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Abstract

We consider the perturbed simple pendulum equation

—u"(t) = pf(u(t)) +Asinu(t), tel:=(-T,T),
u(t) > 0, tel, u(£T)=0,

where A > 0 and p € R are parameters. The typical example of f is f(u) =
|ulP~lu (p > 1). The purpose of this paper is to study the shape of the solutions
when A > 1. More precisely, by using a variational approach, we show that there exist
two types of solutions: one is almost flat inside I and another is like a step function
with two steps.

1 Introduction
We consider the perturbed simple pendulum equation

—u"(t) = pf(u(®))+ Asinu(t), tel:=(-T,7T),
u(t) > 0, tel,
uw(£T) = 0,

where 7" > 0 is a constant and A > 0, u € R are parameters. We assume that f satisfies the
following conditions.
(A1) f € CYR), f(—u) = —f(u) for u € R and f(u) > 0 for u > 0.
(A.2) f'(0) =0.
(A.3) f(u)/u is increasing for 0 < u < .
The typical example of f(u) is f(u) = |u[P~'u (p > 1).
The purpose of this paper is to study the shape of the solutions of (1.1)—(1.3) when
A > 1. More precisely, by using a variational approach, we show that (1.1)—(1.3) has two
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types of solutions: one is almost flat inside I and another is like a step function with two
steps. Therefore, it is shown that the structure of the solutions (1.1)-(1.3) is rich.

Linear and nonlinear multiparameter problems have been investigated intensively by
many authors. We refer to [1-4, 6-9] and the references therein. In particular, one of the
main topics for the nonlinear problems is to study the equations which develop layer type
solutions. Indeed, concerning the layer structure of the solutions, a possible layer structure
was brought out in [6, 7] for one-parameter singular perturbation problems; and it is known
that the solutions with layers appear for two-parameter problems, which are different from
(1.1)—(1.3) (cf. [10-12, 14]).

Recently, Shibata [13] considered (1.1)—(1.3) for the case u < 0 by means of the following
constrained minimization method. Let

Us = {ue HNI) : /1(1 — cosu(t))dt = B},

where 0 < 3 < 4T is a fixed constant and H{(I) is the usual real Sobolev space. Regarding
1 < 0 as a given parameter, consider the minimizing problem, which depends on pu:

1
Minimize 5“2/“3 - M/F(u(t))dt under the constraint u € Ug, (1.4)
I

where F'(u) := [y’ f(s)ds. Then by Lagrange multiplier theorem, for a given p < 0, a unique
solution triple (u, A(11), u(u1)) € R% xUs was obtained, where A(u) is the Lagrange multiplier.
Then the following result was obtained in [13]:

Theorem 1.0 ([13]). Let 0 < 65 < 7 satisfy cosbs = 1 — 3/(2T). Then u(p) — 63
uniformly on any compact subset in I and A\(u) — oo as p — —oo.

We see from Theorem 1.0 that u(u) is almost flat inside I and develops boundary layer
as 1 — —oo. We emphasize that this asymptotic behavior of u(u) is the most characteristic
feature of the solution of two-parameter problem (1.1)—(1.3) in the following sense. Let
= po < 0 be fixed in (1.1)—(1.3) and consider a one-parameter problem

—0"(t) = pof(v(t))+ Asinv(t), tel, (1.5)
v(t) > 0, tel, (1.6)
o(£T) = 0. (L.7)

Then for a given A > 1, there exists a unique solution (\,vy) € Ry x C%(I). Moreover, if
A — 00, then vy — m locally uniformly in I (cf. [5]). Therefore, we do not have any solution
{va} of a one-parameter problem (1.5)—(1.7) such that vy — O5(< 7) as A — oc.

It should be pointed out that only a flat solution has been obtained in [13], since only
the case where 1 < 0 has been considered. Indeed, if ;1 < 0 is assumed, then we see from [5]
that the maximum norm of the solution is less than 7. Therefore, by the variational method
(1.4), it is impossible to treat the solution of (1.1)—(1.3) with mazimum norm larger than .

To treat both cases mentioned above at the same time, we adopt here another sort
of variational approach. Namely, we regard A > 0 as a given parameter here and using
different type of variational approach from (1.4), we show that (1.1)—(1.3) has both flat and
step function type solutions. It is shown that the maximum norm of step function type
solution is bigger than 7.



We now explain the variational framework used here. Let
M, = {ve HYI): Q) = /IF(v(t))dt — 2T F(a)}, (1.8)
where a > 0 is a constant. Then consider the minimizing problem, which depends on A > 0:
Minimize K, (v) := %Hv’Hg - )\/I(l — cosv(t))dt under the constraint v € M,. (1.9)

Let
B(A, @) = min K(v).
Then by Lagrange multiplier theorem, for a given A > 0, there exists (), u(A), uy) € R* x M,
which satisfies (1.1)—(1.3) with K (uy) = B(A, ), where p(X), which is called the variational
ergenvalue, is the Lagrange multiplier.
Now we state our results.

Theorem 1.1. Let 0 < a < 7 be fixed. Then
(a) p(A) <0 for A > 1.
(b) ux — « locally uniformly on I as A\ — oo.

(c) p(X) = —CiA + o(N) as A — oo, where Cy =sina/ f(a).
The following Theorem 1.2 is our main result in this paper.

Theorem 1.2. Let m < a < 37 be fized. Then

(a) p(A) > 0.
(b) w(A) — 0 as A — oo. More precisely, as X — oo,

Aexp(—to(1+ o(1)VA) < (X)) < Xexp(—ta(1 — o(1))VN),

where t,, == (F(a) — F(n))T/(F(3m) — F(n)), which is positive by the condition m < av < 3w
and (A.1).
(c) Assume

3F(a) < F(3m) + 2F (). (1.10)

Then as X — oo

uy — 31 locally uniformly on (—ta,ta),
uy — 7 locally uniformly on (=T, —t,)|J(ta, T).

Remark 1.3. (i) Theorem 1.1 (b) implies that for 0 < a < 7, uy is almost flat inside [
and develops boundary layer as A — oo. On the other hand, Theorem 1.2 (c) implies that
for 7 < a < 37 satisfying (1.10), uy has both boundary layers and interior layers. Moreover
uy is almost flat in (—t,,t,) and (=T, —t,)U(ta,T). In other words, u, is almost a step
function with two steps in this case. Therefore, the structure of uy, for 0 < a < 7 and
T < a < 3w is totally different.

(ii) The raugh idea of the proof of Theorem 1.2 (c) is as follows. We first show that u, has
bounbdary layers at t = £7. Secondly, we show that uy has a interior layer in (0,7") and is
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almost equal to 7 and 37. Inequality (1.10) is a technical condition to obtain the estimate
of uy from above. Then the position of the interior layer is established automatically. If
f(u) = |u|P"*u (p > 1), then (1.10) implies 7 < a < ((37+! +2)/3)/®*+Vx. For instance, if
p =7, then (1.10) is equivalent to

T <a< (6563/3)Y4 =2.615-- 7.

(iii) It is certainly important to consider the asymptotic shape of uy as A — oo for the case
a = 7. Clearly, u, is almost equal to 7 in (=7,0) (0, 7). By Theorem 1.1 (b), we see that
if @ < 7 and « is very close to 7, then wu, is almost flat and equal to 7 inside I when A > 1.
On the other hand, by Theorem 1.2 (c), if & > 7 and « is very close to 7, then w, is almost
flat and equal to 7 in (=7, —t,) U(ta,T), and u, is almost equal to 37 in (—t,,t,). Since
a > 7 and « is nearly equal to m, we see that ¢, is very small by definition of ¢, and t, — 0
as a — 7. Therefore, if @« = 7, then the asymptotic shape of uy, when A\ > 1 is expected
to be a box with spike at t = 0. Therefore, it is quite interesting to determine whether the
asymptotic shape of uy is like a box with spike att = 0 as A — oo when o = . However,
it is difficult to treat this problem by our methods here. The reason why is as follows. We
regard a as a parameter and denote the minimizer by uy = wuy, if uy € M,. Then it is
quite natural to consider a sequence of minimizer {uy o} for a fized A\, and observe a limit
function uy ; = limy—r u) . Then it is not so difficult to show that u, . is also a minimizer
of (1.9) for o = m, and satisfies (1.1)—(1.3). Therefore, it is expected that ||uy x||cc — 37 as
A — oo. However, to show this, the uniform estimate ||[uy ol > 37 — 6 for all A > Xy and
T < a<m+0 for some 0 < § < 1 is necessary. Since this estimate is quite difficult to show,
it is so hard to show whether ||uy|| — 37 or 7 as A — 0.

From these points of view, it is not easy to study the case where a = 7 by the simple
calculation. The future direction of this study is certainly to extend our investigation to the
case where a = 7, 3m, - - -.

The remainder of this paper is organized as follows. In Section 2, we prove Theorem 1.2.
Section 3 is devoted to the proof of Theorem 1.1. For the sake of completeness, we show the
existence of (A, (), uy) € R? x M, in Appendix.

2 Proof of Theorem 1.2

In what follows, we denote by C' the various constants which are independent of A > 1. In
particular, the several characters C, which appear in an equality or an inequality repeatedly,
may imply the different constants each other.

Proof of Theorem 1.2 (a). Assume that u(A) < 0. Then uy > 0 satisfies

—u"(O)pNIf () = Asinu(t), tel,
w(xT) = 0.
Then it follows from [5] that [|uy|lec < 7. Indeed, let 0 < my < 7 satisfy |u(N)|f(my) =

Asinmy. Then we know from [5] that ||uy||e < my. This is impossible, since uy € M, and
o> T. g



We next prove Theorem 1.2 (c¢). To do this, we need some lemmas. For a given v > 0,
let ¢, ) € [0, T satisfy ux(t,) = v, which is unique if it exists, since

uh(t) <0, 0<t<T. (2.1)

Lemma 2.1. Let 0 < 6 < 1 be fized. Then t._55 — T as A\ — oo.

Proof. Since uy € M, (7 < o < 37), we see that ||uy]|oc > 7. Therefore, there exists unique
tza. By (1.1), we have

Fu () + 1) F(un(8)) + Asinun(8) i (8) = 0.
This implies that for ¢ € [0, T
1

iul/\(t)2 + (AN F(ux(t)) + M1 — cosuy(t)) = constant (2.2)

= PN F([lualloo) + A1 = cos flurlloc)  (put ¢ =0)

1
_ iul/\(tm,\)Q + u(N)F () + 2\ (put t = t,).

By this and (2.1), we see that for ¢ € [0, T

—u)\(t) = \/2)\(1 + cosuy(t)) + 2u(A) (F(m) — Fux(t)) + uh (tr0)>2 (2.3)
By this and Theorem 1.2 (a), for t,_s\ <t < T,

—u\(t) > /2X(1 — cos ). (2.4)

By this, we obtain
T
b= / b (Bt > 2N — cos0)(T — tr_s).
t7r—5,)\
This implies our conclusion. g

Lemma 2.2. Assume that ||uy||ec > 37 for A > 1. Let an arbitrary 0 < § < 1 be fized.
Then trisx — tar—sr — 0 as A — oo.

Lemma 2.2 can be proved by the same argument as that in Lemma 2.1. So we omit the
proof.

Lemma 2.3. Let an arbitrary 0 < 0 < 1 be fixed. Then for A > 1

tﬂ,)\ - t7r+5,/\ > tﬂ'*(;,)\ - tfr,/\- (25>

Proof. By (2.3) and putting 6 := 7 — u,(t), we obtain

/tw—a,x —u) (t)dt

tra 2M1 + cosua(t)) + 2u(N) (F(7) — F(ua(t)) + th (tr)?
s de

/0 \/2)\(1 —cos) + 2u(N)(F(r) — F(r —6)) + u’A(t,r,,\)f

t7r—5,>\ - t?‘(,)\ (26)

>



Similarly, by (2.3)

o /6 do
A T b = \/2)\(1 —cos) — 2u(N)(F(0 +7) — F(n)) + u/A(tﬂ,,\)z.

By this and (2.6), we obtain (2.5). g

(2.7)

Lemma 2.4. Assume that there exists a constant 0 < §g < 1 satisfying limsup, . ||uxl/co >

31 4 9. Then for 0 < 6 <K 6y and A > 1

t37r,)\ - t37r+5,)\ > t7r,>\ - t7r+5,)\‘

Proof. Let 0 < 0 < § be fixed. Put t = ¢35, in (2.2). Then we obtain

1 1
SUA(En )2 HOVF(R) + 20 = St )2+ 1) F(37) + 20

By this and (A.1), we see that

u'/\(tg,m)\f < u'/\(tm)\)Q.

By this and (2.2), for t € [tsr4s.x, t3x.a], We have

SUAD? = AL+ cosur(t)) — pN) (Fur(t)) — F(3)) + (1)’

< A1+ cosun(t)) — p(\)(F(ux(t)) — F(37)) + %u’)\(tm,\)Q.

This along with (2.1) and the same argument as that to obtain (2.6) implies that
df

6
st | VAL = cos0) = 2u(N) (F(0 -+ 37)) — F(3m) + 0 (10)*

By (A.3), it is easy to see that for 0 < 0 < 9,
F(0+3r)—F3nm) > F0+mx)— F(n).

Then (2.7), (2.12) and (2.13) imply (2.8). Thus the proof is complete. g
Proof of Theorem 1.2 (c). We first show that

lim sup ||uy||oo < 3.
A—00

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

To do this, we assume that there exists a constant 0 < dy < 1 and a subsequence of {||u||«},
which is denoted by {||uy||e} again, such that ||uy || > 37 + dp and derive a contradiction.

For 0 < 6 < g and A > 1, we put

I7r,5,)\ = t7r—5,>\ - t7r+5,)\7 ]37r,(5,)\ = t37r,)\ - t37r+5,)\‘



Then we see from Lemmas 2.3 and 2.4 that
Iisy <2@3755, drsn+ Ispsy <T. (2.15)

By (2.15), for A > 1, we obtain I, s, < 27'/3. Since uy € M, and u,(t) = u\(—t) for
t € [0,T], by this and Lemmas 2.1 and 2.2, we obtain

TF(a) /0 " Plus ()t (2.16)

F(ﬂ' — (5)[7“57)\ + F(37T — 5)(T — ng’)\) + 0(1)
F3m)T — (F(3m) — F(m)) Iz s+ O(5) + o(1)

F(3m)T — %T(F(i’m) _ F(r)) + O(5) + (1)

AV

v

STE@En) + STF(x) +0(9) + of1).

Since 0 < ¢ < 1 is arbitrary, this contradicts (1.10). Therefore, we obtain (2.14). Then
there are two possibilities: (i) imy_,« ||ual|coc = 7 or (ii) limy o ||tr]|oc = 37. However, (i) is
impossible, since uy € M, (7 < a < 3w). Hence, we obtain (ii). Then we see from Lemmas
2.1 and 2.2 that for any ¢ € [0,T), we have only two possibilities: (i) limy_ o u(t) = 7 or
(ii) limy—oo ux(t) = 37. Then by (2.1) and uy € M,, obviously, Theorem 1.2 (c) holds, since
ux(t) = uy(—t) for ¢t € [0, T]. Thus the proof is complete. g

Proof of Theorem 1.2 (b). The proof is divided into three steps.
Step 1. We first show that for A > 1

lurlloo < 3. (2.17)
Indeed, if there exists a subsequence of {||uy||o0}, which is denoted by {||lux]|s} again, such
that ||Juy|lec > 3, then by putting 6 = uy(t) — 37 and dy := ||ux|lec — 37 > 0, we see from
the same calculation as that to obtain (2.12) that
s do
far > / ’ . (2.18)
0 \/2A(1 = cosB) — 2u(N)(F(0 + 37)) — F(37)) + t)(tr )2
Further, by putting § = J, in (2.6) and (2.7), we obtain
o dao
tesoa — e = [ (2.19)
0 \/2M(1 = cos0) + 2u(N)(F(x) — F(r — 0)) + u) (tr0)2
O do
t?‘(,)\ - t7r+5>\,>\ = / . (220)
0 \/2M(1 = cos0) — 2u(N)(F(0 + 7) — F(7)) + t)(tr0)2
By (2.13) and (2.18)—(2.20), we obtain
t371',)\ > tﬂ,/\ - t7r+5,\,/\ > tﬂ'*(s/\,A - tﬂ,)\' (221)

By this and the same argument to obtain (2.16), we obtain a contradiction. Therefore, we
obtain (2.17).



Step 2. Assume that there exists a subsequence of {u()\)}, denoted by {u(\)} again, such
that u(A) > o > 0. By (2.2), we have

1

U0 = p)(F([[uallec) = F(ua(#))) + Alcos ua(t) — cos [|un]loo). (2.22)

Let 0 < 0 < 1 be fixed. By mean value theorem and (A.3), for ¢t € [0, t3,—25.] and A > 1,
we obtain

Fllualloo) = F(ua(t)) FBm = 20)([[ualloc = ua(t)) (2.23)

>
= (fBm) = CO)([[urlloo — ua(t))-
By (2.17) and the fact that [|uy]lc — 3™ as A — oo, for t € [0, t3,—2s] and A > 1,

cosun(t) — cos [urlle = —sin ualloe (un(t) — lualloc) (2:24)
_;mwmww+u—mmwxmww—m@f
> (1= €5 — o)l — r(1)),

where 0 < 6 < 1. By (2.22)—(2.24), for A > 1

—u\(8) = \/2(f(3m) — OOV (urlloe — un(t)) + AL — €8 = o(1))([[a]|oc — ua(t))?
= VA(luallo = wn(£)? + Ba(flualloo — ur(#)), (2.25)

where
Ay=X1-0C6—o0(1)), Bx=2(f(3m)—C8)uN).
By this, for A > 1,

t3r—26 X
t3m—25n = /0 dt (2.26)
< /t37r 26,0 —u’)\(t) gt
0 VAl — ua(£)2 + Ba([luallse — ua(t))
/nuxnm—zma 1 "
N 0 vV A)\QQ + B)\e
1
< / do
VAV (0 + By /(244))2 — B}/ (443)
1 B, B\’ B By
— — |log |36 54+ =X 1
Vol bl Y N J <3 + zAJ 1AZ| T %8 9a,

Step 3. There are three cases to consider.
Case (i). Assume that there exists a subsequence of {u(A)} satisfying u(A)/A — 0 as A — 0.
Then since p(A) > &g, as A — o0

C A C A
tarosr < — | C+C1 — | C+ C'1 0.
3 26, \/X( Og ( )) \/_< Og50> -
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This along with Lemmas 2.1 and 2.2 implies that u,(t) — 7 (¢t € I \ {0}) as A — oo. This
is a contradiction, since uy € M, and 7 < a.

Case (ii). Assume that there exists a subsequence of {u()\)} satisfying C' < u(\)/A < C7L.
Then by this and (2.26), as A — oo

C
t37r_25’>\ S — — 0. (227)

VA

By the same reason as that of Case (i), this is a contradiction.
Case (iii). Assume that there exists a subsequence of {u(A)} satisfying p(A)/A — oo. Then
by this and (2.26), as A — o0

1
tgr_ < ol—]| —0. 2.28
3m—25,A (\/X) ( )

By the same reason as that of Case (i), this is a contradiction. Therefore, we see that
w(A) — 0 as A — oo.

Finally, we show the decay rate of (\) as A — oo. Since t3r_251 — o as A — 00, by
(2.26),

1 26 1
Ly = do < ts._ 2.29
! \/AA 0 \/A)\02+B>\0 ST=20A ( )
! ¥ ! do =L
< = Lo.
VA Jo VAT BN ’
Since p(A\) — 0 as A — oo,
1
Li = —(1+0(1)) |log(35 + o(1)) + lo <to(1+0(1)). 2.30
= 50 o(1) (108(35 4 o(1) + 08 ) <tal1-+ (1) (2:30
This implies that
log Ay (1+o0(1))VA (2.31)
pd) ' '
By this, we obtain
(X)) > Xexp(—ta(1 + o(1))VA). (2.32)
By the same argument as above, we also obtain
(X)) < Xexp(—ta(1 — o(1)V). (2.33)

Thus the proof is complete.



3 Proof of Theorem 1.1

To prove Theorem 1.1, we follows the idea of the proof of [13, Theorem 2].

Proof of Theorem 1.1 (a). We assume that u(A) > 0 and derive a contradiction. There
are three cases to consider.

Case 1. Assume that there exists a subsequence of {||u)||«}, denoted by {||ux]l} again,
such that ||uy|le > 7. Let 0 < 6 < 1 be fixed. Then by (2.2), for ¢ € [t,_s,T]

%uf\(t)Q > A1+ cosux(t)) > A(1 — cosd).

By this and (2.1),

T
T — / —uh\(t)dt > \/2A(1 — cos 6)(T — tr_s.)-

-6,

This implies that ¢;_55» — T as A — oo. This is a contradiction, since uy € M, and
O<a<m.

Case 2. Assume that there exists a subsequence of {||u)||«}, denoted by {||ua]l} again,
such that ||uy||cc — 7™ as A — oo. Then we see that a +d < ||Juy|lec < 7 for 0 < 6 < 1. Then
it is clear that t,4s5x /4 1 as A — oo. Indeed, if t,45) — T as A — oo, then

2TF(a) = limsup Q(uy) > 2T F(a + 0).

A—00

This is a contradiction. Therefore, there exists a constant 0 < ¢ < 1 such that 0 <

taysr < T — ¢ for A > 1. We choose ¢ € C§°(I) satisfying supp¢ C (T — €, T"). Since

0<up(t) <a-+dforte (T —e¢,T) by (2.1), we see that for t € (T — €, T) and A > 1
sinwy(t)

Then for A > 1

sinu

oy = WAL ha, g o
veHimezo  JpEghedt T g Enghert
< 0.

(3.2)

Case 3. Assume that there exists a subsequence of {||u)||«}, denoted by {|lux]l} again,
such that limy_ ||ua]|ec < 7. Since (3.1) holds for any ¢ € [0,7] in this case, we choose
¢ € C§°(I) and obtain (3.2). Thus the proof is complete. 3

For simplicity, we put fi(\) := |u(A)| > 0. Then (1.1) is equivalent to
—u"(t) + (N f(u(t)) = Asinu(t), tel. (3.3)
Therefore, in what follows, we consider (3.3) with the conditions (1.2) and (1.3).

Lemma 3.1. i(A\) < CX for A > 1
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Proof. Let 0, = {t € (0,7) : @(\)f(0) = Asinf}. Then by [5], we see that

|ualloo < Ox < 7. (3.4)
Furthermore, since uy € M,, we see that for A > 1

|lurlloo > 01 > 0. (3.5)

By the same calculation as that to obtain (2.2), we have

%u’/\(t)Q — Acosup(t) — (A F(ua(t)) (3.6)

— —Xcos ||tllse — AN F(||r]]s0)
1

By (A.3), (3.5) and (3.6), we obtain

FVEG) < AOVF(Jurlle) = ~5u(T)? + A1~ cos )
< 2\

Thus the proof is complete. g

We put
Then by (3.3),
—u(t) = Aglux(t))ur(t), tel. (3.8)

Lemma 3.2. g)(ux(t)) — 0 locally uniformly on I as A — oo.

Proof. We assume that there exists a constant § > 0, ¢, € [0,7") and a subsequence of {\},
denoted by {A} again, such that gy(ux(tp)) > d for A > 1. Since gy(u) is decreasing for
0 <u <7 by (A.3), we see from (2.1) that for any ¢ € [ty,T) and A > 1

ga(ua(t)) = ga(ur(to)) = 0. (3.9)
We choose ¢ € C3°(I) with supp¢ C (to,T). Then by (3.8), we obtain
/]2 /]2
\ = inf ||U ||2 Hgb ||2

veri (w20 [; ga(ua(t))v2dt — 6[¢]3°

This is a contradiction. Thus the proof is complete. g

Lemma 3.3. A < C(\) for A > 1.
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Proof. We assume that there exists a subsequence of {\/fi())}, denoted by {A/f()\)} again,
such that A/fi(\) — 0o as A — oo, and derive a contradiction. Multiply (3.3) by u,. Then
integration by parts along with (3.4), (3.8) and Lemma 3.2 implies that as A — oo

laillz = )\/UA ) sinuy(t)dt — fi /f ux(t))ux(t (3.10)
= /\/Ig>\ ux(t))ux(t)2dt = o(\).

By (3.4) and the assumption,
() [ Flun(E)ur(E)dt = o).
By this and (3.10), as A — oo
/Iu,\(t) sinwy(t)dt — 0. (3.11)
Since uy € M,, by (3.4) and (3.11), we see that

te0,t), (3.12)

up(t) —
— 0 te(t,T), (3.13)

ux(t)
where t; := F(a)T/F (7). Then by (3.4), (3.6), (3.12) and (3.13), for ¢t € (t1,7] and A > 1

%ul)\(t)Q = Acosux(t) = cos [[urllo) + 2(A) (F (ur(t) = F([luall)) (3.14)

= 2(1+o(1)A.

Let 0 < § < 1 be fixed. Then by (2.1) and (3.14), for A > 1

t14+26

T > un(t +0) — ux(t; +26) = /t L 0= 2V3(1+ o(1).

This is a contradiction. Thus the proof is complete. g

Proof of Theorem 1.1 (b). Let an arbitrary 0 < ¢ty < T be fixed. We first prove that
ux(t2) > d for A > 1. Indeed, if there exists a subsequence of {u,(t2)}, denoted by {u(t2)}
again, such that uy(t2) — 0 as A — oo, then by (A.2) and Lemmas 3.1-3.3, as A — oo

() fua(tz))

sinua(ts) _ ga(uatz)) + =~ ux(t2)

S — 0. (3.15)

This is a contradiction, since the left hand side of (3.15) tends to 1 as A — oo. This implies
that uy(t) > ¢ for any 0 < ¢ <ty and A > 1.

Now let & > 0 be an arbitrary accumulation point of {fi(\)/A}. We see that 0, /4 7 as
A — 0. Indeed, if 8y, — 7™ as A — oo, then




This contradicts Lemma 3.3. Therefore, we see from (3.4), (3.5) and the argument above
that for ¢t € [0,3] and A > 1
§<up(t) <m—0d.

By this and Lemma 3.2, for 0 <t < {5, as A — o0

IOV sinuy(t)  ga(ua(®)ua(t) | sinwuy(t)
= tm B = (T - 2R ) e Tty 019
Since sinuy(t)/ f(ux(t)) is increasing for ¢ € [0, 7], and uy € M,, this implies that uy — «

locally uniformly as A — oo and ¢ = (. Now our assertion follows from a standard
compactness argument. Thus the proof is complete. g

4 Appendix

In this section, we show the existence of (A, u()\), uy) € R* x M,, where uy is the minimizer
of the problem (1.9). Let A > 0 and a > 0 be fixed. Since K,(v) > —4T'\ for any v € M,,
we can choose a minimizing sequence {u,}>>, C M, such that as n — oo

Ky(u,) — BN, ) > —4T\. (4.1)

Since Ky (uy,) = Kx\(Ju,|) and |u,| € M, by (A.1), without loss of generality, we may assume
that u, > 0 for n € N. By (4.1), for n € N,

1
5”%“3 < Kx(up) + 4T\ < C.

Therefore, we can choose a subsequence of {u, }°°,, denoted by {u,}2, again, such that as
n — oo

u, — uy weakly in Hy(I), (4.2)
u, — uy in C(I).

By (4.3), we see that uy € M,. In particular, u) # 0 in /. Furthermore, by (4.2) and (4.3),

1
Kalw) = Il = A [(1 = cosur(®))dt

1
< liminféHu;Hg — lim )\/(1 — cosu,(t))dt
n—oo n—oo I
1
< liminf <§Hu;]|§ — )\/(1 - cosun(t))dt> = B\, ).
n—oo I

This implies that uy > 0 is a minimizer of (1.9). Then

Q' (un)uy = /1 Flun(t))un(t)dt > 0,

where the prime denotes the Fréchet derivative of (). Now we apply the Lagrange multiplier
theorem to our situation and obtain (), (A), uy) € R? x M, which satisfies (1.1) and (1.3) in
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a weak sense. Here u()) is the Lagrange multiplier. Then by a standard regularity theorem,

we

see that uy € C?(I) and it follows from the strong maximum principle that uy > 0 in I.

Thus the proof is complete. 3
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