that we can regard the system as being composed of an isolated cluster. The size
of the box is set to be 51.0 A, which corresponds to 80 L for 1 mol of water cluster.

A set of TIP3P potential functions was used for the energy calculation [30], which is
represented by the sum of two-body interactions. Starting from several initial
geometries which were sufficiently distinct, the following procedure was taken. First,
10® MC steps of equilibration were performed at 400 K. Then the simulated annealing
was repeated with 20 K decrement in temperature and 10® MC steps of equilibration at

each temperature until the system reached the final temperature (200 or 300 K). And



then, 10° MC steps at the temperature were performed and used for the analysis.

2.3. Subsets of NVT ensemble

The NVT ensemble is a set of water cluster configurations. Given a criterion of
H-bond between any two of the constituent molecules, one can define an H-bond pattern
for each configuration in the NVT ensemble. In the current simulation, we define the
formation of H-bond when an H-bond distance (between a donor proton and an acceptor
oxygen) is less than 2.45 A [31] and an H-bond angle (O-H...O) exceeds 120°. The

NVT ensemble is classified into the subsets according to the H-bond patterns.

2.4. Helmholtz free energy and internal energy of subset
The NVT ensemble of water octamer is formed by the MC simulation at
temperature 7 with a fixed density. The Helmholtz energy A of the system is related to
the partition function Q of the system,
A=-k;,TInQ . (1)
The system is comprised of subsets (H-bond patterns). The following values are

obtained from this MC simulation:

E
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Here, x; is the mole fraction of a subset /, which is equal to the ratio of the number of the

configurations for subset /, N, to the number of configurations for the whole system,



Niotal, of the MC simulation. For each subset 7, the energy average <E >1 is obtained

by

SE,

In the current study, we calculate the energy using the TIP3P potential function and the
structure of each water molecule is fixed. The calculated energy of a water cluster
corresponds to the interaction energy between 8 water molecules per 1 mol of cluster.
The molar internal energy U, (T)of subset I at temperature T is related to the energy

average of subset / as
U,(T)=U(0)+(E), . (6)

Here, U (0) is the energy of the isolated non-interacting 8 water molecules. Note that
all the quantities obtained in the current study are the values relative to those of the
isolated non-interacting 8 water molecules, which are assumed to be independent of any
variable (temperature etc.), because the structure of a water molecule is kept fixed.

The molar Helmholtz energy of a water cluster, which has a structure of the H-bond

pattern /, at temperature 7 and volume V/, is related to the occurrence of the water cluster.

The relative molar Helmholtz energy A4, , of water cluster, between the H-bond

patterns / and J, is given by

A, ,(T)=-RTInL = —RTln% . 7)

xJ J

On the other hand, the molar Helmholtz energy of the H-bond pattern / is related to
the internal energy and the entropy of the system; namely,
A/(T)=4(0)=U,(T)-U(0)-TS, . (8)

Here, A(0) is the free energy of the system composed of the isolated non-interacting 8



water molecules. The entropy of the H-bond pattern 7, S ,» corresponds to the ‘cluster
formation’ entropy of the H-bond pattern / from isolated water molecules. The relative

molar Helmholtz energy between the H-bond patterns / and J is

Ad, , =AU, ,-TAS, , : 9)

Here, AU,_, is the relative internal energy between the H-bond patterns / and J.

This is equal to the difference between the averaged energies of the H-bond patterns /7

and J; namely,

AU, ,(T)=(E),—(E), : (10)

In Eq. (9), AS ,_, 1s the relative entropy of cluster formation between the H-bond

patterns / and J. Note that the intramolecular vibrational entropy of water molecule is
not evaluated in the current method since each water molecule is fixed during the MC
sampling. It corresponds to the assumption that all the terms related to the

intramolecular property of each water molecule are equal in all the H-bond patterns.

3. Results and discussion
3.1. Structures at 200 K

Relative molar Helmholtz energies for the H-bond patterns (at 7=200 K and /=80 L
for 1 mol of cluster) are shown in Fig. 2. Each pattern is placed in a column according
to the number of the constituent H-bonds. In each of the columns, a few H-bond
patterns which have lower free energies are shown with digraph representations. The
pattern 9A is the lowest in the molar Helmholtz energy at this condition, which has two
fused pentagonal cycles. Note that the molar Helmholtz energies of any cubic

structures (for example, 12A or 12B) are very high.



Internal energies are shown in Fig. 3, for some selected subsets for which sufficient
configurations (more than 10* configurations) are obtained and which have lower
energy values in each column. In our simulations, the patterns 12A (D,q) and 12B (S4)
are the most stable in internal energies. This is consistent with previous reports, in
which TIP3P gives the Dyq structure as the global minimum [6, 11].

The structures and their digraph representations of the three most abundant H-bond
patterns (9A, 9B and 8A) at this condition are shown in Fig. 4, together with the
Helmbholtz energy, internal energy and entropy terms of each H-bond pattern relative to
those of 9A. These three patterns occupy ~37% of the whole water octamers at this
condition. The H-bond patterns 9B and 8A are favored from the viewpoint of entropy
of cluster formation, while they are unstable from the viewpoint of internal energy
compared with 9A. It is noteworthy that each of 9A and 9B is formed by adding one

more H-bond to 8A.

3.2. Structures at 300 K

The H-bond patterns that have lower molar Helmholtz energies (at 7=300 K and
J=80 L for 1 mol of cluster) are shown in Fig. 5. At this condition, the observed
H-bond patterns are different from those observed at 200 K, and many decomposed
H-bond patterns are observed, which may correspond to evaporation. The pattern 6A,
which has a cyclic hexamer and two isolated water molecules in it, and the pattern S5A,
which has a cyclic pentamer and three isolated water molecules in it, have the lowest
molar Helmholtz energy. Many of the observed H-bond patterns include a cyclic or

linear cluster with isolated water molecules at this condition.



3.3. Water clusters with thermal energy

The relative free energies of water clusters at the local minimum structures have
been evaluated with various theoretical methods. Quantum chemical thermodynamic
calculations using a high level ab initio MO method [14] predicted that the D4 cubic
structure had the lowest free energy and dominated the potential energy and free energy
hypersurfaces from 0 to 298 K. This calculation of free energy was based on the ideal
gas approximation of free particles, in which the geometry optimization of water cluster
was followed by an analysis of vibrational frequencies based on the harmonic
approximation. This method precisely evaluated the contributions from the rotational,
vibrational and electronic terms to free energy at each local minimum structure.
However, one important factor missing in this method was the entropy of cluster
formation for each structure.

In contrast, the MC method can evaluate the entropy of cluster formation. In most
of the MC studies, however, the distributions of ‘inherent structures’ at each temperature
have been evaluated [5,17,33 and references therein]. The conformation of a water
cluster at a given temperature is represented by one of the local minima on the PES,
so-called an ‘inherent structure.” Those studies have shown the high population of the
cubic ‘inherent structures’ at 200 K, with increasing population of non-cubic species at
higher temperatures [5].

Our analysis has shown a different picture. From the viewpoint of the H-bond
patterns, clusters take various structures that do not correspond to any local minima at
finite temperature. Our analysis gives the distribution of cluster structures among the
H-bond patterns, regardless of whether the corresponding local minimum structures

exist. In the present work at 200 K, for instance, the internal energies of the two cubic



structures (12A and 12B) are very low, but they occupy only 0.1% of the whole NVT
ensemble.  Various H-bond patterns with higher internal energies have higher
contributions in the ensemble at higher temperature.

The free energy derived from our analysis includes the randomness or the

probability to form effective H-bond patterns, i.e., entropy of cluster formation. The

value of AU,_, of the H-bond pattern / indicates the energetic stability relative to J,

and the values of TAS, , indicates the ‘feasibility’ to form the H-bond pattern 1

relative to J from the isolated water molecules. Here we compare the stability of 9A
with 11A at 200 K under such a condition. The H-bond pattern11A is energetically
more stable than 9A by 2.5 kcal/mol (Fig. 3), while the probability of formation is lower
in 11A than in 9A by 4.1 kcal/mol, which makes 9A thermodynamically more favorable
over 11A.

The aim of the present work is to demonstrate that the classification to the H-bond
pattern corresponds to the division of the configurational space of water cluster
structures, where the H-bond patterns can be used to distinguish water cluster structures

at finite temperatures created by a simulation technique.
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Figure captions

Fig. 1

Fig. 2

Fig. 3

Fig. 4

Fig. 5

Structures of 12A (D,4) and 12B (S,4) and their digraph representations.
Relative molar Helmholtz energies of water octamer (at 7=200 K and /=80 L
for 1 mol of cluster). Some selected H-bond patterns are shown in digraph
representations with molar Helmholtz energies relative to the lowest in
parentheses. Populations are shown in percent in square brackets.

Relative molar internal energy of water octamer. Some selected H-bond
patterns are shown in digraph representations with molar internal energies
relative to the lowest in parentheses.

Three most abundant H-bond patterns (9A, 9B and 8A) at 7=200 K. The
structure shown for each H-bond pattern is a snapshot of the NVT ensemble.
The relative molar Helmholtz energy A4, , the relative molar internal energy
AU, , the relative molar entropy term — T AS , of H-bond pattern / are shown
in kcal/mol.  All values are relative to those of the H-bond pattern 9A.
Relative molar Helmholtz energies for water octamer (at 7=300 K and /=80 L
for 1 mol of cluster). Some selected H-bond patterns are shown in digraph
representations with molar Helmholtz energies relative to the lowest in

parentheses. Populations are shown in percent in square brackets.
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