Existence of tangential limits for a-harmonic
functions on half spaces

Yoshihiro Mizuta

Abstract

Our aim in this paper is to prove the existence of tangential limits for
Poisson integrals of the fractional order of functions in the LP Hoélder space
on half spaces.

1 Introduction

For 0 < a < 2, Riesz [6] defined the notion of a-harmonic functions on a domain
) in the n-dimensional Euclidean space R", as solutions of the fractional Laplace
operators (see also It6 [3] and the book by Landkof [4]).

In the half space H = {z = («/,z,) € R"' x R : x, > 0}, consider

" a/2
(—”) & — " F(y)dy

Y|

Pof(z) = ca /

Ro\H

for a measurable function f on R, where ¢, = I'(n/2)7~ /> !sin(ra/2). Here f
satisfies

Ll 1y < o 0

which is equivalent to

Palf| # oo

If this is the case, then we see from Remarks 4 and 5 below that P, f is a-harmonic
in H.

Let 1 < p < oo and B > 1/p. Recently, Bass and You [1] have shown the
existence of nontangential limits for P, f with f € AZ™(R"), which is the space
of LP Hélder continuous functions of order ; more precisely, f € LP(R") and it
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satisfies LP Holder continuity of order 3, that is, there exists a positive constant C
such that

1/p
([irw+n-sopa) scwy  oaner. @

Our aim in this note is to extend their result on the existence of nontangential
limits for P,f. For v > 0 and & € 0H, our approach region is defined by

T,(6) ={x € H:|zx—& 0o < g}
which is tangential to the boundary 0H at £ .

THEOREM. Let 0 < a <2(1—1/p) and 0 <~y < 3 —1/p. If f is a measurable
function in A;™ (R™) satisfying (1), then there exists . C 0H of (n—1)-dimensional
measure zero such that P, f has a finite limit along T, (§) for every ¢ € OH \ E.

REMARK 1. Note that |y,| /% is locally L”" integrable on R" where p/ =
p/(p—1) if and only if 0 < @ < 2(1 — 1/p). But, in case 2(1 — 1/p) < a < 2, we
do not know whether P, f has a tangential limit at almost every boundary point
or not.

REMARK 2. Bass and You [2] have also obtained nontangential limit result
for a-harmonic functions in Lipschitz domains. It will be expected that tangential
convergence holds in a way similar to the proof of the theorem given later, because
they have shown a good estimate for Poisson kernel near the boundary; but the
discussions are left to be open.

Our method of proof is carried out directly, as in the discussions of harmonic
case (see Landkof [4], Stein [7] and the author [5]).

2 Proof of the Theorem

Throughout this note, let C' denote various constants independent of the variables
in question. For a locally integrable function g on R", we define its integral mean
over the ball B(z,r) centered at £ of radius r > 0 by

1
][ 9(y)dy = n/ 9(y)dy,
B(z,r) OnT B(z,r)

where o,, denotes the n-dimensional Lebesgue measure of the unit ball.
Let f be a measurable function on R™ as in the theorem. First note that

][ g2
B(¢,r)

&)
< o / / a2 (€ + ) — F(E+ 2)| dyd=
B(0,r) J B(0,r)

dy

f(y) - Ji R
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for ¢ € OH. Further, for E C 0H, denote by |E| the (n — 1)-dimensional measure

of E.
To complete a proof of the theorem, we first prepare two lemmas.

LEMMA 1. Let 0 < a < 2(1—1/p) and 0 <y < 3 —1/p. For f € AZ*(R"),
set

E(y) ={£ € OH : limsup ro/2=y=2n
r—0+

N —a/2 _ dud |
: /B(om /B(O,r) [yl " f(E+y) — f(E+ 2)|dydz > 0}
Then |E(v)| =

Proor. For M > 0 and a positive integer 7, set
E(y,M,j) = {¢ € 0H : 202/

o ) = e 2z > 1),
B(0,2-7) J B(0,27)

Let a > 0. Then we have
\E(y, M, §) N B(0,a)| < M2i0+2n=a/2)

" —a/2 . dud )d .
) \/B(O,a)ﬂaH (/3(072]') /B(072j) ‘y ‘ ’f(g + y) f(é + Z)’ yaz f

Letting w =&+ vy =&+ (¥, yn), we see from Holder’s inequality and (2) that

/ , (/ |yn|_a/2|f(f+y)—f(§+y+(0,zn))|d§) dy,,
{yn:lyn|<2=7} \J B(0,a)n0H

< [wn |~ f (w) = f(w + (0, 2,))| dw

/{weB(o,a+1):wn|<2—f}
< C(Q_j)—a/2+1—1/p+ﬂ

for y,z € B(0,277). Similarly, letting w = £ + z = £ + (2/, 2,,), we obtain

/ , (/ \f(€+y+(o,zn))_f(5+z),d5) dz,
{zn:lznl|<277} B(0,a)NdH

< [f(w+(y' = 2 yn)) = fw)] dw

/{wEB(O,a+1)2|wn<2_j}

for y, 2 € B(0,277). Hence it follows that

|E(7y, M, j) N0 B(0,a)]
< OM2I0Hn=a/2) (9=iy—e/2H1=1/ptBg—j(n=1)g~in
+ CMQj(’}'Janfoz/Q)(273')171/p+5(27j)fa/2+n27j(n71)

< OMQ—j(ﬁ—l/p—v)'



Define E(vy, M) = ﬂ U E(vy,M,j). Then, since § —1/p —~ > 0, we find
k=1 j=k

|E(v, M) N B(0,a)| =0

for all @ > 0, which implies that |E(vy, M)| = 0. Noting that E(y) = U E(y, M),
M=

we see that |E(y)| = 0 and

im 270/ [ | [ R+ 0) = FE 2 dydz =0
B(0,2—J B(0,2779)

Jj—oo

for every £ € 0H \ E(v) [ |

LEMMA 2. Let f be a function in LP(R"™) satisfying (2). If 0 < v < 5 —1/p,
then

A@€) = li d
(€) = lim B(gvr)f(y) y

exists and is finite for almost every £ € OH. Further,

lim ra/M”/ Yl | f(y) — A(E)|dy = 0
B(&r)

r—0+4
for almost every & € OH.

It is well known that if f € LP(R"), then A(x) exists and is finite for almost
every x € R". Since 0H is of n-dimensional measure zero, we need an additional
condition like I” Hélder continuity for f in the present lemma.

PrROOF OF LEMMA 2. For simplicity, set A(,r) :][ f(y)dy. Then, for
B(&,r)
r <t < 2r, note that

A1) — AE.r)| < Crm /B - /B o (€)= F(e =) dyi,

so that Lemma 1 (with a = 0) yields

lim r~7|A(E,2r) — A&, )| =0

r—0-+
for almost every & € OH. In this case,
i Ky —Jj+1y _ A
lim 2% A, 277 — A(¢,27)] =0,
=k
which implies that A(¢) exists and
lim =" A(§) — A(E,7)| =

r—0+



This proves the first part of the result.
Similarly, we see from Lemma 1 that

lim 72/2-7-n / ( )yywﬂ\f@) — A(€,2r)|dy =0
B(&,r

r—0+4

for almost every & € 0H. Note here that
[l =15 - Ay
B(&,r)
< /( ) yal =21 f (y) — A(E, 2r)|dy + Cr™=*?|A(€) — A(&,2r)].
B(&,r

This yields the second result. |

PROOF OF THE THEOREM. Let f be as in the theorem. Then Lemma 2 implies
that
A(§) = lim f(y)dy
Tt B
exists and is finite for almost every & € OH. Moreover we see from Remark 4 below

that
T

(—)m |z =yl {f(y) — A(§) }dy.

Y]

Puf(a) = A©) = . |

R\T

In view of Lemma 2 we see that

lim rW—”‘”/ vl 2| f (y) — A(€)|dy = 0
B(&r)

r—0+

holds for almost every £ € OH. Hence, for given ¢ > 0 and £ € 0H, we assume
that

o [l )~ Ay < ¢ (3)
B(&r)
whenever 0 < 7 < 1g. Since 0 < a/2 < 1 — 1/p, we see that
T /2
i [ (I el - A@ =0 ()
=€ JRn\{HUB(E,r0)} Y|

Letting r = 2|z — £| < 1o, we obtain by (3)

X

/2
/ _(‘—") & — g1 (y) — A(E)ldy
BleanT \|¥nl
< Caol / 1 () — A©)ldy
B(¢,r)\H

< Cemg/anr'yfa/QJrn



and

/2
Tn, .
[ () e e - A
Blero\HUB(EN} \|Ynl
/2
Tn .
scf () leul i) - Al
Blero)\[HUB(E)} \|VUn]

< on [ ( / |yn|“/2|f<y>—A<s>|dy)t“dt.
r B(&H)\H

If v —a/2 <0, then

X

/2
/ (—") |z — y| " f(y) — A(E)|dy < Cext/?r7=0/2,
B(&,ro)\{HUB(&,r)} ’yn’

which together with (4) implies that
limsup |P,f(x) —A(§)| < Ce.

x"&vxeT"/(g)
If v —a/2 >0, then
T a/2
/ bl (_n) |z —y|7"| £ (y) — A(€)|dy < Cex*log(ro/7),
Bero\AuBEnN} \|Yn|

so that
limsup |P,f(x) — A(&)| < Ce.

:EA)&,ZEET'Y (&)

Hence it follows that
lim © |P,f(z) — A(&)| =0,

z—§,xeT,,

as required. [

3 Further remarks

REMARK 3. Let us consider the Riesz potential

Unit(z) = / & — g du(y)

for a nonnegative measure p on R", where 0 < o« < 2 and Uy # oo. Then it is
known that U,pu is a-superharmonic in R™ and a-harmonic outside the support of
w; for this, see Riesz [6] and Landkof [4].

REMARK 4. Let

T /2
Pu(a,y) = o (—) P

(Y]
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for v € H and y € R"\ H. For zyp € H, we consider the inversion with respect to
the ball By = B(zo, R) with R = (x¢),. For x € R", write
x* :$0+R27x_x0 .
|z — x|
Set Zo = (x4, 17/2) and B(xo) = B(&y, R/2). Then, for € B(zy, R) and y €
R"™\ H, we have

ja* — Fo? — <R/2>2)“/2
(R/2)2 — |y — o?

_ y*’nJra,

Pu(ty) = Rz — a* 70 (

so that (A.1) of [4, Appendix] gives

/ Py(z,y)dy = 1.
R\ H

REMARK 5. In the same way as above, we find
| Palaglao = ol "dy = o~ aof"
R\ H

for o € H. This is the key result to discuss the a-harmonicity of P, f; see It6 [3,
Lemma 1] and Landkof [4, Lemma 1.13 in Chap.1].

REMARK 6. Let 0 < a < 2(1 —1/p) and Sp > 1. Suppose f is a measurable
function in AZ™(R"). Then we can find a set £ C 0H of measure zero such that
P, f has a finite limit along 7, () for every £ € 0H \ E'and v with 0 < v < 8—1/p.
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