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Nonperturbative calculation of Z,, and Z, in domain-wall QCD on a finite box
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We report on a nonperturbative evaluation of the renormalization factors for the vector and axial-vector
currentsZy, andZ, , in the quenched domain-wall QGDWQCD) with plaquette and renormalization-group-
improved gauge actions. We take the Dirichlet boundary condition for both gauge and domain-wall fermion
fields on the finite box, and introduce flavor-chiral Ward-Takahashi identities to calculate the renormalization
factors. As a test of the method, we numerically confirm the expected relatiorZ {waZ 5, in DWQCD.
Employing two different box sizes for the numerical simulations at several values of the gauge coupling
constantg? and the domain-wall heightl, we extrapolateZ,, to infinite volume to remove/L errors. We
finally give the interpolation formula af,, in the infinite volume as a function @ andM.
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I. INTRODUCTION the case ofZy or Z,, however, the same renormalization
factors are obtained from different boundary conditions,
Recent lattice calculations in the domain-wall QCD since the flavor-chiral Ward-Takahashi identities uniquely
(DWQCD) have shown that the good chiral property of determine them.
domain-wall fermions leads to a good scaling behavior of Using the finite volume method, we can calculdtgand
physical observables such as quark masse®8arid]. Aside  Z, nonperturbatively at the massless point, so that the sys-
from the quenched approximation, the use of perturbativéematic error associated with the chiral extrapolation can be
renormalization factors is the largest source of uncontrolledemoved. The calculation of the scale-independent renormal-
systematic errors in these calculations. Some kind of nonpeization factors for vector and axial-vector currents is the first
turbative renormalization is required to reduce the total errostep to the calculation of the scale-dependent renormalization
to a few percent level except that from the quenched approxifactors for the quark mass arg) . In addition to this pur-
mation. pose we can use our calculations to probe the chiral symme-
There exist two popular methods for nonperturbativetry in DWQCD. For example, since chiral symmetry predicts
renormalization in lattice QCD: one is the RI-MOM Zz,=27,, the difference of the two renormalization factors
(regularization-independent momentum subtragtecheme can be used to measure the size of the chiral symmetry
[2], and the other is the S@Schralinger functional scheme  breaking in DWQCD.
[3]. The former method is simpler and has already been ap- This paper is organized as follows. In Sec. Il we formu-
plied to DWQCD [4]. The latter one is more suitable to late DWQCD on a finite box. In particular we give a detailed
evaluate the scale-dependent renormalization factors. It idescription of the quark boundary conditions and explicit
rather complicated, however, to implement the SF scheme iforms for the correlation functions which include the bound-
DWQCD. ary quark fields. In Sec. lll utilizing the vector an axial-
In this paper we formulate a finite volume method veryvector Ward-Takahashi identities, we introduce the condi-
similar to the SF scheme, to calculate the scale-independetibns which determine the renormalization factors for the
renormalization factorsZ, and Z,. We employ the SF vector and axial-vector currents. We explicitly give the
boundary condition for the gauge fields, equivalent to therenormalization factorg, andZ, in terms of the correlation
Dirichlet boundary condition in the absence of boundaryfunctions on the finite box. In Sec. IV we present results of
fields, while the boundary quark fields with the simple Di- numerical tests for our method. By investigating the behavior
richlet boundary condition, which is different from the SF of the quark mass defined through the axial Ward-Takahashi
boundary condition for quarks, are introduced to construcidentity as a function of the time, we show that the effect of
the gauge-invariant observables. In the case of the scalghe Dirichlet boundaries to the zero modes rapidly disappears
dependent renormalization factors suchZas an extra per- away from the boundaries. We also show that the expected
turbative calculation is required to convert the renormalizarelationZ,=Z, is satisfied for sufficiently largdlg, the size
tion factors calculated in some scheme with the speciabf the fifth dimension of DWQCD. In Sec. V we calculate
boundary conditiorfours or the SFto the one defined in the the renormalization factors at several values of the gauge
conventional modified minimal subtractioMg) scheme. In  coupling constant? and the domain-wall heigh¥l for both
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plaguette and renormalization-groufRG-) improved gauge B. Domain-wall fermion on a finite box
actions in the quenched approximation. Using data from tWo  1he domain-wall fermion action is given tig]
different lattice volumes we extrapolai®, to the infinite

volume, in order to remove possib@®(a/L) errors. We glo- = 0(x,9)D(X,S;y, 1) (y,1)
bally fit Z, in the infinite volume as a function @ andM. >=¢ Doy
Our conclusion and discussion are given in Sec. VI. wherex,y are four-dimensional coordinates asd are co-
ordinates in the fifth dimension, which run from 1NQ. For
Il. DWQCD ON A FINITE BOX the shorthand notatioxX=(x,s) andY=(y,t) are used. Ex-
A. Gauge action plicitly,
The gauge action is give by D(X,Y)=(5—M)8xy—D(X,y) 85— D(s,t) &y,
2 D4(X,y)=P_,U(X) .8 xs2at P UW S, « 2a,
S[Ul=—1co> Retll —Up)+c; > Retll -Ug) S
P R
g PLbts+1—MiPrIsn,  (s=1),
whereUp is the produc'g of the gauge link variables along the D5(s,t) = PLSss 1+ Prots 1 (1<s<N,),
plaquette loog® andUy is the one along the rectangular loop ' _
R, with the normalizatiorco+8c;=1. Note that the action —MiP 1+ Prés-1 (5=Ny),

with ¢;=0 corresponds to the plaquette action and-
—0.331 is the RG-improved one obtained by lwadaKi 1 1

In th_e finit_e volume scher_ne su_ch as the SF scheme, the P.,= 5(1i V) PR,Lzz(li Vs).
theory is defined oh.3x T lattice with cylinder geometry—
i.e., the periodic-type boundary conditi¢RBC) in the spa-
tial directions and the Dirichlet boundary conditiddBC) in
thE time dlrecﬂon. T_hroughout th_ls paper the convention that q(X) = PLh(x,1) + Pris(x,No) =P (S) #(x,S),
L=N,a andT=N;a is used. In this case the dynamical vari-

The quark field is defined as usual:

ables areJ(x), with timesxy=a, ..., T—a andU(x)q with — = — _—
Xo=0,...,T—a (i.e, inside the cylinder while Dirichlet q(x) = (X, Ng) PL+ (X, 1) Pr= ¢/(X,S) Pr(s),
boundary conditions are imposed on the field at x

=0 and}ll' as g Bk alXo  ypere PL(s)=PLds1+Présn, and  Pg(s)=Pgrds

TP, The following property is useful:
U(X,Xo=0),=exgaCy], U(x,xo=T)=exgaCi], (D(x5y.0] = 7eD(y. S x.17) y
12 ) — /5 I} 1 Ny 5

whereCy andC, are diagonal matricelS]: ) i
wheresP=N,+ 1—s, and the dagger here is applied only to

(CRij=¢id;, (CLij=d] 8. color and spinor indices. It is explicitly given by

In the calculation of renormalization factors, we take D(x,5:y,0)p2=[¥sD(Y,S":X,tP)%ys5] 5,
=¢{ =0, zero boundary fields. _ o S
In order to removeD(a) errors caused by the DBC, we With color indicesa,b and spinor indicesr, 3.

modify the weightsc, andc; in the action near the bound-  In the finite volume scheme we may rewrite it as

aries. In the case of the plaquette action the perturbative

calculation gives S= X dxsDXSY.DUY+0(ppp’p)
a<xg,yo<T

Co—C=1-0.089%—0.03@W*+0O(g®)

for each time-space plaquet®y, which just touches one of _CtXOEZO [#(x,5)P_U(X)o(x+0a,s)

the boundaries(The time coordinate for the center of the .

plaquettex,=a/2 or T—a/2.) In the case of the RG action, +_(x+ 0a,s)P,UT(x)o(x,s)]

there exist several choices but we adopt the following one

which removes th®©(a) term at the tree levdl]: TS [hx—0a,5)P_U(x—0a)oi(x.s)
XO:T

3

C14> Ecl

+9(x,8) P, UT(x—0a)oy(x—0a,s)], &
for each time-space-space rectanBlg, which has exactly with the coefﬁcientc?t for the boundary counterterm and the
two lines on a boundaryAgain the time coordinate for the boundary condition that

center of the rectangleg=a/2 or T—a/2.) Proof of the R R

O(a) improvement by this choice is given in R¢T7)]. (X, Xo=0,8)=P_ P (s)p(X),
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F(XXo=08)=p(X)Pr(S)P- DXV (V)= 3 DXY)da(Y)
Y, 0<yo<T

Y(X,xo=T.5)=P_P(8)p" (X),

. o c X DY) ge(Y)

w(XIXO:Tis):p,(X)PR(S)PJr ’ in

_ _ _ = 8y, U(x—0a){P P (s)p(X)
where P.=P.,. Terms which contain two external fields

are not explicitly written in the first line in Edq1), since they + 6, TfaU(X)Oppr(S)p,()z)lx -2l
do not contribute to the correlation functions we are inter- o 0
ested in. Note that this boundary condition is different from —¢ 8, AP U(x—0a)§ye(x,09)

the SF boundary condition for quark8], since this condi- 0

tion is invariant under the chiral transformation of the + 8y, AP_U(X)othei(X,T,5)]=0

domain-wall fermion defined by

W(x,5)— O y(x,s), 2) for 0<xo<T with boundary value$6). In the actual simu-
lations, the propagato8(X,Y) can be easily obtained by
solving the Dirac equation numerically with the condition
that U (X,Xo=0)o=U(X,Xo=T—a)=0.

with w(s) = 8(s— (Ng+1)/2), while the SF boundary condi- Now let us_con3|der the path integral for me fermion with
tion for quarks must break the chiral symmef8]. In the  sourcen(x), n(x) and the boundary fields, p, p’, p':
continuum limit the boundary term in the latter case becomes

$(x,8)— p(x,5)e”"O), &)

_ . L ) Ze(n,m.p.p.p" ")
lﬂ(XvO)P—'ﬂ(X'O)"' l//(X,T)P+ w(X!T)v (4)

which manifestly breaks the chiral symmetry. It may be pos- - f DDy Xt = Se+ Y(x,8) Pr(s) n(x)

sible to formulate the domain-wall fermion which satisfies _
the corresponding SF boundary condition on a cylifdéy. + n(X)PL(S)¢(X,9)]. 9
The classical solution which satisfies the Dirac equation
To perform the path integration, we introduce the change of

D(X,Y) e (Y)=0, O0<xo<T, (5)  variables

with boundary values Y(X,S) = e (X,9) + X(X,S),  (X,9) = the)(X,5) + X(X,9),

’ﬂC'(X)|Xo:0:P+P'—(S)p(X)’ with the boundary condition th_at(x,s)=;(x,s)=0 at xg
=0 andT. Integrating outy andy and using the fact that the

Yei(X)o=1=P-PL(S)p" (%), ©®  glassical background fieldg,, and ¢, satisfy the Dirac
o equation except boundaries, one finally obtains
is given by[11]
Zg=detD ext] — 1) (X)D(X,Y) e/ (Y)
+7(X)PL(S)S(X,Y)PR(t) n(Y) + ei(X,5) Pr(S) 7(X)

+U(y)onPL(t)p’(>7)|yO=T7a], (7 + 7(X)PL(S) hei(X,5)]. (10

wm%@ S(X,Y)[U(y—0a)iP. PL(t)p(Y)ly,-a

where S(X,Y) is the propagator with the zero boundary Introducing the boundary fields as
value:

3 -
DX,Y)S(Y,Z)=68y 5, 0<x,<T, _ 0 _
(X,Y)S(Y,Z2)=dx 7 Xo {(X) 00 LX) = (X"

P+S(XyY)|xo=0:Pfs(an)|xO=T _ _
and denotingy(x) =P, (s) #(x,s) and g(x)= (x,S)Pg(s),

:S(X,Y)P,|y0:0 we list all fermionic correlation functions used in this paper
as follows.
=S(X,Y)P+|yO:T=0. (8
. : : 5 5
Note that the above expression fgg, is not valid atxg=0 q(x)q(y))= ——IlogZ =P (s)S(X,Y)Pg(t),
or T. To show Eq.5), it is enough to see < )= () Fonly) - R
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<

_ 5 s

xU(y—0a){P, P (t)]y —a;

(£(0)q(y))=Pr(s)P_U(y—0aa)oS(X,Y)Pr(t) |y -a

= ys(a(y) (X)) s,
Q)" (¥))=PL(S)S(X,Y)U(Y)oP_PL(D)|y =7-a:

(' 00a(y))==Pr(S)PL U(Y)§S(X,Y)Pr(t) |y =7-a
X ys(a(y) ' (0) T ys,

_ 5 5
(e == 5 109Ze 5o
=Pr(S)P U(X)IS(X,Y)U(y

- oa)gPJr PL(t)|x0=T7a,y0=aa
(£00¢'(y))=Pr(S)P_U(x—0a)oS(X,Y)

XU(Y)oP-PL(D)]xy=ay,=T-a

=7s(¢' (N)L00) s, (11

where T is applied to only color and flavor indices.

It is finally noted that the twisted boundary condition in

the spatial directions can be imposed for the quaB{sby
replacing

U(X) =AU (X,

wherex, =20,

I1l. DETERMINATION OF RENORMALIZATION
FACTORS

A. Ward-Takahashi identities
The integrated version of Ward-Takaha8hT) identities

are used to determine renormalization factors for vector and

axial-vector currentsZ,, andZ, [3]. Let R be a space-time
region with smooth boundargR, and O;,; and O, are ob-
servables localized in the interior and the exterioRpfre-
spectively. The vector WT identity reads

f 40, 0VE (X000 Oed = ~((550m) Oud

while the axial-vector WT becomes

PHYSICAL REVIEW D 70, 034503 (2004
) dO'M(X)<[Az]R(X)OimOeXI>
JR

— (510 Oud +2m [

X X<[ Pa(x)]ROintOexo '

where[ V517 ([A%]R) is the renormalizedaxial-vector cur-
rent and[P?]R is the renormalized pseudoscalar density,
while unrenormalized quantities are given by

a

VA(0 =007, 5 4(%),

a a

AL0=0007,75 5900, PAX)=0(X) 755 4(X).

B. Vector current

We take R=L3x(0x,), so thatdR consists of three-
dimensional spaces at=0 and att=x,. As a gauge-

invariant observable, we choo$8.,=0 2and Op=0?
with

— 1
02=a°2, {(u)ys5 7°¢(v),

, — 1
0'%=a2, {'(u)ys; 7L (v),
u,v
where 7 is the Pauli matrix for flavors with #37°=25,,
and 727°= 52°+i€?*°7°7°, and{ and ¢’ correspond to our
boundary fields. With this choice and
5«\’:}0b: —j Eabcoc,

the vector WT identity gives the relation

Zv( 1 + b\/mfa)fv(XO) = fl y (12)
where
ad )
fu(Xg)= —= >, 1€2P%0 " V(x)0°), (13
6LS S
f ot 0’202 (14)
1~ 3L3< >

From Eq.(12) we can determin&,,, the renormalization
factor for the vector current, together with thg, one of the
O(ma) improvement coefficients. Note thiay =0 if the chi-

ral symmetry of DWQCD is exactly satisfied.

C. Axial-vector current

For the axial-vector current, we take=L>X (y,—t,Yo
+1), Op=Ag(Yo) and
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’
Oext: _ GCdeO doe,

and plug them into the axial-vector WT identity wittm
=0. We then obtain

Zafpa(Yo.Xg X ) =2Zyf\(yo) =211, (15)
where
a® , )
fha(Yo.Xg 1 Xg)=— G S ot 0 YA (xS X)
X,y
—Ad(Xg X)IA(Y)O®), (16)

with Xy =yg*t.
We finally define the unrenormalized quark masg,t
through the following WT identity:

fa(Xota)—fa(xo—a)=4(mayyma)fp(xe), (17)
where
a® a®
fa(Xo)=— ?(Ag(x)oa% fp(Xo)=— ?(Pa(x)0a>-
(18

IV. TEST OF THE FORMULATION BY NUMERICAL
SIMULATIONS

A. Effects of boundaries on quark masses

Since the boundary condition in time Wil;bl=;=0 is
identical to the Shamir’s domain-wa(Dirichlet) boundary
condition[8], extra zero modes may appear ngge=0 and

PHYSICAL REVIEW D 70, 034503 (2004

. amM,ym VS. X,
8°x24xN, p=6.0 , M=1.8, ma=0.0/-0.005

0.015
0.01
S55%0 % 5y
0.005 | ¢ 3¢ ?
o i<> o
0 _!_§_ﬂ§_1f_it_£_i_
® OoNgs=8
D ON=16 6
-0.005 ® N.=8, ma=-0.005
........... N.=10, M,
-0.01 s T NEMW %
0 4 8 12 16 20 24

Xo

FIG. 2. amy,m as a function ofx, at 3=6.0 on an §x24
X Ny lattice atm;a=0 with N;=8 (open circles and 16 (open
diamond$ and atm;= —0.005 withN;=8 (solid circleg, together
with msq at Ng= 10 (dotted ling and Ny=20 (dashed ling[12].

with Dirichlet, periodic, and antiperiodic boundary condi-
tions at the bare quark masga=0.01, on an 8x24x 16
lattice, with the domain-wall heighm=0.9. The depen-
dence ofamy, on the boundary condition, which is visible
near the boundaries, disappears away from them. Therefore
we conclude at least for the free case that the extra zero
modes associated with the Dirichlet boundary condition have
negligible effects on the determination of the renormalization
factors evaluated aty=T/2.

In Fig. 2, amyy in the quenched DWQCD with our
boundary condition is plotted as a function)f on 8% 24
X Ng lattices withmia=0 andM=1.8 at 3=6.0 for the
plaguette gauge action. Since tkg dependence is weak

T. One has to check whether these unwanted zero mode§vay from the boundaries, we nonperturbatively confirm the
induce an extra contribution to the low energy observables &onclusion in the free case that the effect of the Dirichlet

0<Xo<T. Here we consider the quark maasy , de-
fined through the axial Ward-Takahashi identi§Tl). In
Fig. 1, we plotamyyg for free theory as a function of,

L, AMym VS X
8°x24x16, free, m;a=0.01, M=0.9

0.02
0.01 e gann‘!nnmmimng?ﬁﬁ -
®
L
0.00
m}
&
-0.01 |
* DBC
—0.02 | oPBC °
<© APBC
L]
-0.03 ‘ : : : ‘
0 4 8 12 16 20 24

Xy

FIG. 1. amyym as a function ok, with Dirichlet (solid circles,
periodic (open squargs and antiperiodidopen diamondsbound-
ary conditions.

boundary condition is negligible. InterestingtyyyT iS non-
zero even aim;a=0, and becomes smaller for largik.
Moreover, the value is consistent with, , a measure of the
explicit chiral symmetry breaking calculated from the con-
served axial-vector current of DWQC2]. More precisely
Mawt at ma=0 is equal to Zp/Zp)msy up to a small
lattice artifact. This fact suggests thaty,t in our finite
volume scheme may be a better alternative as the measure of
explicit chiral symmetry breaking in DWQCD, since it can
be calculated directly atn;a=0 with much less computa-
tional cost. Note also that the large explicit breaking in
mav at Ng=8 (open circleg is compensated for if one
takes a negative quark massmfa= —0.005(solid circles.
This demonstrates that the domain-wall fermionNgt~ o
can be considered as a highly improved Wilson fernits.

For lack of exact chiral symmetry at finité;, there is no
unique definition for the massless point. In this paper we
adoptmsa=0 as our massless point for the calculation of
renormalization factors, instead of takimga=—ms,a as
usually done for the Wilson fermions. Although differences
in renormalization factors between the two definitions exist,
they are expected to be sufficiently smallNat= 16.
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Z, A V8. X, 8'x16x16 B=6.0(plaquette), ma=0.0
8°x16x16, B=6.0, M=1.8, ma=0 1.1 ‘ ; ; .
0.84 . oz | ‘ g Z ?
0.82 | o Z,, 2-loop be, 6=0.5 ] A /
Z © Zz, 2-loop bc, 6=0 1t T 1-loop(MF) %
08 L] ZA 4
-------- 1-loop(MF) /
0.78 | & g A L o
09 [\ o /
L & & | /
0.76 EzZgfls
074 | B g ] \ 8 o
08 r N,
0.72 | . NG &
= = . a 8- g
0.7 | S T
0.7 : : : : :
0.68 : : : 1.2 1.4 1.6 1.8 2 2.2
0 4 8 12 16 (@) M
XO
8°x16x16 P=2.6(RG), ma=0.0
FIG. 3. Z, andZ, as a function of, at 3=6.0 on an §x 16 1.3 o3 , . . 7
X 16 lattice withM =1.8 andm;a=0. We compare the results from \\ °Z, /
the boundary counterterms at the tree lefadicles with those at 12+ \g nZ, /|
loop (squares and diamonjdas well as those at=0 with that \ — 1-loop(MF)
two loop(sq ——- 1-loop(without MF)
at #=0.5 (squares 1.1 ¢ \ .

: o]
\ Y g
1 .
izati \ o /
B. Renormalization factors AN /8
09 N i .
. . . N\
The nonperturbative renormalization factors for vector AN e

o
and axial-vector currents are definedngia=0 by the rela- 08 \\\_ _f’,?/"s |
tion that Zy=f,/fy(xo) and Zi=2f/fha(X0.Xg :X0 ), 0.7 D L
where we fixx, = T/2= T/4. In this paper we do not attempt 08 1 12 14 16 18 2 22
to determineby,, which must vanish exponentially . In (b) M
Fig. 3, Zy and Z, are plotted as a function of, on & FIG. 4. Z, andZ, vs M on 83X 16X 16 at3=6.0 for plaquette

x16x16 atp=6.0 withM=1.8 andm;=0. Similar to the  action(uppe) and at3= 2.6 for the RG actiorflower). Perturbative
case ofamyyt a plateau is seen away from the boundariesestimates are given at one loop with the MF improvenisotid
The relationZ,,=Z,, valid exactly in perturbation theory, is lines) and without it(dashed ling

TABLE |. Simulation parameters.

Plaquette RG improved

B a }(GeV) No.ofconf. No.ofconf. g a }(GeV) No. of conf.  No. of conf.

83X 16X 16 42X 8% 16 88X 16X 16 £2x8x16

2.2 1.0 100 100-200

5.8 1.4 100 100 2.4 1.4 100 100-200

83x16x16 1Fx24x16 8x16x16 1Fx24x16
6.0 2.0 100 20 2.6 1.9 100 30
6.2 2.7 100 10-30 2.9 2.9 100 15-50
6.5 4.1 100 15-25 3.2 4.3 100 20-25
6.8 6.1 100 10-15 3.6 6.8 100 20-25
7.4 12 100 10-20 4.1 12 100 20-25
8.0 25 40 7-15 4.7 23 40 10-20
9.6 156 40 10 6.4 154 40 10-20
12.0 2502 20 10 8.85 2523 20 10-15
24.0 3.%10° 20 10 21.0 3.&610° 20 10
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TABLE Il. Results for the plaquette action.

Za Zy ZyatL=L* Zy atL=oo
M 8%x 16 8% 16 4x8 zy Fit S¢ (%) zy Fit 8¢ (%)
B=5.8,a1=1.4 GeV,L*/a=5.6
1.3 0.7724119 1.039869) 0.9535%79) 1.002887) 1.0153 1.2 1.126G96) 1.1318 0.5
1.4 0.720%94) 0.901337) 0.860364) 0.883749) 0.8815 0.2 0.942290 0.9406 0.2
1.5  0.6914104 0.8179298) 0.785263) 0.812233 0.8062 0.7 0.831323 0.8250 0.8
1.6 0.660883) 0.762441) 0.773190) 0.767@46) 0.7641 0.4 0.751@41) 0.7514 0.02
1.7 0.638899) 0.734830) 0.765969) 0.748142) 0.7449 0.4 0.703@26) 0.7046 0.1
1.8 0.637782 0.724530) 0.771141) 0.744445) 0.7443 0.01 0.6771819 0.6768 0.1
1.9 0.630979) 0.723842) 0.7939134 0.753885) 0.7624 1.1 0.653493 0.6641 1.6
2.0 0.629084) 0.733Q55) 0.8550129  0.7853118  0.8029 2.2 0.611@31) - -
21 0.6710115 0.789454) 0.9848122  0.8732171)  0.8755 0.3 0.594a313 - -
2.2 0.6722149 0.866Q81) 1.2024160)  1.0102287)  1.0037 0.6 0.529@254 - -
23 0.7080203  1.0079106)  1.802%796)  1.3484736)  1.2499 7.3 0.213%361) - -
B=6.0,a 1=2.0 GeV,L*/a=8.0
1.3 0.900221) 0.925230) 0.930836) 0.925230) 0.9253 0.01 0.942141) 0.9438 0.2
1.4 0.833021) 0.844625) 0.847232 0.844625) 0.8431 0.2 0.852a12 0.8491 0.4
1.5 0.788420) 0.795@22) 0.792744) 0.795@22) 0.7935 0.2 0.765@27 0.7885 3.0
1.6 0.763819) 0.767421) 0.7635%50) 0.767421) 0.7666 0.1 0.755863 0.7511 0.6
1.7 0.754119 0.757221) 0.743842) 0.757221) 0.7578 0.1 0.716209 0.7316 2.0
1.8 0.758920) 0.762821) 0.743935) 0.762821) 0.7659 0.4 0.706254) 0.7272 3.0
1.9 0.778123 0.785221) 0.776143 0.785221) 0.7921 0.9 0.757175 0.7375 3.0
2.0 0.815830) 0.830G25) 0.804458) 0.830425) 0.8406 1.3 0.753356) 0.7636 1.4
2.1 0.880252) 0.917934) 0.864784) 0.917934) 0.9210 0.3 0.758890 0.8092 6.7
2.2 0.994195) 1.070848) 0.972281) 1.070848) 1.0535 1.6 0.7754209 - -
B=6.2,a 1=27 GeV,L*/a=10.8
1.2 0.973415) 0.989621) 0.989925) 0.989820) 0.9926 0.3 0.99087) 0.9982 0.8
1.3 0.885811) 0.893714) 0.891119) 0.891715) 0.8921 0.04 0.88590) 0.8947 1.0
1.4 0.829407) 0.8321193 0.824219) 0.826Q15) 0.8295 0.4 0.808413 0.8284 25
1.5 0.795710) 0.796916) 0.791532) 0.792725) 0.7923 0.1 0.780@21) 0.7872 0.9
1.6 0.776409) 0.778113 0.770Q27) 0.771821) 0.7744 0.3 0.753129 0.7651 1.5
1.7 0.776610) 0.777814) 0.769329) 0.771223 0.7731 0.2 0.752435 0.7589 0.9
1.8 0.789211) 0.794918) 0.791821) 0.792517) 0.7884 0.5 0.78582) 0.7681 2.2
1.9 0.819614) 0.831919 0.819423) 0.821919 0.8223 0.05 0.793274 0.7936 0.05
2.0 0.865%27) 0.890822) 0.873430) 0.877224) 0.8802 0.3 0.838@31) 0.8389 0.04
B=6.5,a 1=4.1GeV,L*/a=16.4
1.1 1.045813) 1.065619) 1.068926) 1.070742) 1.0635 0.7 1.075B5) 1.0588 1.6
1.2 0.941610) 0.946916) 0.948Qq19) 0.948531) 0.9449 0.4 0.95067) 0.9431 0.7
1.3 0.871%08) 0.872813 0.869816) 0.868226) 0.8700 0.2 0.86385) 0.8690 0.6
1.4 0.828%08) 0.829412) 0.825616) 0.823827) 0.8236 0.02 0.81889) 0.8226 0.5
1.5 0.804206) 0.804211) 0.802411) 0.801419) 0.7981 0.4 0.79847) 0.7966 0.3
1.6 0.796%07) 0.797608) 0.793923) 0.791936) 0.7898 0.3 0.78684) 0.7876 0.2
1.7 0.805107) 0.808212 0.803114) 0.800423) 0.7976 0.3 0.79307) 0.7945 0.2
1.8 0.824610) 0.833%14) 0.827923) 0.824939) 0.8226 0.3 0.8167.01) 0.8181 0.2
1.9 0.868717) 0.885317) 0.879726) 0.876741) 0.8682 1.0 0.868309 0.8615 0.8
2.0 0.9345629) 0.973@21) 0.953125) 0.942452) 0.9419 0.1 0.913254 0.9311 2.0
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TABLE Il. (Continued.

Za Zy ZyatL=L* Zy atL=oo
M 83x 16 8x16 £x8 zy Fit 8 (%) zy Fit 8 (%)
B=6.8,a 1=6.1 GeV,L*/a=24.4
1.2 0.925007) 0.925@q13) 0.923313) 0.921531) 0.9211 0.03 0.91982) 0.9192 0.1
1.3 0.866707) 0.865612) 0.864719) 0.863841) 0.8610 0.3 0.86284) 0.8605 0.3
1.4 0.831706) 0.830410) 0.826920) 0.823243) 0.8250 0.2 0.81975) 0.8253 0.7
1.5 0.815606) 0.815709) 0.808%19) 0.801149) 0.8078 0.8 0.794005 0.8088 1.9
1.6 0.814007) 0.814712) 0.814114) 0.813431) 0.8070 0.8 0.812@9 0.8088 0.5
1.7 0.830007) 0.835410) 0.831911) 0.827930) 0.8227 0.6 0.82383) 0.8253 0.2
1.8 0.857%11) 0.869214) 0.868513) 0.867731) 0.8568 1.3 0.867®0) 0.8603 0.8
1.9 0.911619) 0.939316) 0.927117) 0.914763) 0.9142 0.1 0.902158 0.9189 1.8
B=7.4,a 1=12 GeV,L*/a=48
1.1 0.976106) 0.976211) 0.974414) 0.971741) 0.9693 0.2 0.97083) 0.9677 0.3
1.2 0.909007) 0.907809) 0.905412) 0.901937) 0.9005 0.2 0.90029) 0.9002 0.1
1.3 0.864605) 0.863108) 0.864214) 0.865837) 0.8582 0.9 0.86625) 0.8588 0.9
1.4 0.843705) 0.844108) 0.839816) 0.833%53) 0.8359 0.3 0.83132) 0.8376 0.8
1.5 0.839405) 0.840308) 0.837413 0.833241) 0.8309 0.3 0.83184) 0.8337 0.2
1.6 0.849705) 0.853508) 0.850423) 0.845763) 0.8424 0.4 0.84480) 0.8467 0.3
1.7 0.874807) 0.885409) 0.882920) 0.879255) 0.8718 0.8 0.87869) 0.8782 0.02
1.8 0.915014) 0.941811) 0.937510) 0.931143) 0.9232 0.8 0.92883) 0.9325 0.4
B=8.0,a =25 GeV, L*/a=100
0.9 1.164416) 1.184222) 1.181420) 1.176473) 1.1674 0.8 1.175B2) 1.1669 0.8
1.0 1.042108) 1.043713 1.043114) 1.038349) 1.0340 0.4 1.03785) 1.0337 0.4
1.1 0.957808) 0.957512) 0.953810) 0.947151) 0.9486 0.2 0.94680) 0.9485 0.2
1.2 0.903107) 0.902409) 0.897217) 0.888171) 0.8946 0.7 0.88683) 0.8948 0.9
1.3 0.871%05) 0.871210) 0.867411) 0.860751) 0.8634 0.3 0.85980) 0.8640 0.5
1.4 0.857606) 0.856509) 0.854209) 0.850137) 0.8506 0.1 0.84983) 0.8520 0.3
1.5 0.860106) 0.861%11) 0.860407) 0.857532) 0.8548 0.3 0.85736) 0.8572 0.0
1.6 0.879008) 0.884614) 0.884611) 0.884740) 0.8763 0.9 0.88434) 0.8802 0.5
1.7 0.916411) 0.934110) 0.928419) 0.918679) 0.9180 0.1 0.917®1) 0.9241 0.8
1.8 0.973821) 1.007418) 0.997914) 0.9812105) 0.9860 0.5 0.978927) 0.9953 1.7
B=9.6,a =156 GeV,L*/a=624
0.9 1.089707) 1.092111) 1.085508) 1.072683) 1.0787 0.6 1.07286) 1.0817 0.9
1.0 0.999406) 0.997309) 0.994709) 0.989743) 0.9892 0.1 0.989@4) 0.9901 0.1
1.1 0.941205) 0.939507) 0.935607) 0.927952) 0.9324 0.5 0.92784) 0.9322 0.5
1.2 0.905805) 0.903209) 0.901605) 0.898430) 0.8995 0.1 0.89831) 0.8986 0.03
1.3 0.889%05) 0.888407) 0.887606) 0.885925) 0.8858 0.01 0.88525) 0.8847 0.1
1.4 0.892806) 0.893410) 0.892611) 0.890340) 0.8899 0.05 0.89431) 0.8887 0.2
1.5 0.912904) 0.918107) 0.915408) 0.909941) 0.9120 0.2 0.90982) 0.9112 0.2
1.6 0.947108) 0.962109) 0.960%12) 0.957344) 0.9551 0.2 0.95724) 0.9550 0.2
1.7 1.002817) 1.036212) 1.031910) 1.023663) 1.0253 0.2 1.02364) 1.0266 0.3
1.8 1.094632) 1.156817) 1.142518) 1.11451798 1.1346 1.8 1.113a83 1.1383 2.2

satisfied nonperturbatively within 1%—2b%Moreover, the terms for gauge fields and the parametenf the twisted
magnitude ofZ,, , almost agrees with the value at one loop boundary condition for quarks.

in the mean-field{MF-) improved perturbation theory using

the plaquettd 14]. We also observe tha,, is insensitive to C. Dependence 0%y , on M

boundary parameters such as the two-loop boundary counter- .
We calculateZ,, and Z, in the quenched DWQCD at

a~1=2 GeV with the plaquette actiorBE 6.0) and with the
INote however that a small difference betwegpandz, is be- ~RG-improved action §=2.6) on an 8 16x 16 lattice with

yond the statistical errors. This small difference is expected to vanm;a=0 for M =1.0-2.2. The results are summarized in Fig.
ish exponentially afNg— . 4, whereZ,, andZ, are plotted as a function &, together
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TABLE Il. (Continued.

Za ZyatL=L* ZyatL=x
M 83x 16 8x16 £x8 zy Fit 8 (%) zy Fit 8 (%)
B=12.0,a 1=2502 GeV,L*/a=10008
0.7 1.273814) 1.317418) 1.313114) 1.304376) 1.2946 0.7 1.30436) 1.3051 0.1
0.8 1.143707) 1.150G12) 1.146109) 1.138359) 1.1370 0.1 1.13880) 1.1418 0.3
0.9 1.046706) 1.044@10) 1.041106) 1.035644) 1.0364 0.1 1.03584) 1.0381 0.2
1.0 0.980806) 0.975910) 0.974704) 0.972426) 0.9723 0.01 0.97226) 0.9720 0.04
1.1 0.940%04) 0.936906) 0.934609) 0.930139) 0.9341 0.4 0.930B9) 0.9326 0.3
1.2 0.9200093 0.917905) 0.917Q05) 0.915122) 0.9166 0.2 0.91522) 0.9142 0.1
1.3 0.920206) 0.919907) 0.918105) 0.914531) 0.9175 0.3 0.91481) 0.9145 0.0
1.4 0.936005) 0.939107) 0.937203) 0.933229) 0.9370 0.4 0.93329) 0.9336 0.04
15 0.968506) 0.980609) 0.977208) 0.9705850) 0.9776 0.7 0.97050) 0.9738 0.3
1.6 1.020014) 1.047314) 1.045603) 1.042339) 1.0448 0.2 1.04239) 1.0408 0.1
1.7 1.101130) 1.157212) 1.150108) 1.136@91) 1.1500 1.2 1.13592) 1.1460 0.9
1.8 1.229954) 1.340G20) 1.320215) 1.2805245 1.3150 2.7 1.280246) 1.3114 2.4
B=24.0,a 1=3.2x10° GeV, L*/a=1.28<10'°
0.5 1.416827) 1.552611) 1.544105) 1.5272106) 1.5323 0.3 1.527206) 1.5406 0.9
0.6 1.273%09) 1.307907) 1.306304) 1.303@27) 1.3003 0.2 1.303@7) 1.3043 0.1
0.7 1.160802) 1.160405) 1.159706) 1.158321) 1.1565 0.2 1.15821) 1.1582 0.01
0.8 1.074603) 1.066904) 1.066203) 1.064714) 1.0644 0.03 1.064714) 1.0647 0.0
0.9 1.015403) 1.008305) 1.006904) 1.004G22) 1.0064 0.2 1.004@2) 1.0059 0.2
1.0 0.980203) 0.975204) 0.973803) 0.971G20) 0.9738 0.3 0.971@0) 0.9725 0.2
11 0.966602) 0.962903) 0.961902) 0.960015) 0.9619 0.2 0.960Q5) 0.9602 0.02
1.2 0.971602) 0.969603) 0.969302) 0.968509) 0.9695 0.1 0.968D9) 0.9673 0.1
1.3 0.994603) 0.997604) 0.996902) 0.995613) 0.9974 0.2 0.995@.3) 0.9947 0.1
1.4 1.035003) 1.049306) 1.048502) 1.046817) 1.0492 0.2 1.04687) 1.0461 0.1
1.5 1.095908) 1.132406) 1.131604) 1.130@19) 1.1328 0.2 1.13009) 1.1290 0.1
1.6 1.182023) 1.263806) 1.261504) 1.257132) 1.2630 0.5 1.25782) 1.2584 0.1
1.7 1.315140) 1.481507) 1.4698098) 1.4464143 1.4706 1.7 1.446443 1.4647 1.3
with one-loop perturbative estimates with and without MF 1
improvement[14]. For both gauge action&,~=Z, holds, a(gz)z(bogz)‘blex;{ - 1 (20
and they have a minimum & =1.7 for the plaquette action 2bog?
or M=1.6 for the RG action. The deviation fro@,=2Z,
becomes larger dgl goes far away from the minimum. Per- . a(g?)
turbative estimates without MF improvement fail, particu-  a(g?)= (21)

2 1
larly for the plaquette action for which the curve can not be a(go)
placed in the figure. The MF improvement makes the agree-

ment much better for both actions.

V. RESULTS

We extractZ, and Z, at various values ofj?> for both
plaquette- and RG-improved gauge actions onNgx N,
X Ng=83%x 16X 16 lattice. In addition we employ a different
four-dimensional lattice sizeN?x N,=12°x24 or 4x8,
while keeping Ng=16, in order to investigate tha/L
=1/N, dependences of,, and Z,. Simulation parameters
are given in Table I, together with the lattice spacagb-
tained from the global parametrization for the string tensiorgauge configurations separated by 200 iterations. On iach

as a function ofy?:

Pa=a(g?)

1+cya%(g?) +ca*(g?) +csa%(g?)

(19

whereby=11/(47)? andb,=102/(4wm)* (the coefficients of

B function in the quenched thegryThe coefficients of the
parametrization become,=0.01364, c,=0.2731, c,=
—0.01545, andz=0.01975, withg3=1.0 for the plaquette
action [15], and cy=0.524, ¢,=0.274, ¢,=0.105, andcg
=0, with g5=6/2.4 for the RG actiorf16]. We useo?
=0.44 GeV to geta in Table I. Gauge fields are updated
bythe pseudo-heat-bath algorithm with five hits, followed by
four overrelaxation sweeps; the combination of these updates
is called an iteration. After 2000 iterations for a thermaliza-
tion, we calculate the fermionic correlation functions on the

at givenp, different gauge configurations are used to evalu-
ateZ,, andZ,, so that the measurements&§ at different

M are independent. Raw data &f, (the third and fourth
columng andZ, (the second columrare compiled in Table

II for the plaguette action and Table Il for the RG action.
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TABLE Ill. Results for the RG action.

Za Zy ZyatL=L* Zy atL=oo
M 8% 16 8% 16 £x8 zy Fit S¢ (%) zy, Fit 8¢ (%)
B=22,a1=1.0GeV,L*/a=4.0
1.3 0.4365102 1.143462) 0.9888121) 0.9888121) 1.0170 2.9 1.2980045 1.2608 2.9
1.4  0.4588109 0.935655) 0.8746136) 0.8746136) 0.8671 0.9 0.996443 1.0040 0.7
1.5 0.443895) 0.835651) 0.816@104) 0.816@104) 0.7934 2.8 0.855296) 0.8575 0.3
1.6 0.4489108 0.769359) 0.774189 0.774189 0.7553 2.4 0.764@51) 0.7667 0.3
1.7 0.442995) 0.733641) 0.770181) 0.770181) 0.7388 4.1 0.697@70 0.7089 1.7
1.8  0.4661181) 0.716%51) 0.742993 0.742993 0.7388 0.6 0.690223 0.6732 2.4
1.9  0.4580109 0.708649) 0.7664119) 0.7664119) 0.7553 1.4 0.650415 0.6540 0.5
2.0 0.4615130 0.709265) 0.8094162 0.8094162 0.7931 2.0 0.609000) - -
2.1  0.4516130 0.736055) 0.8478282 0.8478282 0.8657 2.1 0.624804) - -
2.2 0.4538130 0.801912) 1.0583401) 1.0583401) 1.0115 4.4 0.5431779 - -
23 0.4641132 0.878714) 1.5012463) 1.5012463) 1.3809 8.0 0.2562185 - -
B=2.4,a =14 GeV,L*/a=5.6
1.1 0.9735137) 1.277365) 1.1902116) 1.240094) 1.2486 0.7 1.364406) 1.32455 2.9
1.2 0.935090) 1.041557) 1.010984) 1.028455) 1.0319 0.3 1.072248) 1.07925 0.7
1.3 0.864%66) 0.919343) 0.915185) 0.917544) 0.9084 1.0 0.923824) 0.93494 1.2
1.4  0.814852) 0.843841) 0.834879) 0.839941) 0.8343 0.7 0.852128 0.84436 1.0
1.5 0.768037) 0.788740) 0.802@141) 0.794465) 0.7911 0.4 0.775385 0.78675 1.5
1.6 0.750844) 0.765439) 0.7877157) 0.774973 0.7700 0.6 0.743@30 0.75191 1.2
1.7 0.744139) 0.761542) 0.789850) 0.773639) 0.7675 0.8 0.733212 0.73465 0.2
1.8 0.754651) 0.763637) 0.813792) 0.785161) 0.7832 0.2 0.713854) 0.73266 2.7
1.9 0.761852) 0.778736) 0.840%119 0.805274) 0.8195 1.8 0.717@34) 0.74565 4.0
2.0 0.785%90) 0.821945) 0.9342130 0.8701110 0.8832 1.5 0.709665 - -
21  0.8461143 0.896949) 1.0704175 0.9712163 0.9888 1.8 0.7234174 - -
2.2 0.8927238  1.0406116) 1.4389650) 1.2113433 1.1692 35 0.6422744 - -
2.3 0.9352487  1.327@183  2.338223589  1.76041309  1.5119 14.1 0.3157151) - -
B=2.6,a 1=1.9 GeV,L*/a=7.6
1.0 1.183749) 1.292641) 1.347975) 1.283953) 1.2828 0.1 1.458606) 1.3310 8.7
1.1 1.049823) 1.077227) 1.101355) 1.073433) 1.0729 0.04 1.149839 1.1012 4.2
1.2 0.944015) 0.949619) 0.966341) 0.946924) 0.9482 0.1 0.999239 0.9634 3.7
1.3 0.870610) 0.870315) 0.8737133 0.869819) 0.8706 0.1 0.880812) 0.8763 0.5
1.4  0.823%08) 0.821714) 0.822821) 0.821517) 0.8233 0.2 0.82501) 0.8210 0.5
1.5 0.797%09) 0.795115) 0.793329) 0.795318) 0.7977 0.3 0.78992) 0.7884 0.2
1.6 0.788209) 0.786117) 0.788@29) 0.785820) 0.7900 0.5 0.79185) 0.7735 2.3
1.7 0.794712) 0.793220) 0.786@45) 0.794324) 0.7992 0.6 0.771867) 0.7746 0.4
1.8 0.817116) 0.817224) 0.807241) 0.818829) 0.8264 0.9 0.787479 0.7917 0.6
1.9 0.858524) 0.862631) 0.853899) 0.864@40) 0.8757 1.4 0.836818 0.8270 1.1
2.0 0.926741) 0.940843) 0.913636) 0.945151) 0.9559 1.1 0.859B55 - -
2.1 1.040878) 1.081667) 1.008690) 1.093283) 1.0846 0.8 0.862927) - -
B=2.9,a 1=2.9 GeV,L*/a=11.6
1.1 0.994512) 1.000220) 0.991623) 0.992221) 0.9909 0.1 0.974330 0.9983 25
1.2 0.912407) 0.914712 0.912816) 0.912915) 0.9091 0.4 0.908%9) 0.9110 0.2
1.3 0.862%07) 0.863409) 0.858311) 0.858710) 0.8579 0.1 0.848722) 0.8558 0.9
1.4  0.833208) 0.833612 0.829417) 0.829416) 0.8289 0.1 0.81999 0.8236 0.5
1.5 0.822308) 0.822315) 0.817815) 0.818114) 0.8179 0.02 0.80885) 0.8098 0.1
1.6 0.826607) 0.827910) 0.823114) 0.823413 0.8234 0.0 0.81375) 0.8125 0.1
1.7 0.848308) 0.851913) 0.845%10) 0.845910) 0.8461 0.03 0.83287) 0.8321 0.1
1.8 0.887814) 0.898617) 0.892816) 0.893215) 0.8892 0.5 0.881®1) 0.8711 1.1
1.9 0.957223) 0.976420) 0.956921) 0.958219) 0.9591 0.1 0.917246) 0.9353 1.9
2.0 1.069148) 1.105924) 1.065436) 1.068234) 1.0691 0.1 0.984@99 1.0358 5.2
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TABLE Ill. (Continued.
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Za Zy ZyatL=L* Zy atL=oo
M 83x 16 8x16 £x8 zy Fit 8 (%) zy Fit 8 (%)
B=3.2,a =43 GeV,L*/a=17.2
1.1 0.964997) 0.966312) 0.961813) 0.959124) 0.9591 0.0 0.95291) 0.9600 0.7
1.2 0.902605) 0.902%11) 0.899117) 0.897129) 0.8969 0.02 0.89268) 0.8951 0.3
1.3 0.863%06) 0.863109) 0.860311) 0.858719) 0.8595 0.1 0.854@9) 0.8559 0.1
1.4 0.845807) 0.846Q11) 0.842312) 0.840G22) 0.8415 0.2 0.83482) 0.8365 0.2
15 0.845%05) 0.846409) 0.842111) 0.839221) 0.8404 0.1 0.83269 0.8346 0.2
1.6 0.860807) 0.862610) 0.859610) 0.857819) 0.8562 0.2 0.85351) 0.8497 0.4
1.7 0.893908) 0.901314) 0.894311) 0.890123) 0.8908 0.1 0.88093) 0.8838 0.4
1.8 0.947616) 0.965213) 0.958316) 0.954229) 0.9492 0.5 0.944®7) 0.9417 0.3
1.9 1.035125) 1.070818) 1.051822) 1.040352) 1.0408 0.04 1.013240 1.0329 1.9
2.0 1.174762) 1.258930) 1.203333) 1.1697121) 1.1850 1.3 1.092677) 1.1763 7.7
B=3.6,a 1=6.8 GeV,L*/a=27.2
1.0 1.021007) 1.022211) 1.020416) 1.018336) 1.0162 0.2 1.01657) 1.0165 0.01
1.1 0.946705) 0.946308) 0.941809) 0.936929) 0.9407 0.4 0.93282) 0.9389 0.6
1.2 0.898805) 0.897509) 0.896@09) 0.894422) 0.8937 0.1 0.89386) 0.8907 0.3
1.3 0.873005) 0.872907) 0.869609) 0.86626) 0.8681 0.2 0.86319) 0.8644 0.2
1.4 0.865%05) 0.86607) 0.863709) 0.861G23) 0.8604 0.1 0.858@1) 0.8566 0.3
1.5 0.875005) 0.878108) 0.873810) 0.869(31) 0.8697 0.1 0.86582) 0.8662 0.1
1.6 0.900705) 0.907507) 0.904410) 0.901G27) 0.8970 0.4 0.89830) 0.8943 0.4
1.7 0.945908) 0.960909) 0.954711) 0.947939) 0.9462 0.2 0.94283) 0.9449 0.3
B=4.1a 1=12 GeV,L*/a=48
1.0 0.998105) 0.997208) 0.995408) 0.992829) 0.9920 0.1 0.991@7) 0.9904 0.2
1.1 0.938104) 0.936606) 0.932907) 0.927334) 0.9324 0.6 0.92551) 0.9297 0.5
1.2 0.902504) 0.901606) 0.897906) 0.892%33) 0.8972 0.5 0.89029) 0.8941 0.4
1.3 0.886704) 0.886%06) 0.883107) 0.878131) 0.8815 0.4 0.87646) 0.8785 0.2
1.4 0.888003) 0.889605) 0.886807) 0.882430) 0.8834 0.1 0.881@3) 0.8808 0.02
1.5 0.906705) 0.910709) 0.907609) 0.902935) 0.9030 0.02 0.90150) 0.9014 0.0
1.6 0.942806) 0.953109) 0.949308) 0.943639) 0.9429 0.1 0.941(B5) 0.9429 0.1
1.7 1.000812) 1.023711) 1.019312) 1.012748) 1.0087 0.4 1.01048) 1.0114 0.1
B=4.7,a 1=23 GeV,L*/a=92
0.9 1.061806) 1.062610) 1.061411) 1.059236) 1.0554 0.4 1.058@1) 1.0543 0.4
1.0 0.985406) 0.983609) 0.981@09) 0.976637) 0.9784 0.2 0.976@4) 0.9762 0.02
1.1 0.936405) 0.935108) 0.930605) 0.922947) 0.9305 0.8 0.921(B8) 0.9278 0.7
1.2 0.910006) 0.909607) 0.905405) 0.898145) 0.9048 0.7 0.897@5) 0.9020 0.6
1.3 0.901105) 0.901508) 0.900206) 0.898(26) 0.8977 0.04 0.89780) 0.8953 0.3
1.4 0.911905) 0.914307) 0.911110) 0.905741) 0.9083 0.3 0.90489 0.9067 0.2
1.5 0.939405) 0.946607) 0.941908) 0.933752) 0.9381 0.5 0.93263) 0.9377 0.6
1.6 0.986211) 1.001G12) 0.998106) 0.992940) 0.9909 0.2 0.99228) 0.9926 0.04
1.7 1.054219) 1.090315) 1.084414) 1.074273) 1.0748 0.1 1.07287) 1.0799 0.7
B=6.4,a"1=154 GeV,L*/a=616
0.8 1.113905) 1.114808) 1.111607) 1.105743) 1.1081 0.2 1.105@4) 1.1072 0.1
0.9 1.028805) 1.024807) 1.023806) 1.021725) 1.0219 0.02 1.02126) 1.0203 0.1
1.0 0.974004) 0.971105) 0.969604) 0.966624) 0.9678 0.1 0.966@4) 0.9658 0.1
1.1 0.942¢03) 0.940504) 0.938103) 0.933430) 0.9375 0.4 0.93331) 0.9356 0.2
1.2 0.931103) 0.930406) 0.927794) 0.923331) 0.9271 0.4 0.92332) 0.9254 0.2
1.3 0.938%03) 0.939605) 0.938204) 0.935423) 0.9352 0.02 0.93523) 0.9339 0.1
1.4 0.962403) 0.967405) 0.966505) 0.964720) 0.9629 0.2 0.96421) 0.9623 0.2
1.5 1.005606) 1.019407) 1.016907) 1.011939) 1.0136 0.2 1.011@0) 1.0143 0.3
1.6 1.074612) 1.103409) 1.100511) 1.095G48) 1.0950 0.0 1.09480) 1.0978 0.3
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TABLE Ill. (Continued.

Za Zy ZyatL=L* Zy atL=oo
M 8%x 16 8x 16 4x8 zy, Fit S¢ (%) zy, Fit 8¢ (%)
B=8.85,a 1=2523 GeV,L*/a=10092
0.6 1.312517) 1.357814) 1.355405) 1.350743 1.3485 0.2 1.35043) 1.3495 0.1
0.7 1.181206) 1.187@09) 1.186207) 1.184629) 1.1822 0.2 1.18489) 1.1820 0.2
0.8 1.083905) 1.079809) 1.078709) 1.076434) 1.0764 0.0 1.07684) 1.0755 0.1
0.9 1.017%03) 1.012205) 1.010103) 1.006@28) 1.0089 0.3 1.006@8) 1.0078 0.2
1.0 0.974%03) 0.971G05) 0.970103) 0.968418) 0.9688 0.04 0.96849) 0.9675 0.1
1.1 0.954%05) 0.952207) 0.9514093) 0.949919) 0.9503 0.04 0.94999 0.9490 0.1
1.2 0.955802) 0.954904) 0.952503) 0.947631) 0.9510 0.4 0.94781) 0.9500 0.3
1.3 0.971905) 0.9739098) 0.972805) 0.970624) 0.9712 0.1 0.970@4) 0.9705 0.01
1.4 1.006603) 1.015504) 1.016Q05) 1.016918) 1.0133 0.4 1.016499 1.0132 0.4
1.5 1.063109) 1.088807) 1.086404) 1.081634) 1.0833 0.2 1.081B4) 1.0841 0.3
1.6 1.148(25) 1.198810) 1.197406) 1.194632) 1.1928 0.1 1.19482) 1.1953 0.1
1.7 1.284844) 1.380212) 1.370509) 1.3513118) 1.3651 1.0 1.351318) 1.3705 1.4
B=21.0,a '=3.6x10° GeV, L*/a=1.44x 10"
0.4 1.510934) 1.758307) 1.742Q06) 1.7095197) 1.73370 1.4 1.709897) 1.7347 1.5
0.5 1.360%17) 1.433206) 1.4284093) 1.417665) 1.42541 0.6 1.41765) 1.4257 0.6
0.6 1.231905) 1.243904) 1.243Q02) 1.241216) 1.24099 0.02 1.24126) 1.2410 0.02
0.7 1.132801) 1.1263093) 1.1254093) 1.123416) 1.12412 0.1 1.12346) 1.1239 0.05
0.8 1.059903) 1.051802) 1.051Q02) 1.049412) 1.04943 0.0 1.04942) 1.0492 0.02
0.9 1.013103) 1.006202) 1.004901) 1.002516) 1.00425 0.2 1.00286) 1.0040 0.1
1.0 0.989202) 0.983702 0.982902) 0.981411) 0.98212 0.1 0.98141) 0.9818 0.04
1.1 0.985102) 0.981702) 0.981302) 0.980%9) 0.98019 0.03 0.98@69) 0.9799 0.1
1.2 1.000402) 0.999902) 0.999401) 0.998%8) 0.99821 0.03 0.99868) 0.9980 0.1
1.3 1.033902) 1.039902) 1.0393093) 1.038211) 1.03848 0.03 1.03821) 1.0384 0.02
1.4 1.086%04) 1.107203) 1.107601) 1.10849) 1.10660 0.2 1.10809) 1.1066 0.2
1.5 1.160009) 1.214403) 1.214804) 1.215414) 1.21365 0.1 1.21544) 1.2140 0.1
1.6 1.270831) 1.382704) 1.3822093) 1.381413 1.38158 0.01 1.381493 1.3824 0.1
1.7 1.456847) 1.671309) 1.660Q05) 1.6375137) 1.65782 1.2 1.637537) 1.6597 1.4

It has been shown that,=Z, in perturbation theory for for fit parameterdM, A,, andB;(i=0,1,2) are given in
DWQCD atNg=« [14], and as already mentioned in the Tables IV and V, together witlH™®, the maximum of the
previous section, this equality is well satisfied nonperturbarelative errorss defined by
tively at 8=6.0 for the plaquette action and @t 2.6 for the
RG action. Although violation of this equality becomes
larger at stronger couplin@t 8=5.8 for the plaquette action
and atB=2.4,2.2 for the RG actioror at the values o far 5=(Zy—2M/z,. (23
away from the “minimum” where the chiral symmetry is
best realized, we defing,=Z,, for DWQCD in this paper,
taking numerical values of,, as the renormalization factor
for both vector and axial-vector currents. Therefore we disag e observe thas™ are typically less than 1% and at

cussZy only hereafter. most a few%, the fit describes data well.

A. Zy as a function of M

At eachg?, we fit Z, as a function oM by the formula B. Finite a/L errors

Errors of Z, associated with the lattice spacing are
O((a/L)?) in the Ng—oe limit or O(e”“Nsx a/L) at finite
Bo+B1(M—M¢)+By(M—Mg)? oy Ns. If @/L=1/N;=1/8 is kept fixed at all values af?, the
1+A,(M—M,)2 ' (22) scaling violation inZy , remains even in thg®—0 limit. In
order to reduce or remove this scaling violation, we inter-
which is suggested by the perturbation thepty]. Results  polate or extrapolat@, to a fixed value ofl at eachg?,

fit__
Zy=
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TABLE IV. Fit parameters oZ,, as a function oM for the plaquette action.

B M Az Bo By B 3™ (%)
83x16x 16
5.8 1.75814) —1.44164) 0.725319) —0.12130) —0.26365) 1.4
6.0 1.66147) —1.44971) 0.759255) —0.08889) —0.31344) 0.2
6.2 1.65812) —0.95746) 0.776209) 0.01322 0.09548) 0.2
6.5 1.56213) —1.29014) 0.7985308) —0.05125) —0.23111) 0.2
6.8 1.53014) —1.478120 0.814106) —0.02325) -0.41611) 0.3
7.4 1.48308) —1.12476) 0.839406) 0.021(13) —0.10876) 0.2
8.0 1.39901) —1.06604) 0.857305) —0.03901 —0.03304) 0.2
9.6 1.31907) —1.02653) 0.888905) —0.01514) 0.0002589) 0.1
12.0 1.24201) —1.08319 0.916703) —0.01q01 —0.07724) 0.2
24.0 1.11001) —1.05805) 0.962802) —0.00802) —0.06808) 0.1
43x8x 16
5.8 1.63911) —1.570293 0.767640) —0.13126) —0.26751) 0.9
122X 24% 16
6.0 1.73414) —0.899190 0.744117) 0.0016251) 0.162183 1.0
6.2 1.90213) —0.55203) 0.822807) 0.418015) 0.38903) 0.5
6.5 1.60707) —1.14929 0.794609) 0.0217127) —0.11931) 0.3
6.8 1.64%71) —0.591128 0.819117) 0.1823121) 0.391121) 0.3
7.4 1.48639) —0.847224) 0.836611) 0.0221721) 0.158211) 0.2
8.0 1.45%08) —0.93102 0.855605) 0.067@14) 0.07605) 0.1
9.6 1.33306) —0.90557) 0.887104) 0.0132134) 0.10862) 0.1
12.0 1.25201) —1.03501) 0.915302) 0.010305) —0.03601) 0.1
24.0 1.11%01) —1.00804) 0.961701) 0.004218) —0.00806) 0.03
using data on two different spatial lattice siZesFor the a2 1
interpolation or the extrapolation, we adopt the linear depen- Zv(a/L)=ZV+c—2=ZV+c—2, (27
dence L i
a 1
Zv(a/L)=ZV+cE=ZV+cWI. (24

and calculat,,(1/L). A difference inZy(a/L) between the
linear and the quadratic dependences is quadratically added
to 6Zy(a/L) as an estimate of the systematic uncertainty,

Since only data at two differem, are available, the value of While the central value oZy(a/L) is taken from the value

Zy at fixedL and its error are estimated by obtained from the linear assumption. .
In Tables Il and lll, the values of\(a/L) are given at

L=L*=8a(B=6.0) (the fifth column, wherea(8=6.0) is
the lattice spacing g8=6.0 for the plaquette action, and at
Z3x1— ZyXs L= (the eighth column While the former definition oZ,,
Zy(a/l)= X @9 contains arO(a/L*) error, which vanishes in the continuum
limit, the latter one is free from such an uncertainty. By
taking the difference oZ,, betweenL=L* ando, thea/L*
error in Zy, is estimated to be 0.06 &1 =1.8 and3=6.0
| 6Z2%4| + | 6ZYx,) (a~*=2 GeV) for the plaquette action or 0.02 Et=1.7
, (260 andg=2.6 (a 1=1.9 GeV) for the RG action. On the other
hand, the error associated with the extrapolatioh is larger
atL=o: 0.002 L=L*) and 0.025 =) at the previous
_ parameters for the plaquette action and 0.002 and 0.017 for
where Z,,=Z,(1N;), x=1/N;—a/L(i=1,2), and x5, the RG action. MoreoveZ, at L=c monotonically de-
=1/N;— 1/N, with N;=8 andN,=4 or 12, and means the creases al increases @~ 1<2 GeV, while it has the mini-
error of the corresponding quantity. To estimate the systemmum inM ata 1>2 GeV. Only the latter behavior is ob-
atic uncertainty associated with the assumption,(B4), we  served forZ,, atL=L*. We suspect that the behavior &§
alternatively employ the quadratic form atL = is related to the existence @iea) zero eigenvalues

sZ(all)=

X12
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TABLE V. Fit parameters oZ, as a function oM for the RG action.
B M. Az Bo B: B, 8" (%)
8%x 16X 16
2.2 1.81413) —1.77375) 0.712521) —0.111298) —0.614998) 1.6
24 1.66115) —1.469136) 0.759840) —0.09228) —0.394140 0.7
2.6 1.57705) —1.23826) 0.786409) —0.05311 —0.16835) 0.3
2.9 1.49109) —1.19203) 0.822610) —0.042316) —0.14210) 0.1
3.2 1.45306) —1.31803) 0.844303) 0.00501) —0.28203) 0.1
3.6 1.40601) —0.92181) 0.866404) 0.03502) 0.09082) 0.1
4.1 1.33801) —1.10404) 0.885602) 0.00801) —0.10q04) 0.01
4.7 1.29003) —0.98064) 0.902304) 0.00807) 0.03169) 0.1
6.4 1.21341) —1.08041) 0.930803) 0.01803) —0.08345) 0.1
8.85 1.14801) —1.05801) 0.951301) —0.00501) —0.06801) 0.1
21.0 1.06201) —1.04602) 0.980601) 0.00201) —0.06004) 0.1
4% 8x16
2.2 1.675%08) —1.856141) 0.761840) —0.15416) —0.641144) 3.0
24 1.58316) —1.55@58) 0.790838) —0.11640) —0.37170) 1.8
12°% 24x 16
2.6 1.67807) —1.01714) 0.786321) 0.09812) —0.00626) 0.6
2.9 1.52201) —0.83484) 0.817Q11) 0.00803) 0.17791) 0.3
3.2 1.45602) —1.00112) 0.840105) 0.00504) 0.01213) 0.2
3.6 1.41908) —0.99303) 0.864305) 0.05501) 0.00406) 0.1
4.1 1.360Q06) —1.25365) 0.883207) 0.05Q11) —0.245698) 0.03
4.7 1.31402) —1.092352) 0.900@04) 0.05504) —0.08556) 0.1
6.4 1.22602) —0.89320) 0.928803) 0.04403) 0.12023) 0.1
8.85 1.15101) —1.00309) 0.949602) 0.01203) 0.0002118 0.03
21.0 1.06201) —1.00901) 0.979701) 0.00401) —0.01%02) 0.1

for the Hermitian Wilson-Dirac operator af *<2 GeV: It

servation that DWQCD cannot realize an exact chiral sym-

suggests that the gap of zero eigenvalues for the Hermitiametry even in theNg—c limit at a-*=~1 GeV for both
Wilson-Dirac operator is closed at <2 for both plaquette gauge actionf12], though the quenched artifact may explain
and RG actions. This speculation is consistent with the obthe observatiofl7].

TABLE VI. Fit parameters o, as a function oM andg?.

Plaquette RG
L=L* L=oo L=L* L=oo
M, a, —0.5241 —0.9026 —0.6533x10°* —0.3094
a, —0.1388 —0.2365 —0.3147x 10 2 —0.5493< 101
ag 0.5579< 10! —0.1050 0.384% 10 2 —0.2635¢10° 4
Bo a, —0.1166 —0.9145 0.1378 —0.3247
as 0.8692¢<10? 0.7845¢<10° ! —0.1046 0.195% 10!
ag —0.7698<10°* 0.4397 107! —0.4000< 1072 0.8526x 103
A, as —0.6437 0 —0.3460 0
ag —0.2754 0 0 0
ag —0.3689 —0.01092 —0.2235¢10 ¢ 0
ag 0.1002 0 0.101% 10! 0
B, an —0.9481 0 —0.3613 0
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Z,vs.M
L*x2Lx16, L=L’

Op=5.8 ,I /’
0Op=6.0 hi
Op=6.2 /
Ap=6.5 I
V =6.8

0.9

08 r 1

07 I I I I 1 I I
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

(b) M

FIG. 5. Zy, as a functionM on L3x2L X 16 with L=L* at
several values oB for the plaguette action.

C. Zy as a function of M and g2

For the latter uses, we parametrizg as a function oM
and gz, in order to obtairZ at arbitrary(interpolated values

PHYSICAL REVIEW D 70, 034503 (2004

Z,vs.M

L*x2Lx16, L=infinite
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(b) M

FIG. 6. Z, as a functiorM onL3Xx 2L X 16 with L = at several
values of 8 for the plaquette action. Solids symbols are excluded
for the fits.

of B and M. We adopt the following fitting function sug-
gested by the perturbation theddA]:

Bo(9%) +B1(g*)[M —Mc(g*)]1+Ba(g*)[M —M(g*)]?

Zy(g? M) = ,
1+A(g%)[M—M(g?)]?
1+ (cy+ay)g’+ag*+asg®
Mc(gz): > )
1+a,g
1+ (co+ay)g®+asg*+agg®
Bo(gz): 0 4 25 6 '
1+a,9
1+ (dy+a7)g?+agg*+a;@°
Ay(gD) = — (dz 7)92 994 109 ,
1+a,9°+agg
B1(g%) =c,0%
c,0°2
Bo(gd)= ———, (28)
1+ay,9
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Z,vs. M Z,vs. M
L’x2Lx16, L=L" L°x2Lx16, L=infinite

Op=2.2
Op=2.4
Op=26
APB=2.9
VB=3.2
<Ip=3.6
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() M
1.8
17- ¥
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i 09 |-
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FIG. 8. Z, as a functiorM onL3Xx 2L X 16 withL = at several
FIG. 7. Z, as a functionM on L3x2Lx16 with L=L* at  values ofg for the RG action. Solids symbols are excluded for the
several values oB for the RG action. fits.

wherecy, dp, andc;(i=0,1,2) are values of one-loop co- more, we compilez, (g% M) and the relative deviation
efficients for M., A,, and B;(i=0,1,2) [14], which are

given by 2 Zu( M)
v— 497,
=z, (29
(CM ,d2 ,CO ,Cl ,C2) = (04177,001173_, 01456,2311
X1073,-5.172<10 3) in the sixth and seventh columns or the ninth and tenth col-

umns of Tables Il and lll, wher&,,=Z,(a/L*) or Z,,/(0),
respectively. In the fit foZ,(0) we exclude a few points for
larger values oM at 8=5.8 and 6.0 for the plaguette action
and atB=2.2,2.4,2.6 for the RG action, which are repre-
(Cy+d5,Co,C1,C2) = (0.2070,8.13K 103, — 0.07449,1.912 sen-ted by solid symbols in the figures and are marked by
“-"in the tables. These data foZz,(0) have large errors
X103,—4.154x 10 %) and large values of; . Note however that data excluded for
the fit are consistent with the fitting curves within large
for the RG action. These constraints makk,, A,, and errors. From the figures and tables we observe that the
B;(i=0,1,2) consistent with the perturbation theory at onefits works well anddg are less than a few %, except a few
loop. Numerical values of the parametexgi=1-11) are points at the edges of the rangeNhemployed for the simu-
given in Table VI for bothL=L* andL=<. In order to lations.
show the quality of the fits, we plot the fitting curves for ~ We finally investigate how accurate the perturbative esti-
Zy(a/L*) andZy(0) in Figs. 5 and 6 for the plaguette action mation forZ,, at one loop[14] is, by considering a relative
and in Figs. 7 and 8 for the RG action, respectively. Furthererror,

for the plaquette action and
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Zy(1-loop) — Zy(nonperturbative 1+(cy+ay)g2+a,g+asg®
- , (30 M(g?) =
Z\/(nonperturbativi c

(31)

1-loop—
1+a,g?

atM=M_(g?) as a function ofg?. We then defing?(3%) o

such thatd; joes=0.03 atg?<g2(3%), whereg? is the bare ~ The parametera, , are given in Table VI. _
coupling constant. We fing§(3%):0.6(1.0) in naive per- (iii) If the simulation point ag“ andM can be found in

turbation theory or g2(3%)=1.0(1.8) in mean-field- Table Il or lll, one should us&y, in the table as the renor-
improved perturbationc theory for the plaquett®G- malization factor for the vector or axial-vector current. To

improved gauge action. Although?(3%) issmaller for the r_egol/r(]aO(z;/IEr)] er:o:st!nzlv, It |s(,zbgtt?r to t"j.‘ketzh\.’ arL
plaquette action, the corresponding lattice spaciiglarger C_) » thoug ie StaL'f :ff terrort_ Vt's tﬁrgef in o’Dls 7ise.
than that for the RG-improved action. In particular, the MF- Ne may usery at L= 0 estimate the size dD(a/L)

. ; errors inZy, .
IE(F)) rf \]fr?g Foerr;ﬂ;bg};)qnugtlteeo;)::t\i/g?]rks well even &t 6.0(@ (iv) If g% or M for the simulation point is not found in the

tables, one should use the fitting function given in E2§)
with the parameters in Table VI. The errory§ is estimated
from the errors ofZ, at the nearest points ig?> and M,

We calculate the renormalization factors for the vectorwhich can be found in the tables.
and axial-vector currents in the quenched DWQCD for both We are encouraged by the present results to proceed to an
plaguette and RG actions. After several tests are performed gktension of the present work to scale-dependent cases such
a =2 GeV, we obtairZ,, which is assumed to be equal as quark masses and four-quark operators neede@for
to Z,, atL=o as well asL=L* for the wide ranges of? implementing the SF boundary condition for the domain-
andM. We globally fitZ, as a function ofy2 and M. wall fermions[10].

We now propose how to use these results for the future
simulations of the quenched DWQCD.

VI. CONCLUSIONS AND DISCUSSIONS
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