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Upper critical fields of quasi-low-dimensional superconductors with coexisting singlet and triplet
pairing interactions in parallel magnetic fields

Hiroshi Shimahara
Department of Quantum Matter Science, ADSM, Hiroshima University, Higashi-Hiroshima 739-8526, Japan

~Received 30 March 2000!

Quasi-low-dimensional type-II superconductors in parallel magnetic fields are studied when singlet pairing
interactions and relatively weak triplet pairing interactions coexist. Singlet and triplet components of order
parameter are mixed at high fields, and at the same time an inhomogeneous superconducting state called a
Fulde-Ferrell-Larkin-Ovchinnikov state occurs. As a result, the triplet pairing interactions enhance the upper
critical field of superconductivity remarkably even at temperatures far above the transition temperature of
parallel spin pairing. It is found that the enhancement is very large even when the triplet pairing interactions are
so weak that a high-field phase of parallel spin pairing may not be observed in practice. A possible relevance
of the result in organic superconductors and a hybrid-ruthenate-cuprate superconductor is discussed.
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Anisotropic superconductivities have been studied ext
sively in organic, oxide, and heavy fermion superconducto
For example, a triplet pairing is confirmed by Knight sh
measurements in heavy fermion superconductors UPt3, while
NMR experiments suggest a singlet pairing with a line no
gap in UPd2Al3. On the other hand, in a quasi-on
dimensional organic superconductor~TMTSF!2ClO4, a line
node gap is supported by NMR data by Takigawaet al.,1,2

while thermal conductivity measurements by Belin and B
hnia suggest a full gap superconductivity.3,4 In
~TMTSF!2PF6, triplet pairing superconductivity is supporte
by recent Knight shift measurements.5

Pairing symmetries can be different in~TMTSF!2ClO4

and ~TMTSF!2PF6, but from the similarity of crystal struc
tures and electronic states in these compounds, probabl
pairing interactions have the same origin. From the ph
diagram in pressure and temperature plane,d-wave-like sin-
glet superconductivity due to pairing interactions induced
the antiferromagnetic fluctuations have been discusse6,7

Further, it has been discussed recently that such pairing
teractions contain both singlet and triplet channels as att
tive interactions.7,8 Pairing interactions induced by antiferro
magnetic fluctuations have been discussed also in highTc
oxide superconductors for the proximity to the antiferroma
netic phase.9

In this paper, we examine quasi-low-dimensional sup
conductors in which singlet and triplet pairing interactio
coexist. In particular, we concentrate on systems in wh
the singlet pairing interactions dominate at zero field. W
calculate critical fields of superconductivity in directions pa
allel to the highly conductive layers. Because of the para
direction, we assume that our system is strongly Pauli l
ited and the orbital pair-breaking effect can be ignored a
first approximation.

A similar problem was studied in our previous paper in
three-dimensional system with a spherical symmetric Fe
surface in whichs-wave pairing interactions and weak
p-wave pairing interactions coexist.10 We found a remark-
able enhancement of the critical field due to a mixing
order parameters ofs-wave andp-wave symmetries. The or
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der parameter mixing occurs due to appearance of non
center-of-mass momentum of Cooper pairs stabilized
Zeeman energy. Such an inhomogeneous supercondu
state is called a Fulde-Ferrell-Larkin-Ovchinnikov sta
~FFLO or LOFF state!. It should be noted that the enhanc
ment occurs far above a transition temperature of the p
triplet pairing superconductivity that is estimated in the a
sence of the singlet pairing interactions. We discussed
effect in connection with the phase diagram of a heavy f
mion superconductor.11 The order parameter mixing in th
FFLO state has been pointed out also by Psaltakis and
ton and by Schopohl and Tewordt in ans-wave supercon-
ductor and in ap-wave superfluid3He.12,13

In this paper, we extend our previous study to the tw
dimensional systems and to the anisotropic singlet pair
We assume interlayer interactions implicitly so that the BC
like mean-field approximation is justified, while they a
weak enough to be neglected in resultant mean-field eq
tions. In this sense, our systems are quasi-two-dimensio
We find that even very weak triplet pairing interactions e
hance the critical fields remarkably also in the present s
tems.

The pairing interactions are expanded as

V~k,k8!52(
a

gaga~k!ga~k8!, ~1!

where ga(k) are defined bygdx22y2(k)5 k̂x
22 k̂y

2, gpx
(k)

5 k̂x and so forth in cylindrically symmetric systems. W
take units with\51 andkB51 in this paper. We conside
two cases:~i! gs.gp.0 and~ii ! gd.gp.0, where we have
definedgp[gpx

5gpy
and gd[gdx22y25gdxy

. In each case,
the other coupling constants are assumed to be zero. The
function is expanded as

D~k!5(
a

Daga~k!. ~2!

The gap equations in the vicinity of the second-order tr
sition are written as
3524 ©2000 The American Physical Society
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Da5ga(
b

KabDb ~3!

with

Kab5
1

N (
k8

ga~k8!gb~k8!
1

2 (
s

tanh
ek81zs

2T

2ek8
, ~4!

where we have definedz5h(q̄ cosu11), the angleu be-
tweenk8 andq, q̄5vFq/2h andh5umeHu with the electron
magnetic momentme . It is apparent from the above equ
tions that the mixing of the order parameter components
odd and even parities occurs only when both conditions
qÞ0 andhÞ0 are satisfied, which is expected from a sy
metry consideration in momentum and spin spaces.

In the weak-coupling limit, Eq.~3! is rewritten in the form

Da ln
T

Tca
0 52(

b
MabDb ~5!

with Tca
(0)52egvc /pe21/gaNa(0) and

Mab[E dw

2p

rab~0,w!

Na~0!
sinh2

bz

2
F~w!,

F~w![E
0

`

dy ln yF 2 sinh2 y

S cosh2 y1sinh2
bz

2 D 2

2
1

cosh2 yS cosh2 y1sinh2
bz

2 D G , ~6!

where

rab~0,w!5ga~w!gb~w!r~0,w!,

Na~0!5E dw

2p
raa~0,w!. ~7!

Here,w is the angle betweenk8 and thekx axis, andr~0, w!
is the angle-dependent density of states at the Fermi ene
Equation~5! gives the upper critical fieldsh5h(T,q) for a
given q. The final result of the critical fields is obtained b
maximizingh(T,q) with respect toq.

For the case ofs-pmixing ~i!, we can choose the vectorq
in an arbitrary direction from the symmetry of the syste
Thus, let us assume the direction ofq in the kx axis. Then,
the p-wave component withDpy

; k̂y is not mixed with the

s-wave component, whileDpx
; k̂x can be mixed. Thus, we

only need to calculate the smallest eigenvaluel of the 2
32 matrix

S Mss Msp

M ps M pp1Gp
D , ~8!

where we have defined

Gp[ ln
Tcs

~0!

Tcp
~0! 5

1

gpNp~0!
2

1

gsNs~0!
. ~9!
f
f

-

gy.

.

The transition temperature is given byTc5Tcs
(0)e2l.

For the case ofd-p mixing ~ii !, we can use the symmetr
to fix the orientation of thed-wave order parameter. Thus, le
us assumeDd; k̂x

22 k̂y
2. In the absence ofp-wave pairing

interactions, it is known that the optimumq is in the direc-
tion of thekx axis ~or equivalently theky axis! at low tem-
peratures, while it is in the direction of the line ofky56kx
at high temperatures.14,15 In the presence of thep-wave pair-
ing interactions, the direction ofq is not knowna priori.
Thus, we should assume that the twop-wave components (k̂x

and k̂y) of order parameter can be mixed with thed-wave
components. Therefore, we calculate the smallest eigenv
l of a 333 matrix with elements Mdd ,Mdpx

,M pxpx

1Gp ,... and soforth, which gives the transition temperatu
by Tc5Tcd

(0)e2l. Here, the parameterGp is defined by

Gp[ ln
Tcd

0

Tcp
~0! 5

1

gpNp~0!
2

1

gdNd~0!
, ~10!

similarly to Eq.~9!.
Numerical results are drawn in Figs. 1–4. Figure 1 sho

the results for thes-pmixing, while Figs. 2–4 show those fo
the d-p mixing. In both cases, remarkable enhancements
the critical field are found at temperatures far above the tr
sition temperature of the purep-wave superconductivity of
the parallel spin pairing. In particular, Fig. 4 shows that t
critical field is enhanced considerably even whenTcp

(0)/Tcd
(0)

50.01.
For thed-p mixing case, the optimumq is in the direction

of the kx axis at low temperatures, while it is along the lin
of ky56kx at high temperatures, as shown in Figs. 2–4.
these figures, the results forwq50 andwq5p/4 are drawn
by the solid lines. For each direction ofq, the magnitudeq
5uqu is optimized to obtain the critical field. It is confirme
by numerical calculations thatq with the other directions are
not optimum.

FIG. 1. The upper critical fields of superconductivity in the ca
~i! in the presence~solid line! and the absence~dotted line! of the
p-wave pairing interactions.Tcp

(0)/Tcs
(0)50.1 is assumed. The vertica

thin solid line is the transition temperature of the purep-wave su-
perconductivity of parallel spin pairing. The broken line shows t
Pauli paramagnetic limit when the FFLO state is ignored. Here,
have definedDs0[2vce

21/gsNs(0).



-

or

ce

he
er
e
-

gle
us
en

of
es
with

l
ent

ism
n

ns
se.

itical
-

een

uli

ifer-

e

t
,

th

me

e

3526 PRB 62HIROSHI SHIMAHARA
In Fig. 5, the optimum value ofq5uqu along the second
order transition line is drawn. The temperatureT* at whichq
vanishes is the temperature of the tricritical point of the n
mal phase, the BCS superconductivity (q50), and the
FFLO state (qÞ0). It is found that the temperatureT* in-
creases due to the order parameter mixing in the presen
the p-wave interactions from the valueT* '0.5613Tcd

(0) in
the absence of thep-wave interactions. For example,T*
'0.6683Tcd

(0) is estimated forTcp
(0)/Tcd

(0)50.1.
In conclusion, we examined the upper critical field of t

superconductivity when the singlet and triplet pairing int
actions coexist. We extended our previous study in a sph
cal symmetric system10 to the quasi-two-dimensional sys
tems in parallel magnetic fields and to the anisotropic sin
~d-wave! pairing. We obtained similar results to our previo
results, and find that even very weak triplet interactions

FIG. 2. The upper critical fields in the case~ii ! in the presence
~solid line! and the absence~dotted line! of the p-wave pairing
interactions.Tcp

(0)/Tcd
(0)50.1 is assumed. The vertical thin solid lin

is the transition temperature of the purep-wave superconductivity
of parallel spin pairing.wq is the angle betweenq and thekx axis.
At each temperature, the higherh on the solid line is the final resul
of the critical field in the presence of thep-wave interactions. Here
we have definedDd0[2vce

21/gdNd(0).

FIG. 3. The upper critical fields for the case ofd-p mixing.
Tcp

(0)/Tcd
(0)50.025 is assumed. The definitions of the lines are

same as in Fig. 2.
-
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hance the critical fields remarkably, and the temperature
the tricritical point of the normal, BCS, and the FFLO stat
is also enhanced. The present phase diagrams coincide
one predicted in our previous paper8 except that the orbita
pair-breaking effect is not taken into account in the pres
paper.

In a high-Tc superconductor RuSr2GdCu2O8, for the co-
existence of the superconductivity and the ferromagnet
~or canted ferromagnetism16!, the FFLO state has bee
discussed.17,18 Probably, d-wave pairing interactions are
dominant in this system, but weak triplet pairing interactio
must coexist because of the proximity to the magnetic pha
Therefore, the present mechanism that enhances the cr
fields andT* may play a role in stabilizing a bulk supercon
ductivity in this system.18

In the organic superconductors, the FFLO state has b
discussed by many authors19–21 to explain the high upper
critical fields that exceed a conventional estimation of Pa
paramagnetic limit~Chandrasekar-Clogston limit!. As we
have discussed above, there is a possibility that the ant

e

FIG. 4. The upper critical fields for the case ofd-p mixing.
Tcp

(0)/Tcd
(0)50.01 is assumed. The definitions of the lines are the sa

as in Fig. 2.

FIG. 5. The magnitude of the optimum wave vectorq at the
upper critical fields forTcp

(0)/Tcd
(0)50.1 whenwq50 ~solid line! and

wq5p/4 ~broken line!. The dotted lines are the result for pur
d-wave pairing.
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romagnetic fluctuations contribute to the pairing interactio
in these systems, and they should contain both singlet
triplet channels as attractive interactions.8 Therefore, the
present mechanism may contribute to stabilizing the su
conducting phase at high fields. As shown in Fig. 4,
e
er

e

ka
,

s
nd

r-
e

enhancement can be very large even when the triplet pai
interactions are so small that the pure triplet superconduc
ity of parallel spin pairing is not observed in practice.
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