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Abstract

The standard model (SM) for the elementary particles is known as a very successful theory.
However the extention of the SM is necessary to give the non-zero mass for the neutrino.
By introducing the right-handed neutrino, the small mass of the neutrino could be explained
with the tiny Yukawa couplings between the neutrino and Higgs.

In this work, we propose a model in which the tiny Yukawa coupling is naturally generated.
The model consists of a light scalar, a heavy scalar and a neutrino. A light scalar corresponds
to the SM-like Higgs and it does not directly couple to the neutrino. While, the heavy scalar
couples to the neutrino and mixes with the light scalar. The tiny Yukawa coupling to the light
scalar is generated by integrating the heavy scalar out. The Yukawa coupling is suppressed
by the ratio of the mixing mass to the heavy scalar mass.

We derive the low energy effective potential for this model including the one-loop cor-
rections by performing the path integration for both heavy and light scalars. The heavy
scalar generates the correction to the light scalar mass squared and it is proportional to the
heavy scalar mass squared. The light scalar generates the large logarithm of the ratio of the
two scalar masses and it is resummed with the renormalization group (RG). Then the RG
improved effective potential is derived.

We study the RG improved potential and its stationary point, i.e., the vacuum expectation
value (VEV). We numerically study how the potential and the VEV depend on the heavy
scalar mass and the mixing mass. By requiring the correction to the VEV remains within
20 % compared to its tree level value, the upper limit for the heavy scalar mass is obtained.
Combined with the suppression factor of the Yukawa coupling for the neutrino, one can also
obtain the limit for the mixing mass.
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Chapter 1

Introduction

1.1 Motivation and background

Since the observation of neutrino oscillations in Kamiokande, it has become clear that neu-
trinos have a small mass[1]. According to the ground experiments [2, 3] and the cosmological
experiments [4, 5], the mass of neutrinos must be less than the eV scale. Therefore if the
same Higgs mechanism gives mass to the top quark and neutrino, the difference of the Yukawa
couplings for these particles becomes twelve orders of the magnitude. This means that the
standard model (SM) is not perfect, and we need a beyond standard model (BSM) to ex-
plain the small mass of neutrinos. One of the simple SM extensions is two Higgs doublet
model (2HDM) which adds one Higgs boson. There are the models in the 2HDM which can
explain the smallness of the mass of neutrino. In these models, the second Higgs doublet
has the much smaller vacuum expectation value (VEV). The scalar corresponding to the
SM-like Higgs generates masses to charged fermions, while the second Higgs has a very small
VEV and gives small mass to the neutrino with O(1) Yukawa couplings. A model with the
small Dirac nuetrino mass is proposed by S. M. Davidson and H.E. Logan in Ref.[6]. In
this model, they impose the grobal U(1) symmetry to prevent the SM-like Higgs boson from
coupling with neutrinos directly. In the other models, the Z; symmetry is adopted for the
same purpose. Such models are proposed by S.Gabriel and S.Nandi in Ref.[7], N.Haba and
K.Tsumura in Ref.[8]. The constraint on these models from electroweak precision data is
studied in Ref.[9].

If the second Higgs in the above theories is discovered, it will be an important contribution
to the explanation of neutrinos properties and verification of BSM. There are two ways to
observe the second Higgs (the new particle). One is the direct search and the other is the
indirect search. In the direct searches, if the energy of the accelerator reaches the threshold
for the new particle production, the new particles will be directly produced and discovered.
Though the energy of the accelerator has reached several TeV, there is no report of the
observation of the second Higgs. On the other hand, the indirect search looks for the second
Higgs by verifying the deviation from the SM. With this method, the second Higgs may be
verifiable in current and near future experiments. The effective field theory is known as a
method of studying from this point of view. In the effective field theory, we construct the
theory without the new particles which exisit in the BSM. The effect of the new particles such
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as the second Higgs is included by integrating them out. The remnants of the new particles
appear as deviation in the coefficients of the interactions. It can be investigated indirectly
by verifying the deviation.

In this work, we propose a simple toy model with a heavy and a light scalars. We derive
the low energy effective potential with the method of the effective field theory. Then we
analyse the effective potential, its stationary point and the VEV.

This thesis is based on Ref.[10] and is organized as follows. In the rest of Chapter 1,
we explain the idea and the example of the effective field theory. We also explain the Dirac
neutrino mass model in Ref.[6]. In Chapter 2, we present the action for the model with the
heavy and light scalars. In Chapter 3, the definition of the effective action for the light scalar
is given. In Chapter 4, the heavy scalar and the fluctuation of the light scalar are integrated
out. In Chapter 5, the counter terms and the renormalized effective potential are derived.
In Chapter 6, the RG improved effective potential is obtained. In Chapter 7, the numerical
analysis is discussed and Chapter 8 is devoted to summary and discussion.

1.2 Effective field theory

1.2.1 The idea of the effective field theory

In this subsection, we introduce the outline of the effective field theory (EFT). There is
the wide range of the mass of particle in the nature. For example, the mass of up quark
and top quark are about 2.16 MeV and 172.76 GeV = 1.73 x 10° MeV, respectively [11].
These particles have very similar properties such as having the same electric charge but
their mass scales have a 5 digit difference. The theory often includes the multi-mass scales.
When studying the low-energy physics of the multi-scale model, proper handling of the heavy
particle field can simplify the theory and extract the essential conclusion. The EFT is often
used when studying physics at low energy (energy regions below a certain energy scale A).
In EFT, the field operator for the particle which has the higher mass than energy scale A is
integrated out. The field of the heavy particle is removed from the theory and the theory
is described by only the field of the particle with the mass below the energy scale A. Note
that the effect of heavy particle is not ignored. By integrating out, the effect of the heavy
particle appears as the radiative corrections to the mass and the coupling constant. The
EFT is defined by the effective action.

Next, we explain the points when making the EFT. The main elements of making an
EFT for a theory are shown below. The first step is to accurately select the dominant field in
the low energy region. The dominant field in the low energy is called the relevant operator,
the other field is called the irrelevant operator. Other fields are integrated, so it is the most
important step in deciding what field is included in the effective theory. The second step
is integrating the field of the irrelevant operator. By integrating irrelevant operators, their
effect appears in the coupling constant of the relevant operator by a series expansion with
terms inversely proportional to the square of the mass of the irrelevant operator. This series
expansion generally contains an infinite number of terms, and handling them properly is the
third step. Since these terms are suppressed by the heavy mass, they can be terminated with
a finite expansion, and it is necessary to consider what order the expansion is maintained.
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We only wrote the outline of the the EFT in this subcection. In next subsection, we show
the weak EFT for § decay as the example. There are a lot of lectures for the EFT, the more
concrete examples and explanations of the EFT are found in Refs.[12, 13].

1.2.2 Example of EFT

As for example of the EFT, we explain the weak EFT for # decay. In Fermi’s theory, which
describes the weak interaction, the Lagrangian of the weak interaction of the quark of the
standard model is written as,

where V; is the CKM matrix elements and L is the left-handed projection operator. u; and d;
denote the up type quark and the down type quark, respectively. W, denotes the W boson,
g is the coupling of the interaction. The process of the § decay is given by n — p + e + 7.
It is also represented as d — u + e + v, at the quark level. In the left panel of Fig.1.1, we
show the Feynman daiagram for beta decay at quark level. The amplitude of the 5 decay in
the SM is given by,

o = ()] (25 [ 0)e)

g’ 1 ;
= =V, [Guy" Lad) [levuLly,] (1.2)

> Vs
where ¢, with @ = u,d and Iz with § = e, v. denote the Dirac spinors correspond to the
quarks and leptons, respectively. Then My is the mass of the W boson, p is the momentum of
the internal W boson. The typical scale of the momentum transfer is p? ~ (my—m,)? ~ 1.3
(MeV)2. On the other hand, the mass of the W boson My, is the 80.376 GeV [14]. So the
relation p? < M3, is satisfied, we can expand the propagator with the Taylor expansion as,

Lo (1+ ro ) (1.3)
p*— My, =My, My, ' '

Therefore the amplitude of Eq.(1.2 ) can be expanded as,

1 g, - »’
~ ————Va @Y Lqa) |l LL, Ol —1. 1.4
Asu 37 o Ve [0 L [levuLly,] + (Mév (1.4)
On the other hand, the amplitude in the weak EFT can be obtained by introducing the
effective operator O(u) as,

Agg = —C()O0(n) = —C(n) (@ Laa) [l Lly,] | (1.5)

where C'(11) is the coupling constant of the operator O(yu) at the energy scale p, which is called
Wilson coefficient. In order to derive the effective amplitide of the 5 decay, the operator O(p)
is defined by [q, 7" Lqa] [ZE%LZVJ. The operator has the mass dimension 6, so the coefficient
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Figure 1.1: In the left panel, the Feynman daiagram for beta decay at quark level is shown.
The right panel is the Feynman in the weak EFT in which the W boson is integrated out.

has the mass dimmension —2. The Wilson coefficient can be determined by considering the
condition of the amplitude in the weak EFT of Eq.(1.5 ) equals to that in the SM of Eq.(1.4 ).
We impose the matching condition Az = Agps at the scale of integrating W boson field out.
This scale is the ppw ~ My, . Therefore, the Wilson coefficient is obtained as,

2
g 4G
C = —2 V= —Vua, 1.6
where Gp = \/%2‘451/ = \/5102 is the Fermi constant. The Wilson coefficient at any scale p

can be obtained by solving the renormalization group (RG) equation, but for the sake of
simplicity we ignore the RG effect. In the right panel of Fig.1.1, we show the Feynman
diagram in the weak EFT in which the W boson is integrated out.

From Eq.(1.5 ), we can find out that the amplitude contains only the degrees of freedom
which appear in the initial and final state of the 3 decay. The amplitude do not include W
bosons as dynamical degrees of freedom, but it includes the information of W boson’s mass
My, and the weak coupling constant g in the form of the Wilson coefficient. The measurement
of the 8 decay constrains the Wilson coefficient. The value of V4G r can be determined from
the constraints of the Wilson coefficient, taking into account the relationship in Eq.(1.6 ).
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1.3 Dirac neutrino mass model of Davidson and Lorgan

We explain the Dirac neutrino mass model which is proposed by Davidson and Lorgan [6].
The most straightforward way to incorporate the Dirac neutrino mass into the SM is to
introduce three right-handed neutrinos vg. They couple with SM Higgs doublet ®; as well
as the SM quarks and cgarged leptons. The Yukawa Lagrangian is given by,

Ly = _y;ljJRiq)J{QLj — y%ﬂRi&’IQLj — yijéRi(I)J{LLj — y;jjjIij‘(i}L_LLj +he, (17)

where Qr = (ur,dr)” and Ly = (v, er)? correspond to the left-handed quark and lepton
doublets, respectively. The indices 7, j represent the generations. yf‘j(a = u,d, [, V) represents
each Yukawa coupling which is the 3x3 matrix. In this framework, the Dirac neutrino mass
my; is given as follows,

v
. — Yisv
i \/57

where v is the vacuum expectation value (VEV) of the SM Higgs boson. The realistic neutrino
mass is below eV order [11]. This fact requires the Yukawa couplings |y%;| < 107

In the model in Ref.[6], the new scalar doublet @, is introduced. This doublet has the
same quantum number as the SM Higgs doublet. They also impose a global U(1) symmetry.
Under this symmetry, the new scalar ®5 and vg; carry charge +1, while other SM fields
are uncharged. Therefore, only the ®, couples to the right-handed neutrinos vg;. Then the
neutrino term in Eq.(1.7 ) is replaced as,

(1.8)

_y;/jDRiéJ{LL]- — —yé’jﬂR@;LLj. (1.9)

If the U(1) symmetry is unbroken, the VEV of ®, becomes zero and the neutrinos are
strictly massless [15]. In order to generate the small Dirac neutrino mass without supposing
tiny Yukawa coupling y;;, the ®; must have a small VEV. To get the small VEV of @,
they explicitly break the global U(1) symmetry by a term with mass dimension two. This
term has the form of m2,®!®,. The terms with mass dimension four are invariant under the
symmetry. The symmetry that is preserved for the terms with the mass dimension four and
is broken for the terms with the mass dimension less than four is called the softly broken
symmetry. The Higgs potential with the softly broken term is obtained as,

2 @i 2 ot 2 ot 1 o) L o)
Vo= om0, +m,ole, — [m12q>1q>2 + h.c.} + 5N <<I>1¢>1> + 5% (@2%)
s (@{@Q (@3%) + M (qﬂcbz) (qf;@l> . (1.10)

A, A >0, A3 > —y/ A Ay and Ay > —v/ A Ao — A3 are required for the stability of the potential
at large field values. Non-zero VEV for ®, is generated with the usual spontaneous symmetry
breaking mechanism achieved when m?, < 0. In order to avoid a very light pseudo-Nambu-
Goldstone boson, we consider the case that the mass term m3, for ®; is positive. Substituting
the VEV v; and vy for ®; and ®,, we find the values of the VEVs with Higgs potential
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parameters by applying the stationary condition as follows,

—a’©1‘ . = m%lvl - m%QUQ + 5)\11}? + 5(}\3 + )\4)'1}1’1}% — O7 (111)
ov 1 1
3|CI)2| . = m§2U2 - mfzm + 5)\21);’ + 5()\3 -+ )\4)1)%1)2 =0. (1.12)

In this discussion, we require the m?, < v#, vy < v;. Therefore, we can ignore m?, and v,
when solving Eq.(1.11 ), then we obtain v; as,

—2m?
2 11
= 1 1.13
Uy N ( )
Concerning vy, we have to keep m?2,. Then vy is obtain from Eq.(1.12 ) as follows,
mivr
(%) (114)

n m§2 -+ %()\3 + )\4)’0%’

where the term proportional to v3 is ignored compared to terms proportional to v?vy. The
ratio vg/v; becomes small naturally. As the result, the neutrino mass is explained without
tiny Yukawa coupling.



Chapter 2
Model

2.1 The small neutrino mass from the EFT

In this subsection, we will explain the mechanism for the small neutrino mass using the EF'T.
In subsection 1.3, we explained the model which leads to the small Dirac neutrino mass by
introducing the additional second Higgs. Currently, there are no reports on the discovery of
the second Higgs. This indicates that the second Higgs is heavier than the energy scale to
which the current collider experiments can reach. Therefore, in this research, we will study
a model in the veiw of the EFT. Our model is not built on gauge theories. We consider a
model with one light scalar, one heavy scalar and the neutrino. The light scalar correponds
to the SM like Higgs, while the heavy scalar corresponds to the second Higgs in Ref.[6].

In the view of the EFT, we will discuss how the small mass of Dirac neutrinos is explained.
Similar to Eq.(1.9 ), the neutrino mass term is given in the following form : yngnpps. p2
represents the heavy scalar, ng (ny) represents the right-handed (left-handed) neutrino. y is
the Yukawa coupling of the neutrino. By introducing the mixing mass term which has the
form as m?2,p1ps, the neutrino can couple to p; through the mixing mass term as follows,

2
_ _ M1s

— — , 2.1

YNRNLP2 Ynprnr, (m% — k%) P1 ( )

where p; represents the light scalar. my and ky are the mass and momentum of the heavy
scalar, respectively. In Fig.2.1, we draw the Feynman diagram of the right-side of Eq.(2.1 ).
We consider the heavy scalar such that m3 > k3, m?, is satisfied. In the limit, we obtain the
following result.

2
— 2.2
(y m3 ) NRNLP1 (2.2)
In Fig.2.2, we draw the Feynman diagram of Eq.(2.2). From Eq.(2.2 ), the effective Yukawa
coupling of the neutrino is suppressed as y-# 12 . It naturally leads to the small neutrino mass.

In this thesis, we will build a model which includes the above mechanism. Then we
integrate the heavy scalar out to derive the EF'T. We will also study the relation between
the parameters of the full theory and those of the EFT.
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> P1

Figure 2.1: The Feynman diagram of the right-side of Eq.(2.1 ). Dpos represents the propa-
gator of the second Higgs.

ng
2
y mi;
m3
P1
ny,

Figure 2.2: The Feynman diagram of Eq.(2.2 ).
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2.2 Action for the model

As mentioned in the previous subsection, we study a simple toy model which leads to a
tiny Yukawa coupling to neutrinos with the light scalar in the view of the effective theory.
The model consists of two scalars, neutrino and cosmological constants. We denote the light
scalar as pi, the heavy scalar as p, and the neutrino as n. The action is written in terms of
bare fields pg;, bare masses mg; and bare couplings \y; as,

2
1 Aoi A _
S = /dd?ﬂ [ =3 Z Poi (D +mg; + %P&) Poi — %Pglp?m — (Yoriono + mg12p01) Po2
i=1

2
+ Z hoimg; + horaMoty + 2h03m31m32] ; (2.3)
i1

where m2,, is the bare mixing mass. yo is the Yukawa coupling between the neutrino and
the heavy scalar. The cosmological constants of this model are written in terms of the mass
parameters of the model [16]. In this work, we do not consider the kinetic term of the
neutrino. The quantum correction of the neutrino is also ignored.

This model has the following features.

e The model is renormalizable.

e The neutrino n does not couple to the light scalar py; directly, while it couples to the
second scalar pge directly.

e The neutrino n couples to the light scalar indirectly because the second scalar and the
light scalar have the mass mixing term.

e The mass of the second scalar is large.

2.3 Symmetry for the model

To realize the above features, we impose two Zs symmetries. One is the exact symmetry
called as Z, and another is the softly broken symmetry called as Z). The charge assignment
is shown in Table2.1. Under the Z; symmetry, two scalar fields p;, po and right-handed
neutrino ng have the odd parity and the left-handed neutrino ny has the even parity. Under
the softly broken 7}, only the light scalar field p; has odd parity. Only the heavy scalar po
has the Dirac type Yukawa coupling to the neutrino with this assignment.

In the scalar potentials, the cubic interactions of scalars are prohibited by Z5 symmetry.
For the quartic couplings of the scalar field, the number of each scalar field must be even
due to Z} symmetry. For the quadratic part, the mixing term proportional to p; and py
is allowed. This term softly breaks Z) symmetry. About the Yukawa interaction between
neutrinos and scalar fields, only the Dirac type Yukawa coupling of the form psnpng are
allowed. All the other Yukawa couplings, such as pinpng , pian and p@'WHR are
forbidden by imposing both Z; and Z) symmetries. Concerning the neutrino mass term
with the dimension three, Dirac mass term m,nyng is forbidden due to Zs symmetry. The
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symmetry under the transformation (nr,ng) into € (ny, ng) prohibits Majorana mass term
such as (ng)°ng and (ng)°ny.

Symmetry | p1 | p2 | nr | nr
Zs e i
Zy -+ [+ [+

Table 2.1: The charge assignment under Zy and Z) symmetries.

2.4 Renormalized quantities and fields

In this subsection, we rewrite the action of Eq.(2.3) in terms of the renormalized fields,
renormalized couplings and masses. The relations between the bare quantities and the renor-
malized ones are given as follows,

Poi = \/Z’Pi; (2-4)
ng = / Znn, (2 5)

2

myZi = ZZmz’jm?, (2.6)
j=1

MoV 2122 = miyZs, (2.7)
3

AOiZiz = ZZAH)\IM%, (2-8)
I=1
3

/\032122 = ZZ)\M/\[/LQW, (29)
I=1

w222 = Zyp, (2.10)

where the index i (i = 1, 2) is not summed. g denotes the renormalization scale and 7 is 2— 521.
Concerning the cosmological constants, the relations between the renormalized parameters
and the bare ones are given as follows,

2 2
Z hOZmél + 2h03m31m32 = /L_Qn <Z Zhihimf + 2Zh3h3m%m§> s (211)
=1 =1

h012m0%2 = u_2”Zh12h12m112. (212)
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Using Egs.(2.4 )-(2.12 ), the action of Eq.(2.3 ) can be written in terms of the renormalized
quantities as follows,

2 3

1 20

Slpr, p2,n] = —5 /ddf Z <Zipi|jpi + P} Ziym’ + % Z (pi Zai A + p%p%Zm)\[)>
=1

2 =1
— /ddx (Zyy/ﬂfm + meépl) P2

2
+ / ddIM_Qn (Z Zhihimf + 2Zh3h3m%m§ + Zhlghlgmil2> . (213)
i=1



Chapter 3

The definition of the effective action

In this section, we give the definition of the effective action for the light scalar p;. For this
purpose, we integrate the heavy scalar p, and quantum fluctuation of the light scalar. To
begin with, we define the generating functional W{[J;,n] by

eWlin] /dpl/dAﬁiS[m,Az,nHifPlJld‘lﬂﬂ7 (3.1)

where we have introduced the source term .J; for the light scalar field p;. We do not introduce
any source term for the heavy scalar. Instead, we integrate it by setting p, = A, in the action
S of Eq.(3.1 ). In other words, we expand the heavy scalar field around the vanishing VEV.
p1 which is the expectation value of p; is defined by,

SWJi,n] fdplfdAzpleiS[m,Az,nmfp1J1d4z

piln = =57, T dpy [ dsyetSoBal i prnds (3.2

Then we can define the effective action Teg[p1, n] which is a functional of p; with Legendre
transformation of W[.Jy, n| as,

Futlpron] = Wi n] - / I

e — . Ol o [P1,m]
= —ilog / dA, / e S deml=i | Ay =glEsdls (3.3)
AL =p1—p, (3.4)
_ 0leg[p1,m]

is used in the transformation from the first line to the

where the relation Jy(z) = — =3¢ ©)
second line. In Eq.(3.3 ), the variable of the path integral was changed from p; to A; defined
by Eq.(3.4 ). A is the quantum fluctuation from the expectation value p; .

14
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The following equation is obtained by functional derivative of Eq.(3.3) with J;.

Womlor.n] g,

J A A [ dA,e S A A m =i AT

Slp1+A1,Azn]—i [ A Teilonnl gig =0 (35)
[dA, [ dAge™ P arBen=

From this equation, we can show the tadpole vanishing condition for A; as follows.
/dA A1/dA Slotan o n)—i [ 8 T e (3.6)

This condition leads to the one particle irreducibility of the effective action I'eg[p1,n]. On
the other hand, the one particle reducible diagrams for A, are included.



Chapter 4

Integrating the scalar fields

In this section, we will integrate the light and heavy scalar field out. We assume the following
hierarchy for the mass parameters.

2
miy
my > —mi >mi, >0, e=—2<1 (4.1)
ms
The integration is performed in two steps:

e As the first step, we integrate the heavy scalar field Ay in Eq.(3.3 ).

e As the second step, we integrate the lighter scalar field A; which correspond to the
quantum fluctuation around the background field p;.

For the quantum corrections, we keep the terms up to the second order of the coupling
constants within the one loop approximation. In the following subsection, we will integrate
the light scalar field and the heavy scalar field step by step.

4.1 Integrating the heavy scalar field

In this subsection, we integrate the heavy scalar field Ay. Using Eq.(2.13 ) and Eq.(3.4 ),
the action in Eq.(3.3 ) is written as follows,

0S|p1, pon
Slpr+ Ay, Agyn] = S[plaovo]—f—/ddIAi(x)%blﬁl,sz

dd /ddyA pl,an] 1=p1 2:A' Yy
/ (501 )5p]( )|P p1,p2=0 J()

+Slnt Aupl (42)

16



CHAPTER 4. INTEGRATING THE SCALAR FIELDS 17

Each term in Eq.(4.2 ) is given as follows,

Z Zm A1 72
S[ﬁl? 07 0] = /ddx <718uﬁlauﬁl - —Hmf _% _ 2014 ﬁ4>

2 4 M

2
+ / dap " (Z Zpihimi* 4+ 2Zp3hamim? + Zh12h12m§12> ;

i=1
(4.3)
65[/)17/)2,”]' . -0 — _ {ZI<D+m81>+A01ZIQﬁ%}I51 (4 4)
opi(x) T Wy Zynan + Ziamisp ’ '
5S[p1,p27’fl] | - o = — ( Zl(D +m81) + 3)\01212ﬁ% Zlgm%Q >
opi(x)op;(y) """ Z1ami, Z5(0; + migy) + 252 21 Zopt
x5z — ), (4.5)
Sint(Ai; p1) = Stint(Ar, p1) + S2int(D2) + Si2int (A1, Az, p1), (4.6)
1
Slint(Alyﬁl) = —/ddl’)\[)lZlQA?ﬁl —/ddxz)\01212A4117 (47)
1
Som(Be) = = [ A paZial (48)
1 1
SlQint(Al’A%ﬁl) = —/ddi’é)\ogleQAlAgﬁl —/ddIz)\()ngZQA%Ag (49)

We define the effective action Teg[py,n] by subtracting the classical action S[p;,0,0] from
Feﬂ"[ﬁh n] n EQ(33 )7

Feﬁ[ﬁlﬁn] - Feﬁ[ﬁl,n]—S[ﬁl,0,0]. (410)

Then Eq.(4.10 ) is rewritten as follows,
_ . 25[p1,0,n _ Lo [71,7]
eireff[ﬁl n] /dAleZ{% Jd%x [ dlyAi(z) 6(;1?9[0;;}5501(3)A1(y)+51 int(A1,p1)— [ dli () (51“6?1?;) )}eiWQ [J2,A1,n] )
(4.11)

The last factor of Eq.(4.11 ) represents the contribution to the effective action from the path
integral of the heavy scalar. This factor is written in terms of the path integral with respect
to Ay as follows,

eiWQ [J2,p1,A1]

i 52S[p1,pa. 1 ) ) .
— / dAye? Jd%e [ dlyDa(e) 55 s o =1 pp=082(y)+iS2 ine (A2) +iS12 it (A1,A2,p1)+i [ dl2Az(x) Ja ()
Y

(4.12)

where J5 is given by,

0S|p1, pa.n _ _
Jale) = (%‘m%m,ﬂz:O - me%Al) = —Z1omiy (A + p1) — plyZyan.  (4.13)
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Jo is the collection of fields that linearly couple to the heavy scalar A;. Note that Wy in
Eq.(4.12) is the generating function of the Green’s function of the heavy scalar A,. Next we
calculate Wh[Ja, p1, Aq] by integrating the heavy scalar field Ay out. To simplify the result,
we introduce the exponentiated functional differentiation and the notation (- - -)q as,

10 b
(Fldal)y = exp |- D] I (114)
where
° b /dd /dd D (z,y) ~——— g (4.15)
00y TG, Yong (@)™ 0A2(y)’ ’

Drpii(z,y) denotes the Feynman propagator of A;. The propagators Dg11(x,y) and Dpes(z,y)
are defined to satisfy the following equations,

/ddyiDi_il(x,y)DFii(y,z) = 0z —2), (i=1,2). (4.16)

where the Dj}'(z,y) and Dy, (x,y) are defined by,
—Dp!(z,y) = —{Z:1(0, +miy) + 3Xa1 21 pi ()} ( — y), (4.17)

— Dyt (2, y) = — {ZQ(DI +mg,) + TZlZgﬁf(.r)} 6%z — ). (4.18)

Note that Di'(x,y) and D5, (x,y) depend on the background field p;. Using Eqs.(4.16 )-
(4.18 ), the propagators are symbolically written as follows,

1
D = — 4.1
F11<x7 y) Zl (Dx + mgl) + 3/\012125% (l’) ) ( 9)

l
Dpos(z,y) = — . 4.20

Note that Dpiq(z,y) and Dpeo(z,y) also depend on the background field p;. Using the
notation of Eq.(4.14 ), the generating functional Ws[Js, p1, A4] is calculated as follows,

D=

2
eiWQ[JQ,ﬁl,Al] — (det 5 S[pl;pln]

<ei52int(A2)+i512int(ALAQvﬁl))O eiwf[JmﬁhAﬂ
p1=p1,p2=0

5p2(2)3pa(y) |
(4.21)
where eW2l/2.00.81] g given as,
<e’iszint(Az)-HSmint(A1,A2,ﬁ1)+ifdd$A2($)J2($)>
ein[JzﬁhAﬂ — U (422)

<€i52 int (A2)+1S12 int (A1,A2,0) >0

In Eq.(4.21 ), the first factor is the contribution of the vacuum graph from the quadratic
part of Ay. The second part corresponds to the contribution from the interaction. The third
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factor is the connected Green function contribution of Ay with the source term J; which is
defined by Eq.(4.13 ). Ws[J2, Aq] can be written as the sum of the contributions from the
tree diagrams and that of one loop diagrams,

W5l o, o1 A1) = iWs g, o, Ad] + iWs O [, iy, A, (4.23)
W1, by, Ay and iWEM P, oy, Ay] are given as follows,

Al I T —— / dx / A%y Jy(x) Dpas(z,y) Ja(y —z— / d*zD, (x

—iL\?’M /ddx(A%(x) + 204 (2)p1 () Do () — %/ddx/ddmez(%y)DJz($)3DJz(?/)3

2477

A )\
_dedap /d”l:v/ddy(ﬁf(aﬂ)+2A1(35)/71(CU))DF22($»ZJ)D-b(w)Db(y)3
. C 00 — 3i>\ 2
ZWQ(ll p)[n]val,Aﬂ = QM /ddeF%(z )Dy, (2)?
2 417

4n
fW [ s [[dtya3@) + 201 @)p o)
x{2Dr22(0) Dras(, y) D.gy () Dy (y) + Das(,y) Dy (y)*},

where we have used the following definition,

Dy, (z H / d%; Dpos (2, 2 )i Jo (7). (4.26)

The tree contribution to tWs[.Js, p1, A1] by Ay integration is obtained by setting A; to be
zero in Eq.(4.24 ),

Z.V—[/vQC(tree) [ﬁl, Tl] W2 c(tree) J2 Al _ 0 p1, 0]

= 5 [ @ [ a0 Dt )0t) - 22 [ Dot

2
=22 [dts [ d'yDraste, ) Dole)* Dolw)” (1.27)

where we have defined Dy (x) as follows,
Do(x) = /dda:ingg(x,xi)iO(xi), (4.28)

where —J5(Ay = 0) = O(z) = Ziomiypy + pyZ,nn. The diagrams of the tree contribution
for Eq.(4.24 ) are shown in Fig.4.1. All the propagators in the diagrams are the heavy
scalars and they are the one particle reducible diagrams. In Eq.(4.27 ), these tree level
contributions contain the counter terms that subtract the divergences of the one loop graphs,

/ da / dty(A2(2) + 20, (2)51 (1)) (A2(y) + 22 (4)71 (1)) Do (2, 9) Dy (£) Do ()

(4.24)

w2 [t [ aty { Dras(e,y)? D, (2 >2DJ2<y>2+6DF22<x,x)DJ2<x>DF22<x,y)DJ2<y>3}

(4.25)
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O
0] 0 10
Ao2 \
02 Dy
0] e 0]
A2
1) O @) O

Figure 4.1: The tree level diagrams which contribute to iW, (tree) [p1,n]. All the propagators
are heavy scalars. The external source terms denoted by O correspond to the background
field p; and the neutrino bilinear nn. From the figure of the left to that of the right, each
Feynman diagram corresponds to the terms of Eq.(4.27 ) from the first term to the last term
respectively.

so the bare coupling constant Ay, is substituted. The terms with A; in Eq.(4.24 ) contribute
to the effective action beyond the tree level and the renormalized coupling constants are
substituted for their interactions.

The diagrams of Fig.4.2 are the diagrams for the one-loop contribution of A, defined by
.17 7¢(11oop) . . . .
Wy . The contribution is summarized as,

W g n) = W5 [-0(x), pr, O
3idg "
= _%/ddeF22($7$)Do(x)2
A3 pdn

— % / diz / d%y (gDm(x, y)2Do(2)*Do(y)? + 6DF22(3:,y)DFQQ(:c,x)DO(x)DO(y)3> .
(4.29)

In this contribution, A; is set to be zero because the contribution of A; generates either

another loop effect or one-particle reducible contribution that is excluded from the effective
action Ieg[p1,n] in Eq.(4.11 ). With Eq.(4.24 ) and Eq.(4.29 ) , iWs[Js, p1, Aq] is finally
obtained as follows,

W32, p1, A1) = iW;(troe)[J27/71,A1]+iW;(1loop)[ﬁ1>”]- (4.30)

Next we calculate the vacuum graph contribution which corresponds the second factor of
Eq.(4.21). This contribution is computed as follows,

<€i52 int (A2)+iS12int (A1,42,01) >0

e /\SZ%Z' / d(A2(z) + 2, ()51 (2)) Draa (. 7)

B (%) R / dhy / dhy(A2(z) + 20, ()51 (2)) (A2(y) +2A1(y)ﬁ1(y))D%22(x,y)]
. (4.31)
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DF22

Do
Dpzz DO DO DF22
Do Do Do Do Do o
)\2 DF22 AZ )\2

Figure 4.2: One loop diagrams of the heavy scalar A, which contribute to the {55y, ).

From the figure of the left to that of the right, each Feynman diagram corresponds to terms
of Eq.(4.29 ) from the first term to the last term respectively. This figure was reproduced
from Ref.[10].

In this contribution, the one loop contribution of the heavy scalar is included. Therefore this
contribution leads to two loop contribution because another loop effect of the light scalar.
We set A; to be zero in the last line of Eq.(4.31 ) because the same reason as that of one
loop contribution. Combining Eq.(4.24 ) and Eq.(4.29 ), the expression for Eq.(4.12 ) can be
summarized as follows,

iWa[J2,p1,A1] —1 TrLn D3 (p1)+iWs 7 51 n] +i W 1P 5y ] eiW;(tree) [J2,51,2A1]|rest (4 32)
, .

(& (&

where ZWC(tree |rest 18 defined as the difference of Eq.(4.24 ) and Eq.(4.27 ),

iW;(tree)[JQ, 1y At rest = Z-VVQC(tree)[Jz7 o1, A — ,L-V‘VZC(tree) (1, 7). (4.33)

4.2 Integrating the light scalar field

In this subsection, we integrate the light scalar A; out. We consider the corrections up to one
loop level. Using the result of previous section, the effective action of Eq.(4.11 ) is written

by,
pilertlpin] — ,—3 TrLn D3 (p1) =3 TrLn D3 (p1) iWs 7 [ m]+iW5 1) 1 ]

{3 % a0 @) 3 SR A ) St (A o)+ WE ™ U pr Al ot (o) (gl )}

f dAle 0p1(v)
’ fdAlei{%fdd‘”fddyAl( %Al(y)}
(4.34)
From Eq.(4.34 ), the effective action is summarized as follows,
= 1 1 1 c(tree) ¢(1100p)
iLe[pr,n] = —5 TrLn Dy, (p1) — 5 TrLn{ (D5, 1) (p0)} + W5 By, n] + W (1, ]

[dA ei{_%fddmfddyAl(z){( D) (UM ()= d'ala(a )(6f§§1[f;5n])}eﬁim[Jz,Al,pﬂ
1

[ iy Tao Faya@ DR o0} s )}

(4.35)
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In Eq.(4.35 ), we define L.[Ja, Ay, p1] by,

; ~ SYx/Ctree = 1
Eint[J%Alaﬁl] = ZSlint(Alapl)"‘ZWQt [J27A17p1]|rest+§m4112/ddx/ddyAl(-r)DFw(x,y)Al(y)

12

. ctiree = quadratic part o 1
W5 "o, A, pi]lfest T +§m§12/dd$/ddyﬁl(9ﬁ)DF22(%y)Al(y)(-4-36)

In the second line from the first line of Eq.(4.36 ), the quartic interaction term with respect
to Ay is ignored because it contributes to beyond the one loop order. The contribution to the
tadpole diagram from the cubic interaction of A; does not exist in the 1 PI effective action
and the second order contributions from the cubic interaction which contributes beyond the
one loop order are also ignored. In the derivation of Eq.(4.35 ) from Eq.(4.34 ), we absorb
the mixing effect of the heavy scalar which comes from the first term of Eq.(4.24 ) into the
propagator of the light scalar. The corresponding inverse propagator is given as,

_Dl_lll(xay) = _Dl_ll(xvy) +im%2DF22(xay)' (437)

The mixing of the heavy scalar is the second term of Eq.(4.37 ) and the modified propagator
for the light scalar is defined by the following equation,

i [ @D (@) Dy o) = 8%~ ) (439
Due to this change, the quadratic term with respect to Ay;
1
—gmty [ [ sd'yie) Diaati, )ty (4.3

must be subtracted from iW5 ™[ Jy, A1, p1]|rest. The second term of the last line of Eq.(4.36 )
is added for this purpose. Therefore within one loop approximation, we keep only the
quadratic terms with respect to A; and the explicit expression of L [O, Ay, p1] is given
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as follows,

‘Clllt [O Ah ﬁl}

= e [, (H [ dteiDeaataz, )Domm(m)m(wz)
_Mf’)f / d'zA2(z) Do (z)?

+m2 A3 p" (/ ddxAl(x)pl(x)Do(x)> (/ddmlegg(x,xl)Al(x1)>

X 22 [t [ dy54)p1(2) 51091 (5) D 1) Dol) Doly)
_)\2>\3M

/ddx/ddyAl(x)ngg(x,y)Do(x)DO(i‘/)?)

Zm12>\2)\3/14

/dd /ddyAl 2)p1(x)Dpaa(z,y) Do (y)? (/ddfﬂlDFﬂ(x,ml)Al(xl))

3 _
*157”%2)\2/\3#4"/ddﬂﬂ/ddl/Al(m)Pl(m)DFzz(z»y)DO(I)DO(y)Q </ ddleF22(y,y1)A1(y1)>
F3mi A2 4n/dd /ddyDFQQ(x y)Do(2)Do(y <H/d xiDpoo(x, 2 Al(wl)>

+M/dd /ddprgg(x y)Do(z)2Do (y (/d x1 Do (x, 21) A1 (21 ) (/d Y1 Dr2a(y, yl)Al(yl))
(4.40)

In Eq.(4.40 ), we replaced Jy by O to subtract A; term from J,. We have shown the diagrams
for Eq.(4.40 ) in Fig.4.3.

Next we calculate the contribution from L ][O, Ay, p1] in Eq.(4.40 ). For simplicity, we
define the following function;

o _ . 5fe [p1,m]
[dAei-2] d%fddyAl(z)(D;h'(m)Al(y)}e(Li"t[OvAhﬂl]—Zf dd“fﬁl(l’)( ) ))
[ dAyets daf dym@ Oy (s}

Flpy,n] = . (4.41)

This function coressponds to the expression inside the logarithmic function in the last term

of Eq.(4.35). Note that the effect of [dzA;(x) (‘Sf;gl—[@)’m> removes the contribution from

one particle reducible graphs. We calculate F'[p;, n| up to the second order of the couplings,
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Al 1
A2
Ay v Ay p v Ay
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@] O [0} 19)
Ay P Al\}m Al\/Al / Al\((‘ﬁl
o N "N o 0 Xs Ao o M X e o
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O
¢ A
Ay P / >/ ? \
A3 Ao A

Figure 4.3: From the figure of the upper left to that of the lower right, each Feynman diagram
corresponds to each line of Eq.(4.40 ) from the top line to the bottom. The cross mark denotes
an insertion of the mass mixing term m?,. All the propagators are heavy scalars. This figure
was reproduced from Ref.[10].

then it is given as,

Flpi,n] ~ 1+ i)\g,ugn/dd:r (ﬁ/ddziDgz(x — x1)0($1)> D5y (z, )
—I—Z’/\gméu?"/d xpy(x (H/ddm,DgQ T —xz)> O(x9)Dpyq(x, 21)
+idgm>, 2" / d*apy () / dz, / Az D), (2, 21) DY (2 — 22)O(23) Dl (2, 1)
+i)\3m%2u2"/ddzp1(x)/dd:v1/ddnggQ@ —xl)Dgz)Q(a:,:@)O(:@)D}H(x,xl)
F2 [t [ atypom) DG —v)
/ a1 [ dpD (e — )DLy - 1)0(@)0(w:) Do) (1.42)

In the derivation of Eq.(4.42 ), we approximate the exact expression by expanding the result
2

with the small parameter ¢ = m—122 < 1. For the quadratic terms of the background field p,
2

we keep the terms suppressed up to the order of m3,ep?. For the quartic terms of p;, we keep

the terms suppressed by €?p7. Dg%(x, y) in Eq.(4.42 ) are obtained by solving the following
integral equation with iteration.

. A
Dpas(z,y) = Dg)2)2($ —y) — @/ddzDg)2)2(x - Z)_3

5 p1(2) Draa(z,y), (4.43)
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where the leading contribution D%)Q(:E — y) is given as follows,

dlk 1
DY (x—y) = / o e~ ik(@=y). (4.44)

274 m3 — k?

We need to find the first order correction and the second order correction to perform the
calculation. These corrections are obtained by solving Eq.(4.43 ), it is given by,

: Az
D&i§2<w, 9 =i [ Do - ) ZAED(: - v), (4.45
A3 A3
D) = = [tz [ dDB (e — L REDE(: — ) LR W)DE 1), (146

The same approximation is also used when we expand Dggg in Eq.(4.27 ) and Eq.(4.29 ). We
expand the propagator D/, (x,y) with respect to mj,. When p; is independent of the space
time, D'y, (x,y) up to the fourth power of my, is given as follows.

o (2m)d m? — k2 + 3\ 52
dk‘ —z'm4
+ / e ) L . 4.47
E R N SR W Y e e v Sl

We study the effective potential for the scalar and the bilinear in this paper. Therefore, we
consider the case of the field p; and the fermion bilinear of nn for the neutrino that do not
depend on the space time. To study the scalar loop effect on the neutrino Yukawa coupling,
it is sufficient to consider the space time independent mode of bilinear nn. We summarize
the tree level action and one loop contribution for the constant background fields.

Teglpr,n] = S[p1,0,0] + Ceg[p1, 0], (4.48)
[ Z, o1 212
S[ﬁl,0,0] - /ddx _—Hm%ﬁ%_ e ﬁlL
T2 1
r 2
+ /deT —2n (Z Zhihimf + 2Zh3h3mfm§ + Zh12h12mzll2>] y (449)
L =1
Ceglpr,n] = Teglpr, n]"* + Teg[pr, nlag™ + Teglpr, n]ar® + Tege[pr, n] ™", (4.50)
~ _mz Ao3 1 Aspt? ’
Loe(pr,n] = /ddx 012 ¢ 02, + Yoeomionopor — ——€2po —i——( eﬁS—yu”ﬁn> ;
ff ] 2 01 4 001 2m% 2 1
1 loo _ -3)\ 2n _ m2 _
Lo [51n] = / d'z %(F(n) + 1+ log dr —logma)e(yp"nnpr + —*p1)

3Ag Azt
+ 624—;5(—F(77) — 2 —log4m + log m%)e%ﬂ ) (4.52)
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= 1loop(Aq) [~ 3?1 o B
Lo 1] = / d'x [— S (D) + log d + 1 — log m3)e(yu"inpy + miyo)
Na 2™ (3N 2" 2 4 30\, 2152
+ 3,u2 { e < ) + 1+ logdn — log(m? + 3\ *p7) — 4log (W))
167 m3
3
+ T <I‘ + log 47 + 5 log m2> } eQﬁﬂ , (4.53)
2,2 2 2 2 52
S D e“mims . m7 + 3\ ppy
Toi[pn, n] T = / 32772( (7] + log 47 + 1 — logm3) + 39,2 log 2
mi I loo 4 3 1 2 2 9 mi 1 3 9
+ 64772 [n] + log 7T+§— og(m7 + 3A1p1p"") +647T2 Cln] + 0g47r+§—logm2
2 \16m2 % w3 3272 ) 1
3 p%m? 3 _
+ {3%21 L] + 5 + log 4m — log(m3 + 31 p1p®")
A3 p®1m3 ~
+ WQQ (T[] + 1 + log 4w — logmg) Vi

A2 2n 5
+ {256 5 (F[n] + log 4w —long)

N2 4 3
L (T + 5 +log dm — log(m? + 3Mp3u®) ) { ol
641 2
N 9N 21 o mi 4+ 3\p®py 3\ Az’ |+ log m? + 3\ p?"p? Nt o,y
32 m3 6472 2 25672 e

my
(4.54)

2
where we define the ¢y by % ['[n] is a gamma function that represents the divergence in
02

the dimensional regularization, it is defined by % — 7.



Chapter 5

The counter terms and the effective
potential

One loop contribution in Eqs.(4.52 )-(4.54 ) contains the divergent terms. We show that
the counter terms of S[py,0,0] in Eq.(4.49 ) and T¥%* in Eq.(4.51 ) are determined to cancel
the divergences. We replace the bare mass terms and the bare coupling constants with the
renormalized ones using the relations from Eqs.(2.4 )-(2.10 ). We also consider the fact that
the wave function renormalization for scalars from their one-loop diagrams does not exsist.
Since we do not consider the contribution of the fermion loop, we can set Z; = 1(i = 1,2).
m2m3 term does not contain divergence, so we can set Z;, = 1. The other counter terms are
generated by splitting the Z factors as follows,

Zyp = 14 (Z1p—1), (5.1)
Zy, = 14 (Zy, —1)(i=1,23) (5.2)
Zmiic = 1+ (Zpu — 1)1 =1,2), (5.3)
Zn = 14+ (Zn —D(i=1,2), Zn, =1+ (Zu, —1). (5.4)

Using these Z factors, the tree part of the effective action and the counter terms are obtained
as follows,

Seelp1,m] = S[p1,0,0] + Leg[pr, n]™ = Spi([py, n] + SE™ (1, n] + Sc[p1, n], (5.5)
4dim d Loy Ay miy Ap?" 24
Stree [:017 ] = dz —smipy — —p1+ _6,01 + yu ennp; — € P
2 4 2 4
2
+ / ddx,u*Q" [Z himi4 —+ 2h3mfm§ —+ hlgmle , (56)
=1
6di g |1 (e ’
Strelem[plv ] - /d T 2_7TL% ( 9 Eﬁl - y/jﬁﬁn) ’ (57)

27
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{(Z)\u -

28

1))\1 + Z)\12)‘2 —+ Z)\ls)\g},u n

Sc[ﬁl,n] =

1

o
4

o (Z(Zhi -

i=1

/ddl‘ |:<_ (Zmll — 1)m% + Zmnm% ﬁQ _

[Z)\31/\1 + Z>\32)‘2 + (Z>\33

2 1

—{(Zmzz = 1)} epi + ((Z12 — 1) —

1)hzmz4 + (Zh12 — 1)h12m4112)] .

)20 {(Z — 1) —

2 4
> pl)
{(Zma2 — 1)}) yp""ennpy

(Zmz = 1))} €y

(5.8)

We keep the suppressed terms such as ep? , €2p} and ennp; and ignore the terms with

2
the further suppression factor of —i.
m

2

Correspondingly, the counter terms with the same

suppression factor, such as Zm?l%z> are also ignored in Eq.(5.8 ). The Z factors in Eq.(5.8 )
2

are determined by full theory and its derivation is shown in appendix A. Substituting the Z
coefficient of Eqs.(A10 )-(A14 ), cancels all divergence of Eqs.(4.52 )-(4.54 ). As the results,
the tree level part and the one loop part of the effective action are given as,

e = Sim (5, n] + S py, ), (5.9)
S(i?fop = Feff[pla ]1 oo =+ Feff[pla ]A1 o + Feff[pl, ]Tan + SC[pl, ]7 (510)
Seff _ tree + SIOOP
3 m? + 3\ p2 1 (3 m3
_ 4 4 1 1 4 2
= /d X |:m1 { 6472 5 — IOg T -+ my hz -+ 6472 5 — IOg F
1 m2 €2 m? + 3\ ﬁ2
4 1—log 2 2m3m3 { h log ———~
+ m12{ 3972 ( og 2 + 2mims; § hg + 3972 0g 2
1( 3\ (3 m? + 3\ 7} A AR
N ml(“@(fbgT T LT ) A
2 2 =2 2 2
M |y 1 1-log—2) - 28 (2 _jpg 2
T { T2t T o T 2 ) g2 \a B2 )M
A 9\ (3 m? + 3107 1A m2 )
- 21 | o
1 { 1672 (2 T 6472 A\, P
A3 3o m3 Az (25 m3
— 221 2—-log— ) ——(—=—log—
1 { T Tom2 ( 02 ) T \16 0 e
3\ m? + 3\ p3 mi + 3\ p7 A, mi+3\p] 2 4
+ s (10 —L " +5log B e 6)\—3 lo % P

3\ — A m3 N Yoo
+ {1 + 62 (1 — log 2 yennpy + 8_7;26 P1— Wﬂmm + 7(”")2 )
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where we took the limit d — 4. With the VEV v, for p;, the effective potential is given as
follows,

2 2 /\ /\
Ver(v1) = Veosmo + m; off f mgeﬁ f + IH f + Zeﬂ 6211;1 — Yt NNV
)‘2 — N3 y: 2
_8m2 S — 2 (nn)v1 = _2m§ (nn)?, (5.12)

where the cosmological constant, the effective masses and couplings are defined as,

4 4 4 2 2
Veosmo =  —Niegmi™ — hoema™ — Rigegmia” — 2hzegmmy “ma”,

3\ (3 m? + 3\ v? Agm? m2
2 2 1 1 2 ma
Mett =110 (1 1672 (5 ~log p? - 32n2 1 —log wu? )’

(
(
3 2 4 3\ 02 3 2 A 5 2
me, . = mf2{1+ 11gm1+2 i 3h (1—logﬂ;)——3<——10g222)}7
(
(

1672 m3 1672 i 8m2 \ 4 ]

23
4 4 672 \2 BT 2 Gan2 N, 8

Ageff )\3 3)\2 m% )\3 25 m%
- 1 9 log 2} — 28 (22 5,2
1 1 { T 672 ( B2 ) Tam\16 %

Aleﬁ ﬁ {1 B 9)\1 (3 1 m% + 3)\11}%) 1 )\?)) ﬁ%}
p*f

3)\1 m% + 3)\17}% m% + 3)\1’(}% )\1 m% + 3)\1’0%
1 5log—————— — 6— log ——————— 5.17
* 1672 ( © 2 Tolog m3 A3 °8 m3 ’ (5.17)
3 m% + 3)\11)%
hiew = It o (5 — log — ) (5.18)
1 3 m2
howt = h — —log—2 |, 5.19
Zeff Ay (2 08 M2) (5.19)
62 m2 + 3)\1ﬁ2
haet = h log — L 5.20
3eff 3+ 3272 08 N2 ’ ( )
1 m3
hiser = hi2 + 392 1—log ) (5.21)
3)\2 — )\3 m%
off = 1+ —=(1—-1log—= . 5.22
Yett y ( T 1672 ( 08 12 (5.22)

The renormalization scale 1 independence of the effective mass, coupling constant and cosmo-
logical constant is discussed in the appendix A. We have shown that the following parameters
are scale independent.

dmf T d>\1 eff dv::osmo
—= =0 =0 —— =0. 5.23
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For the other parameters are scale dependent as follows,

d(m3y g€) m?

u# = m3ye0 g% ~ 0, (5.24)
dAze€?) (m%)

p Bt 20 (M) ~ o, (5.25)

dp m3

d(Yesre) (m%>

o =eyO | — | =0, (5.26)

dp m3

ES

If we consider the leading order of the expansion with respect to ~3. Egs.(5.24 )-(5.26 )

DO )

imply that they are approximately scale independent.



Chapter 6

Renormalization group improvement

In this section, we discuss the RG improvement of the effective potential of Egs.(5.12 )-
(5.22 ). The RG improved effective potential for the models with two scalars is studied in
Refs.[17, 18]. The RG improved effective potential with multi-scale is also studied in Ref.[19].

By setting the renormalization scale pu equal to the heavy scalar mass mo, the effective
couplings and masses obtained with Eqgs.(5.14 )-(5.18 ) include the large logarithmic correc-

tion proportional to log In this section, we study the resummation of this type of

m3
m%+3)\1v% .
logarithmic corrections. Their origin is the loop correction of the light scalar, whose virtual
momentum ranges from the heavy scalar mass msy down to the low energy, so the correction
can be calculated using the low-energy effective theory without the heavy scalar. One can
derive the low energy effective Lagrangian by integrating the tree-level contribution of the

heavy scalar in Eq.(4.27 ),

SLOW[ﬁl, TL] _ S[ﬁh 07 O] 4 Wc tree[p n}
1 m? A
= /dde‘ {éﬁuplc‘?”pl — 71p% 41 péll + h1m14 -+ h2m24 + 2h3m12m22 + h12m1112}
1
+3 [ dsdy0@) Drsale, 1)), (61)

where Dpos(x,y) has the following form of the low energy expansion,

11 Oo+2p2 (O, + 2022
D ) =-|—— 2 2 8z —vy). 6.2
r22(2,y) ; (m% mi + e (z —y) (6.2)
Keeping the terms up to the operators of dimension six, the effective action is given by,
. 1. m? AN . omi m2,
st [p1,n] = /d% {iauﬂlauﬂl - 701 - Z/ﬁ + 2%2 P+ y—nnm
A3 m
+h1m14 + h2m24 —+ 2h3m12m22 + h12m12 48u,018 pl — —3—4p411
2m 4 my
)\3P1 )\3171
y mi, Opy + miy(Opr + )?
. 6.3
+ o) — g () 4 T (63)
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Rewriting the action with e = ";—%22 and the rescaled field p) = V1 + €2p; gives,
2

_ 1. .., mi—emiy A+ (A3 — 22
Stvip,n] = / d'z {gaup’la"p’l R ( T L4 4 ey,
iy 1 AT, 3 2 07 )2 27
_Gyﬁn pl > EA3PY . yﬁn + (6 p;) ( pl) )\3—/ 3
2ms; 2 2ms; 2m3
—I—h1m14 + h2m24 + 2h3m12m22 + hlgmzﬁ}. (64)

Next we derive the effective potential containing one-loop effects of the light scalar and
improve it with the RG equation. Concerning d = 6 operators, we examine the one-loop
contribution to the renormalizable terms in the effective potential. As the result of this
estimation, we found that the contribution is suppressed by the higher powers of e and

Therefore we ignore these contributions and obtain the effective potential within the followmg
accuracy.

e Concerning higher dimensional (d = 6) terms, we calculate the contribution within the
tree-level approximation.

e Concerning the renormalizable part of the effective potential, the one-loop contributions
are contained.

By substituting the constant expectation value (1 + €?)v? into p;”? of Eq.(6.4 ), the effective
potential at the tree-level approximation is given by,

ree(Low m2 - m2 A 2)‘
Vetff (how) - — 17612@12 %7114 — eynnuy — h1m14 - h2m24
1 PV 2
—2h3m12m22 - hlgmlﬁ — W ( 32 LI yﬁn) . (65)
2

The total contribution which contains the one-loop corrections and its counter terms is given
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as follows,

VLow _ Vvetéee (Low) +vlloop (Low) +V0(L0w
- ()
- (520

)\3 9 )\1()\1 — )\3) 9 /\1()\3 — )\1) m% + 3)\11}% 2 4
1 — 1
{ + 872 )\3 + 872 )\3 08 /JJ2 “h

1 /3 m} + 3\ v}
_m%{hl " ar (5 s ( T 1))} e
h 1 m3 + 3\ v}
22 3 1 101
o {12+ L (1 (A )
h 1 m? 4+ 3\ v? 1 [ se 2
—?m] {—12 - log ( 1 1 — —— (=} —yan| . (6.6)
2 e 64n2 w? om3 \ 2 *

The derivation of Eq.(6.6 ) is shown in the appendix B. VHOOp (Low) and Ve‘éLOW) correspond
to Eq.(B1 ) and Eq.(B4 ), respectively. In order to obtain the effective potential Eq.(6.6 )
from Eq.(B7 ), we keep the terms such as m3vie®, mivie, v} and e?vf. Concerning the
cosmological constant terms, we keep the terms of the forms mje’, m%mﬂe and mi,e?. We
drop the other terms which have the extra suppression factors.

Next we compare the loop effect of the light scalar for the two effective potential in
Eq.(6.6 ) and Eq.(5.12 ). Note that the effective potential in Eq.(5.12 ) contains both heavy
and light scalar loop effect. In order to compare the loop effect of the light scalar, we set the
renormalization scale p equal to msy in both effective potentials. When we set © = ms, the
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effective potential in Eq.(5.12 ) becomes,

2
M

3)\1 3 )\3 mg 3)\1 m% + 3)\1'1)% 2
Vig = e A L 1
T { 16722 32r2m? | 1672 © m3 o
2 2 2
mis 5)\3 3)\2 3)\1 my + 3)\1’01 2
1 log ( ZAT 241
{ 3272 1672 | 1672 m2 “1
)\1 9)\1 3 9)\1 m% + 3)\11}% 4
e B 1
{ 16722 1672 0 m2 |

+§ |:1 i 6/\2 _ 25/\3 9)\1 (1 >\1) log (m% +3/\1U%):| 621)%

1672 6472872 \© A3 2

3)\2 - )\3 _ 4 1 3 m% + 3/\1?]%
Y AR — 2 log L T2
( + 1622 ) yennvy —my § by + 612 \ g 108 m2
3 1
_m% (hz + 12871'2> — mzllQ <h12 + 3271'2)

€ mi + 3\ vf 1 /A 1\
—2mims {hg + o log < 1 - ! 1) } ~ 5 (7361}? - ynn) . (6.7)
2 2

Comparing Eq.(6.7 ) and Eq.(6.6 ), we can find that the coefficients of all the logarithmic term
2 2
log %;\wl are identical to each other. This implies that the low-energy effective potential

2

of Eq.(6.6 ) properly includes the loop effect of the light scalar. Since the low-energy effective

potential can be improved by RG, we define the RG improved effective potential as,
V;Iﬁrrnproved _ ‘/eff . ‘/e[f,fow + ‘/elflfow RGimproved7 (68)

where we set the renormalization scale p equal to ms in Veg and VeI;fOW. The first two terms

Vege — VE on the right-hand side cancel the loop effect of the lighter scalar in Vog and Vv,

Note that this terms includes the loop effect of the heavy scalar. As shown in Eq.(6.8 ),

Velf}nproved, which properly contains the loop effect of the light and heavy scalars, can be

obtained by adding the effective potential improved by RG at low energy. The solutions of
RG equation at low-energy are given by,

/ Ny (mo)
/ 2 2 _ 1
)\1 ( ml + 3)\1@1) — 1 B 9)\’1(77’7,2) log mf+3>\1v% 9 (69)

2 2
167 ms

2
mp (\/m% - 3)\11)%) = my (ms) : (6.10)
’ 2 2
(1 — 5 log M )

- _ 1 m? + 3\ v?
h (\/ m% + 3)\17}%) = h(m2> - 6472 IOg : m% : 17 (611)

where m/, and X, are defined in Eq.(B2 ). h is introduced in Eq.(B4 ). The derivation of
Eqgs.(6.9 )-(6.11 ) is shown in appendix C. Using the solutions of RG equation of Eqs.(C6 )-

W=
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(C8 ), the RG improved effective potential at low energy is obtained as,

mi(my) <1 _ M) 2

VLOW RGimproved

1

2 | Pulma) m3 3 3272 !
( 1672 <m2+3>\1v%>>
1 miy(ms) L 3Mlma)\
5 91 (m2) m3 3 - 1672 Y1
(]' + 1672 lOg (m%+32)\10%>>

1 )\1(m2) 1_ 27)\1(m2)> 4

m m?2 2
4 1+ 9)\1167r22 IOg <m§+32)\1v%> 327

1 As(m2) | ulme) (1 _ M)) €2

JEERITERY CREYETY oy T G

—mj {h1(m2) +h (\/ m3 + 3/\17)%) — h(my) + #}
+2em2m?, {_hg(;ng) + 6417r2 +h (\/M) - B<m2)}
—?mi, {hmgnz) + h(mg) — h (\/ mi + 3)\11}%) }

1 [ Ase ?
_ 3 _
—eynnu, — 93 (—vf - ynn> . (6.12)

In this form, we are able to resum the leading logarithmic corrections. Note that the large
. . . . m2 . .
large logarithmic correction proportional to log s werdR the cosmological constant can be
1 1

interpreted as the running of the coefficient for the cosmological constant of the low energy
effective theory. By adding Eq.(6.12 ) to Vig — V2V we finally obtains the renormalization
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group improved effective potential as,

Vlmproved _ m% (mQ) )‘3 m% 1 - 9212(771'22) 2
2 3212 m m2 3
1 1 + 9)\1(m2) 10 2
1672 & m2+3X1v?
mb(ma) |5 B B 1 — 2
2 3272 ' 1672 ' 1672 0 (ma) 3 st
<1 + 1672 log (m%—&-S)\lv%))
A1(mz) 1 — X w
4 91 (M) m2 1
_1 + 1167r22 lOg <m%+32>\1v%>
i 91 (m2) M (m2)
Ldalma) | 6 253 9N ( A1> 1 (1- ) 2
— — - — €
4 1672 6472 82 A 9A (m ) 1(m2) m2 1
3 14 2l (1 ~ Rl )> log (m +32/\1U%>

: v
N (1 * %) yennvy —mj {hl(mz) +h ( m? + 3A1U1> 122 2}
—mi, {h12(m2) + 3217T2 + €2 (l_z (\/m% + 3)\1@1> h(msy) + 647?2 log (m1 —;l?;\wl>) }
—9m?m? {hg(mQ) 4 62; log (W)}

. 3 1 (X 5\’
—my | ho(ms) + o502 ) g2 \ g —van ) (6.13)
2

In Eq.(6.13 ), the large logarithmic correction to the cosmological constant terms which
are proportional to mf{, and m3m2, m3m?, remains. Concerning the cosmological constant
term which are proportional to m{,, the large logarithmic correction can be canceled by the
running of the coefficient for the cosmological constant of the low energy effective theory.
Using Eq.(6.11 ), we can show the relation,

! h 7 1 m? + 3}
i {h12<m2> i (h (\/m) = h(me) + & 10%( T 1))}

2

= —ml {hlg(mQ) + #} . (6.14)

Concerning the cosmological constant terms which are proportional to m2m3 and mjm3,,
these terms can be calculated as,

€2 m? + 3\1v? _ _ 1 m2 + 3\1v?
,2m1m2 {hg(mg) + 64n2 log ( 1 — 1 ) } + 2em1m12 {h (\/m% + 3)\11)%) — h(mz) + 62 log ( 1 — 1 )}

2 2

1 _ _
= —2m?mise {:th,(mg) + h(m2) —h (, /m? + 3A1v§) } . (6.15)
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In this calculation, we write mim3 as tmimj,. Using Eqgs.(6.14 )-(6.15 ), we rewrite the

renormalization improved effective potential of Eq.(6.13 ) as

Improved
Vg
A1(m
_mdma) | damd 1 .,
2 3212 m? . o T| U
1 (1 + 9)\116(71'22) log (m%+32xlv?>>
_m%2(m2) - s + 3 + 321 + - % ev?
2 32 167 167 91 (m2) m2 % !
(1 + oz 108 (m1+3)\1v ))
wimy) [ 1o
4 11 ulma) 1o m2 1
i 1672 08  mraa?

[ 91 (ma2) A1(m2)
+A3(m2) 6)\2 - 25)\3 9/\1 < _ )\1) L= éﬂ‘22 <1 — % mz )
A 91 (m2) A1 (ma2)
3 1+ =52 (1 Ai(mi)) log ( 2+3A1U1>

4 1672 6472 - 2
o —As\ 3 .
- (1 ’ mT) yenvy = my {hl(mz) + Toggz ~ Hma) <V it 3“%) }
1

1 . . IO ?
—2m2m?,e {€—2h3(m2) + h(mg) — h ( m? + 3)\11)%> } ~ 5 ( Zevd — ynn) . (6.16)

2

This is the final formula of the RG improved effective potential.

Uy



Chapter 7

Numerical analysis

In this section, we study the RG improved effective potential and the VEV of the light scalar
by numerical analysis.

7.1 The VEV of the light scalar

To explain how VEV depends on heavy scalar mass, we study the stationary condition of the
effective potential,

Improved
Ve

9o, 0 (7.1)

When we keep the leading logarithmic correction and the correction proportional to the mass
squared of the heavy scalar, the solution of stationary condition is given as,

(%] Agm% 1 9)\1 m% + 3)\1’[)%
o 327m2m?2 + 2 2\ 3 L= 1672 log m3 ’
10 b o (i) | ’

1672 m3

| 2
m
V10 — —)\—11, (72)

where vy corresponds to the solution of the level effective potential. The other corrections
suppresed by € to the power of n(n = 1,2...) are ignored. In Fig.7.1, the ratio S in Eq.(7.2)

is plotted as the function of the heavy scalar mass msy. The parameters are fixed as m? =
—(100)?(GeV)? and A\; = A3 = 1. This corresponds to v19 = 100 (GeV). As the heavy scalar
mass increases, the correction to VEV increases. By requiring the VEV does not exceed 120
% compared to its tree level value, the upper limit for the heavy scalar mass is about 1000
(GeV). In the region where the heavy scalar mass is larger than 500 (GeV), the condition
m3 > |m?|, m3, is easily fulfilled.

38
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500 1000 1500 2000 2500 3000

ms(GeV)

Figure 7.1: The VEV’s ratio - in Eq.(7.2 ) is plotted as the function of the heavy scalar

mass ms. The dashed line corresponds to ’Z)TIO =1.2.

Next we study how the upper limit for the heavy scalar mass changes by varying the
coupling constant A3. In Fig.7.2, the ratio ;}TIO for A3 = 1,0.1,0.01 is shown. For the same
reason as in the Fig.7.1, the ratio for the region my > 500 GeV is drawn. By requiring the
VEV does not exceed 120 % compared to its tree level value, the upper limit for the heavy
scalar mass is determined for a fixed value of A3. The upper limit for the heavy scalar mass
are shown in Table7.1. In Fig.7.3, it is plotted as the function of the coupling A3. It turns

out that it increases as A3 decreases.

: : ; L my(GeV)
2000 4000 OO0 8000

Figure 7.2: The VEV’s ratios ;]Tl() for A3 = 1,0.1,0.01 are plotted as the function of the heavy

scalar mass my. In this figure, we fixed m? = —(100)?(GeV)?. The dashed line corresponds
to 2L =1.2.

V10
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A3 1 [ 01 ]o0.01
my (GeV) | 1000 | 2500 | 6000

Table 7.1: The upper limits for the heavy scalar mass with the different As.

mo(GeV)

15000

10000

b L

Figure 7.3: The heavy scalar mass is plotted as the function of the coupling A3. In this figure,
we fixed m? = —(100)?(GeV)?. The dashed line corresponds to my = 500 (GeV).

7.2 The RG improved effective potential

In this subsection, we show the RG improved effective potential as a function of the VEV of
the light scalar numerically. There are two possibilities for the mass hierarchy that satisfies
Eq.(4.1 ) as follows,

() my > —[mal* > mi, >0, (i) my > —[m|* ~mi, >0,

In order to estimate the effect of the difference of mass hierarchies, we show the effective
potential with my, varied. In the following effective potential, we fixed m? = —100 (GeV)?
and mo = 1000 GeV. In Fig.7.4, we show the effective potential with ms = 10 GeV, 50
GeV and 100 GeV, respectively. The height of the effective potential with a fixed value of
the VEV decreases as m?, increases. For the small my, which satisfies the condition (1), the
change of the height is small. However, for the larger ms which satisfies the condition (2),
the change is visible as drawn with the blue colored line in Fig7.4. We can also see that v,
which gives the minimum of the potential is about 120 GeV and it does not depend on the
value of mqs.

In Fig.7.5, we show the effective potential with two different values for msy. The left panel
of Fig.7.5 corresponds to my = 1000 GeV and the right panel corresponds to ms = 3000
GeV. The VEV which gives the minimum of the potential for the latter case is twice larger
than that of the former case. This is consistent with the result of subsection 7.1, where the
VEV of the light scalar is shown to be an increasing function with respect to ms. The height
of the potential at the fixed value of VEV goes down significantly as ms becomes larger.
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4
Verr (GeV)* Veit (GeV)
» -9.8220x10"1
-9812x10"'"
-9.814x 1011 | -9.8225x10""
) » — my=10 (GeV) *
-9816x10"" [
: - . — my2=50 (GeV) -9.8230x 10"
—ga18x10M |
—9820x 1011} — miz=100(GeV) g oas 4ot
_ MnE
ez ~9.8240x 1071 \
7] (GeV)
50 100 150 200

Figure 7.4: In the left panel, the RG improved effective potential on the VEV of the light
scalar are shown. We fixed my = 1000 GeV and m? = —(100)? (GeV)?. Concerning mi,
we show the three case, 10 GeV, 50 GeV, 100 GeV. Concerning the couplings, we fixed
A1 = Ay = A3 = 1. Concerning the cosmological constant, we choose hj(msg) = ha(ms) =
hs(mgy) = hia(mso) = 1 for simplicity. In the right panel, we focus on the region v; is from 0
to 200 GeV. The paramaters are fixed the same value to the left panel.

mz=1000 (GeV) mz=3000 (GeV)
4
Ver (GeV) Verr (GeV)*
-9.8230x 10" |
12 [

-g9.8232x10"" | —8.10124 %10

-98234x 10" [ _210125x10"3

-98236x10" |

-3.10126x 10"

-98238x 10" [ .
-810127 x 10" |
—g98240x 10" | )
F ; ; : - vy (GeV) :

50 100 150 200 50 100 150 200 250 3200

vy (GeV)

Figure 7.5: The RG improved effective potential with different ms is plotted as the function of
the VEV. m? is fixed —(100)? (GeV)?. Concerning the couplings, we fixed \; = Ay = A\3 = 1.
Concerning the cosmological constant, we choose hi(ms) = ha(ms) = hz(ma) = hia(msg) =1
for simplicity.
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7.3 The estimation of the effective Yukawa coupling of
the neutrino

In the present model, even if the Yukawa coupling between the neutrino and the second
scalar denoted as y is O(1), the effective Yukawa coupling between the neutrnino and the
light scalar denoted as ye is naturally suppressed by a factor of ¢ = ”;—%5 Conversely, the
order of the effective Yukawa coupling of the neutrino can be used to limit the ratio, e. We
consider the case where the effective Yukawa coupling (ye) is the order of 1071 and the

Yukawa coupling (y) is unity. We show the three sets of the parameters (ms, m2) which
lead to ye = € = 1071% in Table.7.2

my 1500 (GeV) | 1 (TeV) | 10 (TeV)
mia | 5 (MeV) | 10 (MeV) | 100 (MeV)

Table 7.2: The sets of the parameters (my, mis) which leads to € = 1071? is shown.



Chapter 8

Summary and discussion

In this work, we studied a model with the light scalar and the heavy scalar. In the model, the
Yukawa interaction between the neutrino and the heavy scalar is introdued. The cosmological
constant terms are added. They are related to the mass parameters in the model. By
integrating both light and heavy scalars out, we derived the low-energy effective potential.
The effective potential is given as the function of the VEV of the light scalar. This is achieved
by introducing the generating function with the source only for the light scalar. In this way,
the one particle irreducibility for the light scalar is maintained, and the diagrams in which
the heavy scalar is exchanged are included.

It turns out that the effective potential is independent of the renormalization scale ap-
proximately. We set the renormalization scale equal to the mass of the heavy scalar. With
this choice of the renormalization scale, the large logarithmic corrections come from the loop
effect of the light scalar. We resum the large logarithmic corrections with the RG equation.

The effective Yukawa coupling Y. between the light scalar and the neutrino, was found
to be inversely proportional to the mass squared of the heavy scalar as Y,q = yeﬁmm—%f and
is naturally suppressed. The dimension six operators such as the six-point interactién for
the light scalar and the four-Fermi interaction for the neutrino are also generated in the tree
level. As for the light scalar mass, one finds the large radiative correction proportional to the
heavy scalar mass squared. The cosmological constant also suffers from the large contribution
proportional to the fourth power of the heavy scalar mass. Concerning the renormalizable
coupling such as the quartic interaction of the light scalar, the contribution suppressed by
a factor of €2 is contained. This implies the effective coupling constants and masses of the
low-energy effective potential are sensitive to the couplings and the mass which are related
to the heavy scalar.

We also numerically study the effect of the heavy scalar on VEV using the stationary
condition of the RG improved effective potential. The VEV depends on the heavy scalar
mass and we can set the upper limit of the heavy scalar mass by requiring that the radiative
correction to the VEV should be limited within a certain range. Combined with the sup-
pression factor of the Yukawa coupling for the neutrino, one can also obtain the limit for the
mixing mass. Those limits increase as the coupling constant among the light and the heavy
scalars becomes small. We also numerically study how the shape and the height of potential
vary by changing the heavy scalar mass and the mixing mass. The height of the effective
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potential depends on the heavy scalar mass and the mixing mass. This is because the RG
improved effective potential contains the term proportional to mj and m}, with the negative
sign. As the result, the height of the potential decreases as my (m3) increases.
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Appendix A

The counter terms for the full theory

In this appendix, we derive the counter terms for the full theory. We also derive the RG
equation and study the renormalization point independence of the effective masses and cou-
plings. Since there is no wave function renormalization from one-loop contribution of scalar
fields, it is sufficient to study the counter terms for the effective potential. The Lagrangian
density for the full theory in terms of the bare masses, couplings and fields is given by

2 2 2
1 1
- 73 (Z poildpoi + Z P(Q)zm%z + ) (Z péi/\i + P(z)lp?)z)\oz’»))
=1 =1 =1

—(yoTiono + mgyapo01) poz + floi Do + 1= Zy, hami + u®* Zy,hams + p*=* Zy,, hiams,.
(A1)

It in terms of the renormalized quantities can be written as follows,

3 /2
= -5 <Z Zipilp; + Z P; Zryiys + % ; (Z pi Zxih + P%ﬂ%ZAsf)\]))

7,j=1 i=1
—(Zyyp"nn + ZyomPypr)pa + i InZy + pt Zy hami + pt T Zyhom + pt T 2y, hgms.
(A2)

The counter terms are given by,

2
1
— _5 Z - 1 pszz - 5 Z pz HllJ 51]) ((Z — ]_)y,u nn + (212 — 1)m12p1)p

zgl

2n 3 2
4 Z (Z pi (Znin = S r + p1p5(Zaar — 531))\1>

I=1 i=1

+in ﬁn(Zn - 1) - Md74<Zh1 - 1)h1mil - /Ld74<Zh2 - 1)h2m§ - :ud74<Zh12 - 1)h12m‘112‘

=
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The one-loop effective potential is computed as,

y/lloop —’i; log det ﬂ +V
eff 2Vd-1 5Pi($)5pj(y) pi=vip~ " C
1 [ dik ) 2 A3 o) g2 (2 2 22) 2
_ ! / W log[(ml + <3>\le + ?UZ) —k ms + | 305 + 301 —k
_(m%Q + Uva)\g)Q] + Ve (Ag)

where V, is the counter tems for effective potential and it is given by,

p

V. = 5 {(Znir — 1)m?2 + Zpioma vt + {(Zmaa — 1)mi + Zppormi s + 2(Z1p — 1)miyviv,
b (Zn1 — DA -l—f,\m)\g + 233 Vi 4 ZynA + (Z,\224— DAz + ZxasAs vl
b Zx31A1 + Z,\32)\fl+ (Zxss — 1) A3 2 + (2, — Dyino,
—w P {(Z, — Vhamy + (Zny, — 1) homy + (Zy, — 1)haami,y} (A4)

The one-loop effective potential can be written as follows by expanding the logarithmic terms
up to (m2y + v1veA3)%.

v 1 [ d% A3 A3
Voo 5 / 2 {bg(mg + 3\t + vy — k%) + log(my + 3Xgv; + vy — k2)}
1 / d'k (miy + vivads)? LV
2 ) (2m)%i (m3 + 30} + 203 — k2)(m3 + 3ho0d + 02 —k2)
(A5)

This contribution can be calculated by using the following general d-dimentional integration
formulas and Feynman parameters formula,

dik 2 Loy _F[—g] ey
[ gt =42 - g )
dk 1 _ Tle—g 1
| e = i (A6)
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We collect only the one-loop divergence parts and the counter terms as follows,

1loop div
Verr + Ve

— _g;\;{m‘ll+m;‘+2m‘f2} — % ( mi\; +m3 2 ) v?
_BC;U\; (3 2)\2 +m] ; ) v% %U\;mlz)\gvlvg
;ETV { <9)\2 /f) vh (9)\3 + )\Zg) vy + 3(A1L 4+ A2) Asvivd + 2)@1}%@%}
+M_22n [{(Zmn — 1)mi + Zunams 3ot + {(Zimaz — 1)mi + Zpami}vg + 2(Z12 — 1)miyoi09
+M_277 (Zxn — 1N +42>\12)\2 + 233 v4 n M_gn Zxo1 A1+ (ZA224— DAs + ZyosAs vg
2 on ZA31A1 + Z)\32)\Z:+ (Zxzz — 1)A3 22 + (2, — 1)yanuy
P (Zny — V)hamit + (Zyy — Dhamy + (Zni, — Dhaamiy}, (A7)

where the divergence Cyy is defined by,
Cuv = % — v + log4m. (A8)
We require that the counter terms eliminate all the divergences as,
v, = ‘/e}cfloopdlv (A9)

This condition can determine the Z factors of the counter terms as follows,

3Cuv

Zpmi = 1+ F/\i; Zm12 = Zma = 30,278 (A10)
Cuv Cuv
le = 1 —|— 16 2)\3 Z)\u - 1 + 16 29)\ (All)
Cuv Cuv Cuv

Lz = @)\3, Lrzi = T6m —533, =1+ W%, (A12)

Z, = 1, Zus=Zm =0, (A13)

(Zi = Dhi = S0y — Dy = oY (A14)

' ’ 6472’ 2 3272’

where ¢ = 1,2. This completes the derivation of the Z factors in the counter terms for the
full theory.

Next we derive the RG equations for the parameters of theory and study the renormaliza-
tion point independence of their parameters. The RG equations for the coupling constants
can be derived as,

d)\ 1
d\; 1
= = 1,2). Al
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The RG equations for the mass parameters is given by,

dm? 3 1

d—,ul = 3 2)\1m%+ﬁ)\3m§, (Al?)
dm}3 ) 1 )

Tl R Tt (A18)
de )\3

The coefficients of the cosmological constants satisfy the following RG equations,

dh -1 /1
dh -1 /1

Md_; = 162 (5 + 12509 + 2)\3h3) s (A21)
dhs -1

B = T Ol ha) 60 + A)hs). (A22)
dh 1

[ d/f =~ D). (A23)

Using the RG equations of Eqgs.(A15 )-(A23 ), we can examine the independence of the
renormalization points of the effective masses and the effective coupling constants in one
loop effective potential of the Eq.(5.12 ). The independence of the renormalization points of
the these parameters of Eqs.(5.14 )-(5.17 ) and Eq.(5.22 ) are given by,
dm%eﬁ 23)\1 2 )\3 23)\1 )\3771%
dp Migm Ty ~Mgn T g T
Md(mfzeﬂe) m_% )\3 3)\2 3)\2 /\3 )\3 m% _ /\3771%26 ﬁi ’ (A25)
du m3 1672

my

(A24)

472 8m?2  8w2  4w? 1672 mi

AN\ off 9N2 A2 I\ 1 A3
_ 7 A 4 -2 SL_9 A26
M 872 32m2 M\ 82 32nE ’ (A26)
ud<>\3eﬁ€2) . 62 {)\3(2/\3 + 3)\2 + 3/\1 + 3)\2 - 4/\3 - 3)\1 + 2/\3 - 6)\2) } . )\362 ﬁ
dp 82 8m2 m3
Aze? [(m3
= T8 <E ’ (A27)
d(Yefr€) 3ha — A3+ A3 — 3\ €yAs m? Azye [(m?
_ _ -1 _ _ —1 A2
a du v 82 1672 m3 1672 \ m3 (A28)

2
By ignoring the sub-reading correction O(%), we can find that all effective masses and
2

couplings do not depend on the renormalization point. The remaining dependency is due
to the truncation of these suppressed contributions in deriving the effective potential. The
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cosmological constants of Eq.(5.13) is written as follows,

mj m3 mi (3 m? + 3\ v?
V;:osmo = — 12 1-1 2 L — —1 1 1
o (1w ) = iy (5 - o (S

The renormalization point independence of Vg, is explicitly shown as,

d‘/cosmo 2)\3h/ 1
e T 167r23 (m +m3) — 2(hy + hy) Q—W/\Sm%

(Ag(hl + hg))m%mg — hg—

+167r2
= 0.

3 2
_ (— — log @) — hlmil — thg — hlgm‘fz — 2h3m%m§.
0
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(A29)

(A30)



Appendix B

Derivation of Vellgfow in Eq.(6.6 )

In this appendix, we show the outline of the derivation of Eq.(6.6 ). In Eq.(6.6 ), Velfflmp is
given by,

1loop(Low) 1 ddk 2 ’,.2 2
Vet - 35 ng(ml + 3A\vy — k7)
— (my 64%21”1) (CUV + 3 log(m/? + 3)\’11)%)) , (B1)

where the divergence Cyy is given by Eq.(A8 ). The coupling constant and the mass are
defined as,

mE =m? —em?,, N =X+ — ). (B2)

If only the divergent parts is extracted from the Eq.(B1 ), it is derived as,

Vl loop(Low) - (m/12 + 3>\/1U%)2
eff div. 6472 v

_ (m2 —em?2,)? + 6(m? — em?2,)( A\ + €2(A3 — A\1))vi + 9\ + 2( N3 — Al))Qvf‘CUV

6472
(B3)

The counter term in order to subtract this divergence is given by,

c{ LOW 1 — )\/ — — 7

Vi ™ = Sy = D) md = emby)p M0+ T2y = Dol = (Zy = D h(m] — em3,)”
(B4)

where the Z factors are determined so that the counter terms satisfy VA ) = — ylooptow)
div.

3N Cuy 9Cuv
- 1
(Zn — Dh = T i Cuyvy. (B6)
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By adding the counter terms to the tree and one-loop contribution, we can obtain the finite
effective potential as,

‘/etéee(Low) + ‘/GIﬂEOOP(LOW) + ‘/ei;gLow)
1 6)\31}13 2
= —h1m14 — h2m24 - 2h3m12m22 - h12m4 - < - yﬁn
2 om2 2
2 _ 2 A 2)\
i 26m12 v;? . +4€ 31114 — eynnuy
+(m% —emiy + 3(A1 + (A3 — \1))vi)? o m2 —em?2, + 3(A\ + €2(A3 — \p))v? 3
6472 12 2/

(B7)
We keep the terms such as miv?e?, mi,vie , v} and v} to get the final form of the effective

potential Eq.(6.6 ) from Eq.(B7 ). Concerning the cosmological constant terms, we keep the
terms of the forms mfe®, m¥m?2,e and mi,e®.



Appendix C

RG equation and its solutions for low
energy effective theory

In this appendix, we study the RG equations for the coupling, mass, and cosmological con-
stant of the low-energy effective action in Eq.(6.4 ). We also derive the solutions for these
equations in the leading logarithmic approximation. At low-energy effective theory, the rela-
tions between the renormalized quantities and the bare ones are given as,

No = ZyNip™, miy = Zoym?,  homiy = Zyhmi'p=". (C1)

where Z factors are given by,

9Cuyv |, 3N Cuy . Cuv
Zy =14+ ——=2A Ly =1 Z; —1)h = — . C2
™ + 1672 15 mj + 1672 ( h ) 6472 ( )
Using the relations of Egs.(C1 )-(C2 ), we can derive the RG equations as,
dX\i(p) INE
dl,b 8772 - Y (03)
dm () 20\ 3AL
_ Z1_9 C4
= (1)
dh(p) =~ 1
dp 3272 (C3)

By solving the RG equations, we obtain the RG improved couplings and masses, cosmological
constants as,

)
(o) = - , (C6)
1+ 91\6%7(5) log Z—g
12
M) = —— (1)
9IN ( 3
(1 + 16#’5) log &5 )
_ - 1 e
h(po) = D(p) = s log M—S (C8)
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