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Chapter 1

Introduction and Purpose

1.1 Extended Spatially Completely Anisotropic
Triangular Lattice

Electron systems on triangular lattices have been extensively researched be-
cause they exhibit interesting phenomena, such as quantum spin liquids,
magnetic plateaus, and spiral magnetic structures [1-3]. They originate from
the geometrical frustration of the spin alignment. The frustration is maxi-
mum when the magnitudes of antiferromagnetic exchange interactions on the
bonds are all equal, and the spatial anisotropy of the antiferromagnetic ex-
change interactions reduces the geometrical frustration. However, the effect
of spatial anisotropy can be significant when real compounds are examined.
Some compounds contain spatially anisotropic triangular lattices that con-
sist of two types of triangles of the bonds. These lattices are called extended
spatially completely anisotropic triangular lattice (ESCATL). The localized
spin model on the ESCATL has six kinds of exchange interactions with the
coupling constants J; and J; as shown in Fig. 1.1, whereas the itinerant elec-
tron model on the ESCATL has six kinds of transfer integrals ¢; and ¢, as
shown in Fig. 1.2, where [=1, 2, and 3.

When we consider special cases, the ESCATL is reduced to some frus-
trated lattices. For example, when J; = J] for all [ and J, = J3, it reduces
to the spatially anisotropic triangular lattice (SATL) [2,4-9]. The SATL has
been studied as the lattice that is composed of m-electron systems in
B-Mey—, Et, X[Pd(dmit)s]s (X = P, Cs, N, Sb, and As) and x-(BEDT-
TTF)yCu(CN)s, where dimt and BEDT-TTF stand for 1,3-dithiol-2-thione-
4,5-dithiolate and bis(ethylenedithio)tetrathiafulvalene. Hereafter, we abbre-
viate 8-Mey_, Et, X[Pd(dmit)s]s and x-(BEDT-TTF),Cu(CN)3 as X-n and
k-ET, respectively. In x-ET, it has been suggested from the experimen-



Figure 1.1: Extended spatially completely anisotropic triangular lattice and
definition of exchange coupling constants.

Figure 1.2: Definitions of the transfer integrals on the ESCATL.



tal results of susceptibility and nuclear magnetic resonance (NMR) that the
ground state is quantum spin liquid [10]. The SATL has also been studied
in the spin system of Cs;CuBry and CsyCuCly. In the compound Cs,CuBry,
a magnetization plateau was observed in the magnetization process [11,12].

When J; = J] for all [, it is reduced to the spatially completely anisotropic
triangular lattice (SCATL) [4]. Hauke examined it for X-n (X= P, Cs, N,
Sb and As) and showed that the ground states of As-2 and Sb-0 are the
Néel-(m, m) states shown in Fig. 1.3(a) [4].

When J§ = 0, the ESCATL reduces to the trellis lattice [13]. The trellis
lattice is contained the compounds SrCusO3, NaV,05, and Ag, V.05 [14-16].
When J, = J; = J; = 0, the ESCATL reduces to the honeycomb lat-
tice [17]. The honeycomb lattice is contained the compounds InCus/3V1 /303
and Nag T5SbOg (1" = Cu, Ni, and Co) [18]. Compared to these lattices, the
ESCATL has the unique feature of the imbalance of the spatial anisotropies
in two types of triangles.

In this thesis, we introduce the itinerant electron model on the ESCATL
to examine the compound A-(BETS), XCly (X=Fe, Ga, Fe,Ga;_,), where
BETS stands for bis(ethylenedithio)tetraselenafulvalene. Hereinafter, we ab-
breviate A\-(BETS), X Cly as A-X. We extend the knowledge of the ESCATL
antiferromagnets and examine the magnetic structure of the \-X system.
The ESCATL in m-electron system corresponds to each BETS molecule as
shown in Fig. 1.2. The A-Fe system exhibits an antiferromagnetic long-range
order (AF LRO) [19,20]. In the A\-Fe system, as the temperature decreases,
the magnetization m of the itinerant m-electrons saturate first, and the 3d-
spins follow a constant exchange field created by the 7 electrons [21,22]. We
consider a realistic situation in which the spiral state is suppressed [4]. We
assume the Néel and up-up-down-down (uudd) phases defined in Fig. 1.3
and 1.4 as collinear spin structures [28]. In this thesis, we examine the mag-
netic structure of ESCATL antiferromagnets in the ground state within a
mean-field approximation. In particular, we reveal the effect of the imbal-
ance of the spatial anisotropies in two types of triangles. We define the
parameter 7, that represents the imbalance of spatial anisotropies as

I ta/ta — 15/t
imb — t3/t2

(1.1)

because t; = t] is satisfied in the A\-Fe system [23].

The organic compound A-(BEDT-STF), X Cl, (X=Fe,Ga) [24,25], where
BEDT-STF stands for bis(ethylenedithio)diselenadithiafulvalene, is a mate-
rial in which Se atoms of BETS molecules are replaced with S atoms. This
replacement is effectively a negative pressure applied to the \-X system. In
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(c) Néel-(0, ) state.

Figure 1.3: Magnetic structures which is examined. (a) Néel-(m, ) state

Néel-(m, 0) state,



(b)
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Figure 1.4: Magnetic structures which are examined. (a) uudd-2 state and
(b) uudd-2’ state.

the A-(BEDT-STF);FeCly system, the metal-insulator transition accompa-
nied by the paramagnetic-antiferromagnetic transition has been observed at
Tn = 16 K [26,27]. In organic compound A-Dy A, where D and A represent
a doner and an anion, respectively, the dimerized doners form the ESCATL.
We examine wide ranges of parameters so that we can consider compounds
that have not yet been discovered.

For the localized spin model on the ESCATL, the classical phase diagram
includes five different collinear antiferromagnetic phases and spiral phase [28].
It was shown that the imblance of the spatial anisotropies, which are param-
eterized by J5/Jy and Ji/J}, stabilizes the uudd phase shown in Fig. 1.4(a)
and (b).

A uudd phase has been studied in several materials [29-34]. It has been
suggested that in the solid He the ground state is the uudd state [29].
Roger examined the magnetism of *He by a two-parameter model based
on three-spin exchange and planar four-spin exchange [30]. In the insu-
lating perovskite HoMnOj3, which is a frustrated spin system having ferro-
magnetic nearest-neighbor and antefferomagnetic next-nearest-neighbor in-
teractions within a MnQO,, the uudd phase has been experimentally sug-
gested [31,32]. Kaplan proposed a possible mechanism for this state by the
frustrated classical Heisenberg model in one dimension with nearest-neighbor
biquadratic exchange [33]. Zou et al. found the uudd structure in the spinel
conpound GeCuyOy4 by the effective classical spin Hamiltonian containing
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nearest-neighbor biquadratic exchange interaction [34].

1.2 Organic Compound - (BETS),FeCly

In the compound A-(BETS),FeCly, the BETS layers and FeCl, anion layers
are stacked alternately, and the BETS layers and FeCly anion layers have 7
electrons and 3d spins, respectively. The A-Fe system is highly conductive
in the direction parallel to the ac plane, whereas it has low conductivity in
the b-axis direction because the electron transfer is blocked by the anion
layer. The crystal system is triclinic and the space group in paramagnetic
phase is P1 [35]. The cell parameters are a = 16.164 A, b = 18.538 A, and
c=6.593 A, a = 98.40°, 8 = 96.67°, and v = 112.52°.

The A-Fe system has interesting properties that originate from two kinds
of magnetic degrees of freedom: conduction m-electrons and localized 3d
spins [36]. In this system, the metal—insulator phase transition accompa-
nied by the paramagnetic—antiferromagnetic transition has been observed at
Tx ~ 8.3 K [19,20]. Akiba et al. fitted the specific heat data with the curve
for the six-level Schottky-type specific heat and found that as the tempera-
ture decreases, the magnetization of the 7 electrons saturates first, and the
3d spins follow a constant exchange field created by the 7 electrons [21,22].
However, in the pure two-dimensional m-electron system, which is realized
in the A-Ga system [37-39], the AF LRO has not been observed. One of
the reason for the behavior is low-dimensionality of the system [40]. This
implies that 3d spins are indispensable for the stabilization of the AF LRO
of m-electrons in the A-Fe system. Shimahara and Ito revealed that the AF
LRO of m-electrons in the A-Fe system is stablized by the magnetic anisotropy
and/or three-dimensionality introduced by the 3d spins [41].

The total entropy of the A-Fe system is obtained from the experimental
result of the specific heat [21]. The total entropy at high temperature above
Ty is equal to RIn 6, which is consumed as the temperature decreases.

In the A-Fe system, the easy magnetization axis is tilted about 30° from
the c-axis to the b*-axis [22,42,43]. When a magnetic field is parallel to the
easy magnetization axis, a spin-flop transition is observed approximately at
1.2 T [42-44].

There are various theoretical studies on the A-Fe system [45-47]. In the
spin-wave theory, the value of Ty and the behavior of the sublattice mag-
netizations of small spin and large spin as functions of the temperature T'
are derived [45]. The results agree with the observations in the A-Fe. From
the free energy function model, the sharp peak of specific heat around Ty is
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a phenomenon unique to coupled magnetic systems in which Ty < J; [46].
This condition is not satisfied in conventional antiferromagnets. The above
results give a physical explanation for the intriguing behaviors observed in
the A\-Fe system. Shimahara expanded the scaling theory of critical phenom-
ena to a coupled magnetic system consisting of two subsystems and derived
an extended relation for critical exponents [47]. He applied this theory to the
A-Fe system and derived the critical exponents, which are « = 3/4, = 1/8,
v=1,6=9,¢% =1/5and v = 5/8. The value of « is close to the experi-
mental result a = 0.77.

In the classical Heisenberg model, the magnetic structure of the A-Fe
system has been examined at 7" = 0 [28]. The spiral state has the lowest
energy for the candidate parameter values for the A-Fe system [23]. However,
the spiral state could be suppressed by quantum fluctuations and anisotropy
introduced by 3d spins, which are not included in the classical Heisenberg
model because the experimental results suggest that the ground state of the
A-Fe system is a collinear with two sublattices [19, 21,22, 39,42, 43, 48-50].
If the spiral state is suppressed, the Néel-(7, ) state has the lowest energy.
The uudd-2 state has the second-lowest energy, which is slightly greater than
that of the Néel-(7, ) state [28]. Because the candidate parameter values are
obtained in a simplified model [23], they contain errors. Hence, the magnetic
structure of the A\-Fe system in the ground state is likely the Néel-(m, 7) or
uudd-2 state.

The localized spin model is an effective model for the A-Fe system in
the insulating phase. However, it does not take into account the itinerant
features of the m-electrons. The A-Fe system is in the vicinity of the quantum
critical point (U ~ U.) [51], and such a situation cannot be reproduced in
the localized spin model, where U and U, are the on-site Coulomb energy
and the critical value of U between the antiferromagnetic and paramagnetic
phases, respectively. Therefore, we examine the Hubbard model [52] on the
ESCATL and apply it to the m-electron system in the A-Fe system. The a-
and c-axes of the A-Fe system correspond to the 1- and 1’- bonds and 2- and
2'- bonds in Fig. 1.5, respectively.

There are several studies of the magnetic structure of the A-Fe system in
the itinerant electron model [20,44,53,54]. Hotta and Fukuyama examined
the effect of the 3d-spins on the 7 electron system considering the magnetic
structure inside the dimer and obtained a unified phase diagram within the
mean-field approximation [53]. Brossard et al. examined the magnetic struc-
ture of the 3d-spin system [20], where they assumed the antiferromagnetic
transition induced by an Ruderman-Kittel-Kasuya-Yosida (RKKY) interac-
tion [55-57], which is the interaction between 3d-spins mediated m-electrons.
These studies assume a physical picture in which 3d-spins sustain the AF
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LRO. However, this physical picture is inconsistent with the experimental
result of magnetic specific heat mentioned above [21]. In this thesis, we as-
sumes that m-electrons sustain the AF LRO, the physical picture of which
is appropriated by the recent experimental results [21]. Hence, we ignore
the effect of the 3d-spins system in the FeCly anions. In the A\-X system,
the BETS molecules form dimers, which are regarded as lattice sites in this
thesis.

The Fermi surfaces of the A\-Fe system were obtained by an extended
Hiickel tight-binding band structure calculations [20]. The Brillouin zone is
folded in half because (ta,t3) # (t5,t5). A closed Fermi surface exists, which
is consistent with the experimental results of the Shubnikov-de Haas and
angular-dependent magnetoresistance oscillations [58]. The Fermi surface has
the nesting vector Q ~ (7/¢,0). The modulation vector (7/¢,0) in the half-
Brillouin zone cannot resolve the modulation vectors (7/¢,0) and (7/c,m/a)
in the original Brillouin zone, which correspond to the Néel-(m,7) and Néel-
(m,0) states defined as Fig. 1.5(a)-(b). The modulation vector (0,0) in the
half-Brillouin zone cannot resolve the modulation vectors (0,0) and (0,7/a) in
the original Brillouin zone, which correspond to the ferromagnetic and Néel-
(0,m) states defined in Fig. 1.5(c). The uudd phases have the modulation
vector (m/c,m/2a).

1.3 Purpose of the Thesis

In this thesis, we examine the itinerant electron systems on the ESCATL. The
ESCATL have the unique feature of the imbalance of the spatial anisotropies
in two types of triangles. We examine the magnetic structure in the ground
state and reveal the effect of the imbalance of the spatial anisotropies. We
examine the Néel and uudd phases defined in Fig. 1.3 and 1.4 as collinear
spin structures.

Next, we apply the theory to the A-Fe system. As mentioned in the pre-
vious section, the magnetic structure of the A-Fe system has been examined
by the localized spin model on ESCATL in previous study [28]. However,
this model does not take into account the fact that the Coulomb energy U
of the A\-Fe system is near the quantum critical point (U ~ U,) [51]. Hence,
we consider the itinerant model on the ESCATL and examine the magnetic
structure in the ground state within the mean-field approximation.

In Chapter 2, we review the paper on the scaling relations of the mixed
crystal A\-Fe,Ga;_,. In Chapter 3, we examine the magnetic structure of the
electron system on the ESCATL. We adopt the Hubbard model as the model
of the m-electron system. We calculate the total energies in the mean-field

13



Figure 1.5: Schematic diagram of the BETS layers in \-X and the ESCATL.
The small ellipses and large circles in the figure represent BETS molecules
and dimerized BETSmolecules, respectively. The transfer integrals ta, tg, tc,
ts, tt, tp, tq, and t, are defined from Mori and Kobayashi [53]. The transfer
integrals in this thesis are expressed as t1 = (—t, — tq + t,)/2, t2 = tp/2,
th = tc/2, ty = t/2, and ty = t;/2. We refer to the lattice constants of
the bonds with the transfer integrals ti, t}, to, and t, as ay, a}, as, and al,
respectively, and define ¢ =a; = a} and a = (a2 +a})/2. The lattice constant
in the crystal a-axis of the compound corresponds to 2a in the present model.
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approximation and examine the stable magnetic structure. We reveal the
effect of the imbalance of the spatial anisotropies of two type of triangles. In
Chapter 4 is the conclusion.
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Chapter 2

Scaling Relations in Mixed
Crystal Systems

In this chapter, we review the paper on the scaling relations of the A\-Fe,Ga;_,
system [51]. From experiments on specific heat of the A-Fe,Ga;_, system, it
has been suggested that magnetization m of 7 electrons and the antiferro-
magnetic transition temperature Ty are proportional to x for 0.6 < x < 1.
We examine the scaling relation of Ty by the introduction of the interac-
tion between 7-electrons mediated 3d spins. Next, we examine the scaling
relation of m in the low temperature region below Ty.

2.1 Scaling Relations in Organic Compound

The A\-Fe,Ga;_, system exihibits an interesting z-T" phase diagram [59-62].
The itinerant m-electrons in the BETS layers and localized spins in the FeCl,
anion layers are responsible for this phase diagram. For 0.35 < = < 1, the an-
tiferromagnetic insulating phase occurs. For 0 < x < 0.35, superconductivity
occurs. Near z = 0.35, the superconducting phase and the antiferromagnetic
insulating phase competes.

In the A\-Fe,Ga;_, system, the specific heat C(z,T) and transition tem-
perature Ty satisfy the scaling relations

C(zT,x) =xzC(T,1) (2.1)
and
Tn(x) =2T(1) (2.2)

for 0.6 <z < 1, respectively [59]. The specific heat data of the \-Fe,Ga;_,
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system is in good agreement with the curves for the six-level Schottky-type
specific heat below the crossover temperature Ty(x) [< Tx] [21]. This means
that as the temperature decreases from Tg(x), the conduction 7 electrons sat-
urate first, 3d spins passively follow a constant exchange field h(x) created by
the 7 electrons. Because h(z) is proportional to the sublattice magnetization
m of 7 electrons,

m(T,x) = m(0,z) = constant (2.3)

below Ty. For example, at x = 1, as T increases from 7' = 0 to Ty ~ 6.0 K,
the sublatice magnetization M of 3d spins decreases, while the value of m is
almost constant [50]. Because the magnitude of the specific heat C(z,T) is
proportional to that of the effective field h(x), we obtain

m(T,x) =axm(T,1) (2.4)

below T5.

The scaling relation of the antiferromagnetic transition temperature Ty
has been examined within a mean-field approximation by Terao and Ohashi [54].
They assumed an antiferromagnetic transition induced by an RKKY inter-
action, which is the interaction between 3d spins mediated by 7 electrons.
However, in this previous study, some problems remain. The mean-field
approximation is not appropriate for the estimation of Ty because this ap-
proximation ignores the spin fluctuations. In addition, the antiferromagnetic
transition induced by an RKKY interaction contradicts the physical picture
that is obtained from the experimental result of the specific heat [21].

In this thesis, we examine the scaling relation (2.1)-(2.4), which is taken
into account the experimental results of the specific heat [21]. The scaling
relation (2.1)-(2.4) has been suggested from experimental results of specific
heat in x = 0.6,0.7,1.0. However, in x = 0.4, the experimental results deviate
from the scaling relation because superconductivity occurs. We examine the
scaling relations in the range where superconductivity is suppressed.

We consider an itinerant electron model as a model for the M\-Fe,Ga;_,
system. In this model, we can examine the shrinkage of m, which cannot
be reproduced in the localized spin model. Hence, we examine the scaling
relation in an extended Kondo lattice model [20, 44, 53, 54], which is the
model that is taken into account the itinerant nature of 7 electrons in the
A-Fe,Ga,_, system.
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Figure 2.1: Model Hamiltonian

2.2 Model Hamiltonian

The Hamiltonian of an extended Kondo lattice model for the A\-Fe,Ga;_,
system is defined as

H:H1+HQ+H12 (25)
with
H, = Ztijczgcjm (2.6)
i,

Hy= Y Y 0:0,J5555", (2.7)

(¢,5") H=2.y,2

1 .
H12 = 5 (z:) Z Qi/J{AQSZ%/O'?, (28)
i,1') U=2,Y,2

where S and ¢;, are the spin operator with length S = 5/2 on the anion site
7" and the annihilation operator of the 7 electron on the BETS site ¢ with o,
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respectively. Here,

Nig = c;rgci,,, (2.9)

ol = Z c}alaﬁlmcm, (2.10)

0102

where ¢! is the Pauli matrix, and 6, is defined as §; = 0 or 1 when ¢’ is on an
FeCl or GaCly anion, respectively. We refer to the lattices in the BETS and
FeCly layers as L; and Ly, respectively. We refer to the number of nearest
neighbor sites in Ly and that between L; and Ly as 2z, and z15, respectively.
We take 215 = 1. The structure of the system is depicted in Fig. 2.1. The
electron number density of 7 electrons n is equal to 1 (half-filling). Because
the A-Fe,Ga;_, system has magnetic anisotropy, Ji) = Jiy < Jiy = Ji2 and
Jy = JY < J; = Jy. We ignore J because Jo < U, Jyo [49].
The particle number operator n;, is written as

~

iy = % + oy, (2.11)
where m; = ¢7. Therefore,
Uningy :U(% + Thz)(% — ;)
_ %nQ U, (2.12)

In previous studies, the antiferromagnetic transition induced by an RKKY
interaction between localized spins mediated by conduction m-electrons [55—
57] have been assumed. However, in the A-Fe, Ga;_, system, m-electrons sus-
tain the AF LRO and the role of 3d spins is passive [21,22]. For this reason,
we consider the 'reverse’ RKKY interaction between conduction 7-electrons
mediated by localized spins. Regarding the 6; distribution as random, we
replace 0; with z. Introducing the susceptibility xo(7") of the 3d spin system,
Eq. (2.8) becomes

U . R 1 .
We define U as
~ 1
U=U+ 5a:szXQ(T). (2.14)
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The susceptibility of the free 3d spins is

S(S+1)
When we substitute Eq. (2.15) into Eq. (2.14), we obtain
~ 1 5, S(5+1)
= — —. 2.1
U=U+ 21:J12 T (2.16)

Let U. be the lower limit where the AF LRO vanishes in a pure m-electron
system. When U = U,, T' = Ty. Therefore,

S(S+1) J&
6 U.—U’

Ty = (2.17)

When U, depends weakly on T, the transition temperature satisfies Eq. (2.17),
and we obtain

Ty x . (2.18)

For # = 1, when we substitute Ji5 ~ 9.3 K and Ty ~ 8.3 K [49] for Eq. (2.18),
we obtain U, — U =~ 15.2 K. Because U, is an order of magnitude of 1
eV = 1x 10* K, we obtain U, — U < U. This means that the system is near
the quantum critical point.

2.2.1 Analysis Based on the Random Phase Approxi-
mation

In this subsection, we illustrate the theory using the random phase approx-
imation (RPA) although the above argmenent does not depend on this ap-
proximation. We assume that a commensurate nesting vector @ such as
(r/c,m/a) and (7/c,0).

The spin susceptibility x*(7") is written as

x10(T)
T = —————. 2.19
x(T) 1= Uxio(T) ( )
X10(7T) is the susceptibility of free electrons and written as
f(&) — f(&k+q)
2.20
v = 5 ST 220
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_ 1 Z tanh(%) —|: tanh(%)’ (2.21)
N Z 48,
where
_ 1
Sk = §(§k — k1), (2.22)
- 1
Ok = 5(&@ +&ktq), (2.23)

N denotes the number of the sites, and ), is taken over a Brillouin zone.
When x*(T) diverges, the system undergoes antiferromagnetic transition.
The Coulomb energy U, at the quantum critical point satisfies 1 = U.xo(T).
Hence, U, is

U. = 1/x(T). (2.24)

When 6 # 0, the system is far from the perfect nesting. In this case,
Xo(T') is independent of T, Whereas when nesting of the Fermi surface is
perfect, xo(7") is proportional to In7T. When the area of the imperfect Fermi
surface is large, Ty satisfies Ty o< .

2.2.2 Analysis Based on the Mean Field Theory

In this subsection, we adopt the mean-field approximation, which is qualita-
tively applicable at low temperatures to examine the scaling relations for m
below the crossover temperature 7.

The sublattice magnetization m of 7 electrons is defined as

m= (_1)i5 Z(cjalo—gm%>, (2.25)

0102

where ¢ is the site index in L;. We assign 7 as even numbers in sublattices
A7 and odd numbers in sublattices B;. The sublattice magnetization M of
the 3d spins is defined as

M = (=1)"HS5) (2.26)

where ¢ is the site index in L.
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For the distribution of FeCl, anions, we define
(0;57) = (=1)"aM (2.27)

within the mean-field approximation.
The self-consistent equation for the sublattice magnetization M is

M = SBs<ﬁOCQS), (228)

where ay = Jio9m. The self-consistent equation for the sublattice magnetiza-
tion m is

m = xo(a1, T)ay, (2.29)

where oy = %JlgM +Um,

rtanh(2:=2) 4 tanh(Zeto)
X1wo(a1, T NZ Gt 5B, 2ol 2 (2.30)

Ey = /& + a2, and Z;c is taken over the half-Brillouin zone in the anti-
ferromagnetic phases. From Eq. (2.29), we obtain

1 JoM
m = g A2 X0 (2.31)
21— UX10
We divide the momentum space into two types of parts R, and R;, where
the nesting of Fermi surfaces are perfect and imperfect, respectively.

X10 = Xi) + Xil(] (2-32)

where X1, and i, are the contributions from the summation of k € R, and
k € R;, respectively. From Eq. (2.29), when m = constant, M and x10(7")
are independent of T" because T' dependence of these do not cancel each other
out. In this case, we replace M and x}, with these in the limit 7" — 0. Taking
T — 0, we obtain M ~ S and f(Ey) = 0(Fk), where 0(F}) is Heaviside step
function. Then, we obtain

1 J12S5x10

T = p- 222 A0
™) = e

(2.33)

We examine the x dependence of x19. In k € Ry, 0(Ey — |0]) = 1 and
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O(Ex + |0k|) = 1. In k € R;, 0(Ex + |0k]) = 0. Hence, we obtain

1 ! 1 "0(Ex — |0k)
= — — + = E _ 2.34
1o N E, N Ey (2:34)
kER, kER;

The term on the right is written as

— — ~ pplog—, (2.35)

where pp is the average density of states in k € R,, W is the band width,
and

1
ap =Um + §J12S. (2.36)
Here, m = axm.

The second term of Eq. (2.34) is the order of the average of In(W/|dg|).
Therefore, x|, is expressed as

. > 1o
Xio = Y a(5r=o), (2.37)

where a; are constants and does not depend on . When Yy is independent
of T, p, is small, because x}, x pp,InT. When we ignore the first term of
Eq. (2.34) depending on p,, we obtain

m o x, (2.38)

where O(ay2/2W) is ignored. This condition is satisfied when the nesting of
the Fermi surface is far from perfect, i.e. the logarithmic singularity is weak.
Then, Eq. (2.38) is consistent with Eq. (2.4).
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Chapter 3

Magnetic Structures of
Electron Systems on the

ESCATL

In this chapter, we examine magnetic structures of an itinerant electron
model on the ESCATL within the mean-field approximation. In particu-
lar, we examine the effect of the imbalance of spatial anisotropies of two
types of triangles. We consider three types of Néel states and two types of
uudd states. We apply the theory to the A-Fe system.

3.1 Energy Dispersion

In this section, we derive the electron energy dispersion relation for the ES-
CATL. The Hamiltonian is written as

Ht = Z Z tijCIUCjU, (31)
] O

where ¢;, is the annihilation operator of the 7 electron on site ¢ with spin o.

We assume a unit cell as shown in Fig. 3.1 because (tq,t3) # (t5,t5). The
length of the lattice constant in the a-direction is same as the original lattice
and that in the c-direction is twice as large as that in the original lattice.
The labels p = 1,2 denote two sites in the unit cell. We define

/2 Z kR
Ckpo = N (ip) o Rlpcipm (3.2)
7p
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Figure 3.1: Definitions of the unit cell on the ESCATL.

where N denotes the number of the sites. Therefore,

2 .
ik-R;
Cipo = \/ N E e P Crpo,
k

where ), is taken over the Brillouin zone.

It follows from Eq. (3.3), the Hamiltonian is written as

A C o
H = Z(CTklchQo')gkU ( H ) .
k

Ck2o

Here, the matrix &, is
. 11 £12
_ ko ko
Eko = F21 £22 | o
ko ko

F11 _ 22
ko = Sry = 2t1 cOS ky,

where

N,lf, =(ty + t5) cos ky + (t3 + t5) cos(ky + ky)
+i[(ty — t) sink, + (t3 — t3) sin(k, + k)],

25
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2 —(ty +th) cosky + (t3 + ty) cos(k, + k) (3.8)
— i[(t2 + t5) sin kg + (t2 — t5) sin(k, + k)]

We diagonalize the Hamiltonian using the unitary matrix

Cklo _ ko
( Ck20 ) B Uka ( 6ka ) ' (39)

Tha Hamiltonian is written as

H = (6,0h,0k0 + 6,8k, Bro), (3.10)
k

where
€, = 2t) cos k, £ (3.11)
with

ne = {[(ta +th) cos k, + (t3 + t5) cos(k, + k)]
+ [(ty — th) sinky, + (ts — t5) sin(k, + k,)]?}2. (3.12)

The lattice constants a; = a} and (as+a))/2 are absorbed into the definitions
of the momentum components k, and k,,.

3.2 Parameter Sets and Fermi Surface

We adopt parameter sets shown in table 3.1 obtained by Kobayashi and
Mori [53]. In parameter sets P} and P}, t5 is variable, and the other transfer
integrals remain unchanged from Pk and Py, respectively. We define the
parameter

_ tg/ty — 1/t

imb — 5 313
b s (3.13)

which represents the imbalance of spatial anisotropies of two type of triangles.
We vary 7y, by varying ts.

Figure 3.2 shows the Fermi surfaces for parameter sets Pk and Py [54].
Fermi surfaces are folded in half because (to,t3) # (t5,t5). A closed Fermi sur-
face exists, which is consistent with the experimental results of the Shubnikov-
de Haas and angular-dependent magnetoresistance oscillations [61]. The
Fermi surfaces have the nesting vector @ ~ (7/c,0).
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Figure 3.2: Fermi surfaces of the A-Fe system when parameter sets Pk and
Py are assumed.
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Table 3.1: Parameter sets Pk and Py are based on values of transfer integrals
tg, tc, tp, tq, tr, ts, and t; obtained by Hiikkel method [53]. The transfer
integrals in the table are expressed as t; = (—t, — tq + t:)/2, to = tp/2,
th =tc/2, t3 = t;/2 and t; = t;/2. Parameter sets Py and P}, correspond
to Px and Py; which t3 is variable and the other transfer integrals remain
unchanged. The values of the transfer integrals are in unit 1072 eV.

Transfer integrals Pk Pk Py Py
t 4.6325 4.6325 6.295  6.295
12 5.7555  5.7555  5.29 5.29
ts 2.535 Variable 5.965 Variable
t) 4.145 4.145  6.205  6.205
th 0.1955 0.1955 0.965  0.965

3.3 Mean Field Theory
The Hubbard Hamiltonian is
H=H,+ Hy, (3.14)

where

Hy =YY tyclcio—p Y (D clycio —n), (3.15)
i o i o

Hy =U N7 - 3.16
A

Here, ¢;, is the annihilation operator of the electron on site ¢ with spin o, n
is the number of electrons per site, and n;, = CIUCZ-J. tij, p, and U represent
the transfer integral between the sites ¢ and j, the chemical potential, and
the on-site Coulomb energy between electrons, respectivity.

We assume the Néel-(m, ), Néel-(0,7), Néel-(,0), uudd-2, and uudd-
2" states as the collinear states with two sublattices. Figures 1.3(a)-(c)
and 1.4(a)-(b) show the Néel and uudd states, respectively. We define four
kinds of sublattices A, A’, B, and B" as shown in Fig. 1.3(a)-(c) and 1.4(a)-(b)

because (tq,t3) # (t5,t5). However, the resulting states are eventually tzzv?
X

10

sublattice states because of the spatial inversion symmetry. We define ¢
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for i € X=A, A’, B, and B’. We define the sublattice magnetizations my as

1 X z X
mx = <SZX> = 5 Z(Cgalﬁaalagcgaz)>

0102
for i € X and
ma =ma = —mp = —mp =M,

where (- - -) is the statistical average.
The Hamiltonian in the mean-field approximation is written as

Hy = U Y {{fuag) iy + fup(fig) — () (g )}

X eX

The number of electrons per site n is expressed as

n = (fir) + (i)

and
(Nig) = g + 5,8xm
for i € X, where sy =sa =1, sg =sp = —1, sy =1 and 5, = —1.
We define

4 )
&) =\ e,

i€X

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

/
where the summation ), is taken over the first Brillouin zone in antiferro-

magnetic phases.
It follows from Eq. (3.22), the Hamiltonian is rewritten as

cs)

T (AN (B (BN & )
H:Z (Cko'  Cho "+ Cra 2 o )Eko (B)
ko Ck:a

c)
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The components of the matrix ékg are

Z(AA (AAY) ~(AB Z(AB’
’E:O' ) gkza fk:a : 6]5:0’ :
F(ATA)  F(ATAT) Z(A'B)  F(A'BY)

Eho = | Xoay Hoan Ham ey |- (3.24)
gka ko ko gka
E(B’A) Z(B’A’)  Z(B'B) FB'B)
ko ko ko ko

The diagonal components of the matrix f:',w are written as
f,(cfx) = —sxs,Um — p. (3.25)

Because the matrix &g, is a unitary matrix, the off-diagonal components
satisfy

=& (3.26)

For the Néel-(7, 7) state,
S = o = 21 cos(ky), (3.27)
~](£B’) _ gIEf;IB) _ zk’y + t/ zk;y (328)
g](;gA/) _ ~I(c]iB/) _ t36—i(kx+ky) + téez(kx-f—ky) (329)

For the Néel-(7,0) state,
CAB) — (OB _ 91, cos ki, (3.30)
Eat) = €87 = tye kv the'ts, (3.31)
(AB) fka = faeihathy) 4 tgei(kx-i—ky)' (3.32)

For the Néel-(0, ) state,
EAAD — EBBY) _ o1 cos ky, (3.33)
glgiB/) _ 51(612113/) _ tze—z‘ky + téez‘ky’ (3.34)
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5}53/213’) _ gl(cliA’) _ tgef’i(szrky) + t/gei(kfrky)'

For the uudd-2 state,

~z(£B) = fz(ﬁlB/) = 2ty cos kg,
gk/;Ar (EB ) t26—ik,‘y + 25361‘(1~cw+lﬁ,)’

(B A) — t/2 Zky + t/ —’L(k‘;c-‘rk‘u)

gko

For the uudd-2’ state,

~z(£B) = fx(ff/B/) = 2t; cos k,

g’(ﬁ, (}3 A) tzefiky + tgei(kz+ky)’
~,(:iB ) _ ,(c/zA ) t26—iky + t3ei(kz+k:y)‘

We diagonalize Eq. (3.23) by the unitary transformation

& g
Ck:o' =U /yko
AB) ko | @)
(B 0
Cka ko

The Hamiltonian (3.14) is rewritten as

e

2 Y o

H Z Tor o ke Th WirUr |15
ko

(4)

Vo

2

—i—NU(%—mz)—l—Nmu

! 14 14 14 n2
S BN + VU — )+ N
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(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)



where

B = 7 P Es P ul), (3.44)
X1,X2
v Xv
7]5:0) = Z[ugccr )] Ci:cr)’ (345)
X
and
(Xv v
Chy) = Zu Jye). (3.46)

E,(;;) are eigenvalues of the matrix ékc,, where v=1, 2, 3, and 4. ugy) are

the matrix elements of the unitary matrix Uy,. We numerically calculate the
eigenvalues E,(:U) and components u}jj”) of the unitary matrix Uy, for matrix
Eko-

The self-consistent equation for my is obtained as

1
mx =558x ui(l)T §102 10'2)>
2
o109
1 4 ' XV)7x v Xv
=35 2y e 1" F (Bl Yy (3.47)

where (415" = f(EM)). We solve Eq. (3.47) under the condition of half
filling

2 ' y
n= SN e =1 (3.48)
v ko
The total energy E at T' = 0 is obtained as
E (H) 1 " y n?
NoN - NZZ E)F(E) - U( —m®) + pn. (3.49)
v ko

We define the energy AE as AE = (E — Epy)/N, where E and Epy are the
energies of the antiferromagnetic and paramegnetic states, respectively.
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The spin susceptibility x(q) is

E) = f(Eiq) | FER) = (Bl
X(Q):lz<{f( = (et | JER) ),

0 0 0 0
N4 4B~ EY) 4By - B )
0 0 0 0
FEED) = F(ECL)  FEY) — F(EL.)
4(Ek+q2 - kl) 4<Ek:2 - Ek+q1)

above Ty, where EIE:OI) = 6k1+\/(6223)2 + (61;23)2, EIE:O2) = 6kl_\/(6223)2 + (51;23>2a

+ 4 - -
€123€k+q23 T €k23€ktq23 (3.51)

Ap =1+ ,
V62 + (eigo)? (6 + (6

€€l + €996,
B, =1-— k23%k+q23 k23%k+q23 ’ (3.52)
V(6 g23)” + (Grqn) 2l (€n)” + (625

k1 = 201 CoS ki, €49y = (t2 + t3) cos(ky) + (th + t5) cos(ky + ky), and €y =
(to — t3)sin(ky,) + (t, — t5) sin(k, + ky).

3.4 Magnetic Structure of \-Fe

In this section, we present the results with N=1024 x 1024. We examine the
stable magnetic structure near the quantum critical point (U ~ U.).

Figures 3.3 and 3.4 show the sublattice magnetization m and the energy
AFE as functions of U for parameter sets Px and Py, respectively. For param-
eter set Pk, the Néel-(, 7) state has the lowest energy, whereas for parameter
set Py, the uudd-2 state has the lowest energy. For parameter set Py, the
energy for the Néel-(m, ) is slightly larger enegy than that of the uudd-2
state. The magnetic structure of the A\-Fe system in the ground state is most
likely the Néel-(m, ) or uudd-2 state because the values of the transfer inte-
grals in parameter sets Px and Pk contain errors. The phase transition for
Pk is of the second-order, whereas that for Py is of the first-order, where
the value of m jumps from paramagnetic to uudd-2 phases.
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Figure 3.3: The sublattice magnetization m as functions of U at T = 0

for the parameter sets (a) Px and (b) Py. The blue solid, red dashed, and

green short dashed curves are sublattice magnetization m for the Néel- (7, 7),
uudd-2, and uudd-2’ states, representivity.
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P Neel—(mt,0)
M uudd—2’

Figure 3.4: Total energy AF as functions of U at T' = 0 for the parameter sets
Pk and Py;. The blue solid, red dashed, green short dashed curves, orange
dot-dashed, and perple 2-dot-dashed are total energies AE for the Néel-
(7, 7), Néel-(m,0), Néel-(0, 7), uudd-2, and uudd-2’ states, representivity.
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3.5 Phase Diagram and Effect of Imbalance
of Spatial Anisotropy

In this section, we present the results with N=1024 x 1024.

We expand the parameter range to reveal the effect of the imbalance of
spatial anisotropies of two types of triangles. We examine the U dependence
of AE. Figure 3.5 shows the energies AFE as functions of U for parameter set
Pl and i, = 0.963. In contrast with Pk, , the uudd-2 has the lowest energy,
and the phase transition is of the first-order. Figure 3.6 shows the energies
AFE as functions of U for parameter set P}; and 7, = 0.671. In contrast
with Py, the Néel-(7, 7) state has the lowest energy, and phase transition is
of the first-order. For both parameter sets P} and P}, as 7y, increases, the
energy of the Néel-(m, ) state increases, whereas that of the uudd-2 state
decreases.

We examine the magnetic structure around U, which is determined by
AE(U.) = 0. Figure 3.7 and 3.9 show the r,,, dependence of U, for the Néel-
(7, 7), Néel-(0, ), Néel-(m,0), uudd-2, and uudd-2’ states. For both P} and
P, as rimp increases, the Neel-(, 7) state is suppressed, whereas the uudd-2
state is enhanced. The energies of the Néel-(,0), Néel-(0, 7), and uudd-2’
states are higher than lowest one of the Néel-(7, 7) and uudd-2 states.

Figure 3.8 and 3.10 show the phase diagrams in the ry,,-U plane for
parameter sets Pk and Py. For parameter set Pk, the ground state is
the Néel-(m, ) state for 7y, < 0.951, whereas it is the uudd-2 state for
rimp > 0.951. For parameter set Py, the ground state is the Néel-(m, )
state for ri,, < 0.826, whereas it is the uudd-2 state for ry,;, > 0.826. The
phase diagram has a triple point, at which Néel-(7, 7), uudd-2, and para-
magnetic states coexist. Near the triple point, the phase transition from
antiferromagnetic phases to the paramagnetic phase are of the first-order.
When the system is far from the triple point, the phase transitions are of the
second-order.

The vertical dotted line represents the value of ry,;, for the A-Fe system.
Increasing U does not change the magnetic structure within the parameter
range. In contrast, a slight change in r;,,;, can change the magnetic structure.

3.6 Summary and Discussion

We examined the magnetic structures of the itinerant electron system on
the ESCATL in the ground state. We applied the mean-field approximation
to the Hubbard model. For the parameter range examined in this thesis,
the ground state is likely the Néel-(m,m) or uudd-2 state. In particular,
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Figure 3.5: Total energy AFE as functions of U at T = 0 for the parameter
sets Pi. The blue solid, red dashed, green short dashed curves are sublattice
magnetization m for the Néel-(m, 7), uudd-2, uudd-2’ states, respectively.
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Figure 3.6: Total energy AFE as a function of U at T' = 0 for the parameter

sets Py

The blue solid, red dashed, green short dashed curves, orange

dot-dashed, and perple 2-dot-dashed are total energies for the Néel-(m, ),
Néel-(m,0), Néel-(0, 7), uudd-2, and uudd-2’ states, respectively.
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Figure 3.7: The 7y, dependence of U, for the parameter set Pj.. The open
circles, open squares, closed squares, open triangles, and open inverted trian-
(m, ), Néel-(m,0), Néel-(0, 7), uudd-2, and uudd-2’
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Figure 3.8: Phase diagram in the 7y,,-U plane for the parameter set P.
The open circles and open triangles are U for the Néel-(7,7) and uudd-2,
respectively. 7, is phase boundary between the Néel-(, 7) state and uudd-
2 states. i, = 0.951 for Pi. 7y for A\-Fe is r = 0.891 > r} , for Pi.. The
curves are guides to the eye.

40



4
Neel—(0,m) ‘ ,
—-#—--—-- —I-————-I————l———l——-I-—-‘i—l—;—,l‘l—l
e o
e g-—-—T —-8-—8— 085 — -Fooq
Neel—(m,0) I A0

U,/ t,

Figure 3.9: The ryy, dependence of U, for the parameter set P},;. The open
circles, open squares, closed squares, open triangles, and open inverted trian-
gles are U, for the Néel-(m, ), Néel-(m,0), Néel-(0, 7), uudd-2, and uudd-2’
states, respectively. 7imp for the A\-Fe system is r = 0.862 > r}; , for Py;. The
curves are guides to the eye.
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Figure 3.10: Phase diagram in the 7y,,-U plane for the parameter set Pj;.
The open circles and open triangles are U for the Néel-(7,7) and uudd-2,
respectively. 77, is phase boundary between the Néel-(, 7) state and uudd-

2 states. 7}, = 0.826 for Py;. 7imb for the A-Fe system is r = 0.862 > 7

imb T

for Py;. The curves are guides to the eye.
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the uudd-2 state occurs when the imbalance of the spatial anisotropies of
the two types of bond triangles, which is a unique feature of the ESCATL,
is large. This result is consistent with the previous result on the classical
Heisenberg model [28]. The phase transition is of the first order or second
order, depending on the parameter set.

In the application to the A-Fe system, we used parameter sets Pk and Py
obtained by Kobayashi and Mori, respectively [53]. For parameter set Pk,
the Néel-(7,m) state has the lowest energy near U, and the phase transition
is of the second-order, whereas for parameter Py, uudd-2 state has lowest
energy near U., and the phase transition is of the first-order. For Py, the
energy of the Néel-(m,7) state is slightly higher than that of the uudd-2 state.
Hence, the ground state of the A-Fe system is likely the Néel-(7,7) or uudd-2
state.

The phase diagrams in the ry,,-U plane for parameter sets Pj and P},
have a triple point, at which the Néel-(7,7), uudd-2, and paramagnetic states
coexist. Near the triple points, the phase transitions from antiferromagnetic
phases to the paramagnetic phase are of the first-order. When the system
is far from the triple points, the phase transitions are of the second-order.
It should be examined in future whether the existence of the triple point
and the change in the order of the phase transition are universal features in
electron systems on the ESCATL.

The nesting vector Q for the Fermi surface in the \-Fe system is approx-
imately equal to (7/c,0). This means that the stable magnetic structure is
the Néel-(7/c,0) or Néel-(7/c,m/a) state as explained in the Sect. 1.2. The
present result supports the latter state with (7/c, 7/a).

In a previus study, the magnetic structure of the A-Fe system in the
ground state was examined within a similar mean-field approximation [53].
However, their model differs from the present model in many ways, resulting
in discrepancies in the results. One of the significant differences between the
two models lies in the lattice structures. In the previous study, each BETS
molecule is the lattice site, whereas in the present study, each dimer of BETS
molecules is the lattice site. Hence, the physical meaning of the on-site U is
different. In the previous study, U only works between two electrons on the
same BETS molecule, whereas in the present study, U works between the two
electrons on a dimerized BETS molecule, and such interaction is not included
in the previous studies. Therefore, the effect of U differs between the two
models. For example, in the previous model, when U increases, the system
undergoes successive transitions, which were not found in the present study.
The difference in the lattice structure results in the difference in the band
filling. In the present model, the relevant band is half-filled, which favors the
insulating phase as observed in the A\-Fe system at low temperatures, whereas
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it is quarter-filled in the previous model. The number of sublattices differs
between the two theories. Another difference is the contribution of the 3d
spins. In this thesis, we consider a pure m-electron system on the basis of
the current knowledge that the m-electron system is the principal component
and the d-spins are passive in the exchange field created by the m-electrons,
whereas in previous study, the effect of the 3d-spins has been candidated.

In the parameter region examined in this thesis, the Néel-(0,7) and Néel-
(7,0) states do not occur in the phase diagram. These states should occur
in the presnt systems when the parameter range is expanded because they
occurs in localized spin systems studies previously [28] when the parameter
range is expanded.

In the A\-Fe system, the AF LRO is considered to be stabilized by the
factors that originate from the 3d spins of the FeCl, anions, such as the
anisotropy in the spin space and/or the enhanced three dimensionality. As
mentioned in Sect. 1.2, the present mean-field approximation implicitly as-
sumes such factors. In future studies, improved theories beyond the mean-
field approximation must explicitly incorporate them so that the stable AF LRO
in the A\-Fe system is reproduced.

It can be expected that the above results concerning the energies of the
antiferromagnetic states are hardly affected by the 3d spins, which are not
incorporated in the present model, because the interactions in the m-electron
system are much stronger than the other interactions (those in the 3d spin
system and those between the m-electrons and 3d spins).
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Chapter 4

Summary of Thesis and
Conclusion

In Chapter 2, we reviewed the paper on the scaling relations of the mixed
crystal A\-Fe,Ga;_, [51]. We introduced the 'reverse’ RKKY interaction be-
tween the 7 electrons via the localized 3d spins on the FeCly anions and
explained the fact that the Coulomb energy U of the A-Fe system is near the
quantum critical point (U ~ U,). The scaling law for the sublattice magneti-
zation m below Ty but excluding temperatures in the vicinity of Ty suggests
that the nesting of the Fermi surface is far from perfect, at least as regards
parts of the Fermi surface. This result is consistent with the argument for
TN-

In Chapter 3, we examined the itinerant electron systems on the ESCATL
within the mean-field approximation. The ESCATL has a unique feature of
the imbalance of the spatial anisotropies. We examined the ground state
and revealed the effect of the imbalance. We examined the Néel and uudd
phases defined in Fig. 1.3 as collinear spin structures. When the imbalance of
the spatial anisotropy is large, the uudd-2 states occur. The phase diagram
in the ry,-U plane has a triple point, at which the Néel-(7, 7), uudd-2, and
paramagnetic states coexist. Near the triple point, the phase transitions from
antiferromagnetic phases to the paramagnetic phase are of the first-order.
Far from the triple point, these transitions are of the second-order. The
study of magnetic structures at finite temperatures and these in magnetic
field remains as a future work. Next, we applied the theory to the A-Fe
system. The magnetic structure of the A-Fe system has been examined by the
localized spin model on the ESCATL in the previous study [28]. However,
the situation that the Coulomb energy U in the A-Fe system is near the
quantum critical point (U ~ U.) cannot be reproduced in the localized spin
model. Hence, we adopted the itinerant model. We revealed that the ground
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state of the A-(BETS),FeCly system is likely the Néel-(, 7) or uudd-2 state.
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Appendix A

Trapezoidal Formula

We use the trapezoidal formula to calculate Eqgs. (3.47) and (3.49). In this
appendix, we evaluate the integral error in the trapezoidal formula. Here,
we consider a one-dimensional integral. The function g(k,) is defined

S = / " gk, dks. (A1)

We divide the integral interval into n equal parts and define the points kg,
ki1, kyo, - - -, and k,,. We define S, as

2
Sy = N ;g(ka:)

1 n—1

= {50ks D _lg(kat) + g(kors1)]} (A2)

where 0k, = 7 and k,; = %r We define s; and s9 as

k,’[)l k70+6k1
51 :/ dk,g(k;) :/ dk.g(ky) (A.3)

kz(] kzO

and
2= 50k (k) + 9(ker)) (A4)

The integral error is written as n|s; — sa|. The Taylor expansion of
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Eq. (A.3) is

kao+0ks Ok
51 = / dkzg<k:v) = / dég(ka:() + g)

kzo 0
o " I
B /0 delallo) + 5/ (ol + Sl +
"(k, "k,
2 . (3! o) ey 4 %(94 ok
= [9(kao)0ks + @(5%)2 + %(5@)3 + %

— [glkao)e + L) (e
(5ka)* - ). (A5)

We expand Eqs. (A.4) and (A.3) around k,o. The Taylor expansion of
Eq. (A4) is

5y — %5@(9(@0) +glkn)

1
= §6kx[g(kxo) + g(kzo + 0ky)]

1 , "(k, "k
= 50ku[g(kuo) + 9(ka0) + o (oo)Ok, + 2 <2, o) (5,2 + (3, ) (5k, Y
(A.6)
The integral error n|s; — sg| is
1 k,x /" k::r
n|s; — so| = ny(ékxo)?’ —n? (4 0) (6kz0)® + O((0k40)*)
- 9" (ka0) 3 9" (ko) T3
=Ty Ok) =0T )
_ gll(kx0)71'_3
=" 2 (A.7)

Hence, in one-dimensional systems, the integral error is proportional to the

number of divisions n~2.

Next, we consider two-dimensional systems. We consider the integral

S = / / kg, k) ke, (A.8)
0 0

for an arbitrary function g(k,, k,). We define S, as

S —(%)22 (ke ky)

ko ky
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n—1 m—1

1
:Z(Skx(wfy kazla kyl’ + g(k$l+17 kyl/)

=0 l’:()

+ g(kat, kyri1) + 9(kzigr, Byrs1)), (A.9)

where 0k, = 7. We define s; and s as

ka1 ky1
5 = / / deodleyg (ko k) (A.10)

k:cO kyO

and

1
S9 :Z—l(skwéky[g(k'mo, k?y0> -+ g(kmo + 5]%@, kyO)
+ g(kyo, kyo + 0ky) + g(kyo + 0ks, ky + 6ky)], (A.11)

respectively. s; is

kyo+0ks  pkyo+oky Sky  pOky
o = / / dheodkyg (ko k) / / dedng(kuo + €, ko + 1)
k‘yo

Sk poky
/ / dgdn kx07 kyo) (kI07 ky(])é + g/(kI07 kyo + .- .)n

(kzo, k kzo, kyo) 9" (kyo, k
g S o) o 9T Bu0) g2 97t o)

2 2

=l (keo hyo)€n -+ o' (hao, ko) 50 + 0/ (o, o) L6

2
(kx07ky0> _5_’_ //(kxmky) égn g//<k$’ky)é2n_2
21 3 21 3 21 2 2

, e L
=9(ky0, kyo)0k,0ky + ¢ (kzo, kyo)T(gk + g (kz0, kyo) —=0k,

g”(kx(b kyO) 5ki (S]C ”(kﬂdb kyo) 5k§ — Y8k, + ”(kzo’ kyo) %6_165 +
3 Okt T 20 2 2

&n)

+7 g

+
(A.12)

S9o is

1
52 :Z5k$5ky(g(kx0a kyo) + g(Fzo + Oka, Fyo)
+ g(ka0, kyo + 0ky) + g(kao + ks, ky + 0ky))
1
:Zékxdky [9(’%0, ky(]) + g(kxﬂa kyo)
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/! k:;g ,k
+ g/ (kao, kyo) ks + (5;%)2% N

+ g<k:p07 ky(]) + g/(kx0> ky0>5ky

"(Kyo, K
+(5ky)2—g< 2°| w) |

+ g<k1’07 kyO) + g/(kx07 kyﬂ)ékx
9" (kzo, kyo)

+ ¢’ (kxo, kyo)Oky + o Ok 0k, + - - . (A.13)
The integral error n?|s; — s» is
n’|s; — sa| oc n?g" (kyo, kyO)(Z_) (A.14)
= o/ (heo ) ().

Hence, in two-dimensional systems, the integral error is proportional to the
number of divisions n .

Figure A.1 shows the total energy AF as a function of U for Néel-(m,)
state. The values of AFE for number of divisions 1024 x 1024 are nearly equal
to those for divisions 2048 x 2048.
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—— Neel—(m,m) 1024x1024
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U,

Figure A.1: AFE as a function of U at T' = 0 for the parameter sets Px and
Py. The blue solid and dotted curves are total energies of the Néel-(m, )
state for 1024 x 1024 and 2048 x 2048, respectively.
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Appendix B

Linear Response Theory

In this appendix, we derive the susceptibility of free electrons by the linear
response theory [63]. We assume the case where a time-independent external
field is applied in the z-direction. The Hamiltonian for zeeman energy is
written as

Heq = —M - h = —Mh. (B.1)

The statistical average of M is written as

(M) =" exp(—=BE.)Mun/ > exp(—BE,) = Tr(pM),  (B.2)

and F, is an energy eigenvalue of the Hamiltonian H, Here, p is

p=exp(—fH)/Trexp(—SH) = exp(—SH)/Z, (B.3)

where Z is the partition function.
We calculate the statistical average (M )qy in the system in the external
ﬁeld h When Htot = H —+ Hexta

exp(—BHot) = exp(—LH)u(B). (B.4)

Differentiating both sides of Eq.(B.4) with regard to (3, we obtain

— Hyop exp(—Hiot) = —H exp(—SH)u(f5) + eXp(—ﬁH)%u(ﬁ). (B.5)
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Hence, we obtain

%u(ﬁ) — — exp(BH) Hoy exp(—H)u(B) = ~HMu(B),  (B.6)

where HM, is in the Heisenberg representation for imaginary time. We inte-
grate both sides of Eq. (B.6) with reagard to 5. We obtain

up-c- [ " u(s)
=C - / drHY, — / dm / dr HY, HM u(B)

. c—/ dr M. 1 O(H2,). (B.7)

0

Because u(f) = 1 when Heyy = 0, we obtain

u(f) = 1- / dr Y (r) + O(H2,). (B8)

From Eq. (B.8), we obtain
(M) exi, =Tr[exp(=FH)u(B)M]/Tr[exp(—FH)u(f5)]

—Trfexp(—BH){1 - / drHY (r) + O(H2,)} M)/

0

Trlexp(—AH) {1 — / drHY, (7) + O(H2)}

0

:—/0 d7—<Hé\>/£t< ) >+O( ext)
=xB + O( ext) (B,9)

X 1s written as

8 B
X = /0 dr (MM (T)M) = /0 dr{e™ Me " M). (B.10)

We derive the Kubo formula. We assume an external field that depends
on time. We write the wave function [¢(¢)) in the ground state as

[¥(1)) = exp(=—=)U(t) ¥ (c0)), (B.11)
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where U (t) is a unitary matrix and ¢(c0)) is the wave function in the ground
state for H,, = 0. Hence, from the Schrodinger equation

S (0) = Hv(0), (B.12)
we obtain
U = exp("5 ) Hoal1) exp(~ U (1) = HE(OU().  (B13)

By the itiberant approximation, U(t) becomes

1
v =14 [ @)+ Ol (B.11)
The statistical average of any operator A is written as

(OIA () = W) (AT (u(®)l (1) (B.15)
= (A B) (1)) — %w( JAT(), He ()] [0(1)) + O(Hy)-

The statistical average of A at time t is written as

Tr[Apuor (1) Z pn(n(t)|Aln(t)). (B.16)

The deviation §(A%(¢)) from the average (A%(t)) in the thermal equilibrium
Is
I,
i
0(AM(1)) = —,—i/ dt' ([A™(t), He ()]) + O(HEy) (B.17)

We assume the alternating magnetic field h exp(—iwt’). An external field
HE. is written as

HY = — MY () hexp(iw(t —t')) (B.18)

Substituting M for A in Eq. (B.17), Eq. (B.17) becomes

S(MU (1)) = y(w) exp(—iwt)h, (B.19)
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where y(w) is the dynamical magnetic susceptibility, which written as

x(w) = z/ dt{({M™(t), M (#)]) exp(iw(t —t')). (B.20)

—00

We derive the free electron susceptibility. We substitute

M= 0CChiqo (B.21)
ko
in the Kubo formula
Xo(q,w) = i/ooo dt([Mg(t), Mflq(O)] exp(iwt). (B.22)
Because
ha Dk ar 1), chpqotio] = expli E—E D] g0,y g

T T _ T T
[Ckack“‘qU? Ck-i—qckg] = CkoCko — CryqoChtqos

we obtain

Yolg,w) =i / " dtexpliensg — e + F)(Fer) — Flensa))

_f(k)— f(k+q)
S rir——— (B.23)

where (c;rwcko.) = f(ex) and (c};JrqackJqu) = f(€ksq)-
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Appendix C

Derivation of Eq. (3.50)

In this appendix, we derive Eq. (3.50) for the magnetic susceptibility. We
consider a m-electron system in a weak magnetic field A* in the z-axis direc-
tion.

The Hubbard Hamiltonian is written as

H=H,+ Hy+ Hy, (C.1)
with

Ht :Zztijc;facjff — /’LZZCZO'C'L‘U’ (02)

]

Hy=UY nini, (C3)
Hy =h? Z e'ITig? (C.4)
i,q
We define s as
s = 1 Z el o? i (C.5)
10 20 - 10~ 0109 10

We assume a unit cell shown in Fig. 2.1 because (t2,t3) # (t5,t;). The
the lattice constant in c-direction is same as the original lattice. That in
a-direction is twice as large as the original lattice. The label p = 1,2 denote
two sites in the unit cell.
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We define

2 ke
ke =\ Z R TN (C.6)

where N is the number of the dimerized pairs of BETS molecules, which
denotes

2 ik-r;
C;rpo' = \/ N Ze * ch};pg’ (07)
k

where the summation ), is taken over a first Brillouin zone. The Hamilto-
nian Eq. (C.1) is rewritten as

1
_ T T
H, + Hy = E Ekpp’ Chopo Chpo + §hz E E Ckpal‘7§1020k+qp02

k,o,pp’ k,q,poio2
3 ' t 1 Z S
. z z
- kap/ck:pcrckp/U + §h Ckpal 00102 Ck+qpo
k,o,p.p’ k.q,p o102
' : 1 ' t
4 z
+ E €k+qpp’ Clet qpo Ch+ap'o T §h E , E :Ck+qp010-010'20k170'2
k,o,p,p’ k,q,p o102
Cklo
Z' Pt t 5 Cr2
_ g
- (Cklcr Ckao Ck:+q1<7 Ck:+q20-)5k0 ) (08)
Ck+qlo
k,o
Ck+q20
where
€K1 €3 — 1€593 h*o /2 0
4 € + i€, € 0 h*o /2
Epo = k23 k23 k1 N
- = . L
ho /2 0 €k+ql €k+q23 ~ “Crtq23
z + .=
0 ho/2 €y go3 + i€ 403 €ktq23

(C.9)
and the summation Z;c is taken over a Brillouin zone in an antiferromagnetic

phase. Here, g1 = 2t1 cosky, €y = (ta + th) cos(k,) + (t3 + t5) cos(k, + ky),
€pag = (t2 — t5) sin(ky) + (t3 — t4) sin(k, + k).
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The Hamiltonian (C.8) is diagonalized by the unitary transformation

Cklo (097
Cr2 k
O A : (C.10)
Ck+qlo Vo
Ck+q20 Oko

where Uy, is a unitary matrix.

We derive the eigenvalues and eigenvectors for the matrix Ero by the
perturbation theory. The eigenvalues for the zeroth and first order terms
of the magnetic field h* are defined as E,(c(z) and E,S) (1=1, 2, 3, and 4),
respectively. We refer to the eigenvectors for the zeroth and first order terms
of the magnetic field h* are defined as x; and dxy;, respectively.

We divide the matrix éka into

€k1 €z — €k 0 0
Eron = €1z + 1€403 €kl 0 N 0 N
0 0 Ek—s—ql €rtq23 — YCEiqo3
0 0 elJcr+q23 1€ 4 q23 €k+ql
(C.11)
and
0 0 h*o /2 0
B 0 0 0 h*a /2
Er1o = ho/2 0 0 0 (C.12)
0 h*c /2 0 0
We solve the equations
(Exoo + Eio) (@i + 0x:) = () + Ep))(ni + 00:) (C.13)
and
5 _ g0
gk()g%kz = Ekz LT (014)
From Eq. (C.14), we obtain
B =t + 1/ (6hs)? + ()2, (C.15)
0 ,
B =t — \/ (efas)? + (cs)?. (C.16)
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EY) =B (C.17)

k+ql>
0 0
By =By . (C.18)

From Eq. (C.14), we obtain eigenvectors

o (EZ23)2+(€;23)2

+ . —
€23 T1€h03

1
L1 =— ——= )
V2 0
0

(C.19)

(5z23)2+(6;23)2
+ . —
1 €23t €03
Lo = ——= )
V2 0
0

(C.20)

0
0

1
Ths = E _ \/(€Z+q23)2+(6,§+q23)2 ,

(C.21)

+ . —
€rtq23 T €1 q23

1

0
0
1
Ly = E \/(e;—+q23)2+(e;+q23)2 . (022)

+ . —
€kt+q23 T €kt q23

1

We express the eigenvector day; for the first order terms of the magnetic
field h* as a linear combination of the eigenvectors for the zeroth order terms
of the magnetic field h*. dxy; is written as

N N
j=1

=i
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Using Eq. (C.23) in Eq. (C.13), we obtain

N
(((jk()cr + gkla)(mki + dxg;) :(ék:ch + gkm)((l +¢i) T + Z CiTkj)
J=1,j#i
N
=(Bp) + B (1 + e+ Y cjmng).
=L
(C.24)
Therefore, we obtain
N .
(Ekoo + Ek1o)(Tri + Z ] _i_jc'mkj) = (E( )+ E,S)) (ri + Z + a:kj).
J=1,4# ! j=1,j#i Ci
(C.25)

Expanding both sides of Eq. (C.25), we obtain

N
5k0033kz + Z 5k0033kg "‘Eklawkz + Z T+ nglawkj
Jj= 1]752 J= ljsﬁ@
= E,(m)fl,'kz + E,(“)il,‘k, + Z E,(c(z) Lk + Z gklailfk] (C 26)
J=1,j#i + Jj= 1J#zl+ ‘

When we can ignore the second-order term of h*, we obtain

gk:OO'wkz + Z

SkOka:j + Eklawkz

Jj= 1]752
= EQ%; + BNy + Z +7 EV ;. (C.27)
j=1,j#i i
Using Eq. (C.14) in Eq. (C.27), we obtain
N ..
EploTi = E(1 x; : + E,(g)a:j — Z ,TJQE’(&)%' (C.28)
j=1,j#i j=1,j#i
In the case of i =1,
(ki ék:lamki) = E;S) (C.29)
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In the case of i # [,

N N
. c; ¢
(Tt Ek1oTri) Z(inz;E&)kamL Z 14_]C'E;(coi)wkj - Z rJoE’Sj‘)mk]‘)
=157 ’ J=1# ’
_ Gk p0) Sk po)
1 ‘l’ci ki 1 +Ci kl
Ck 0 0
:m(ElE:i) — BQ). (C.30)
It follows from Eq. (C.30) that
Cr (wkl,éklawki)
e L0 L0 (C.31)
ki Kl

From Egs. (C.23) and (C.31), the eigenvector for the first order term of the
magnetic field h* is

N N

. Ck . (T, éklawki)
j=1,ji j=1,j#i ki ki

Using Egs. (C.9), (C.15)—(C.22) in Eq. (C.32), we obtain

1 h*o { \/[<€Z+q23)2 + <€I;+q23)2“(€z23)2 + (6;23)2] N 1}:{:3

01 = — = - -
2 <€Z+q23 - Z€k+q23)(6223 + 1€93)

h*o {_ \/[(61:+q23)2 + <€;+q23)2”(6z23)2 + (€h23)?] N 1}:04,

(61:+q23 - i61;+q23)(6223 + i€03)

(C.33)

1 hPo { \/[(6;:-&-(123)2 + (6;+q23)2“<€;:23)2 + (€g23)7] N 1}w

(eiclng - i6;+q23)(6;§23 + i€93)

h*o {_ \/[(€;+q23)2 + <€I;+q23)2][(5;:23)2 + (€123)?] N 1}:(34,

(El—::_+q23 - Z'612+q23)(5z23 + i€593)
(C.34)

61



h*o { \/[(%ng)? + (51;+q23)2“(€;§23)2 + (€g23)7] N 1}:51

OThs =~ 3 E:S,O) — Efo) (€z+q23 + ielz+q23)(€:23 ~ i€ha3)
hio \/[(€;r+q23)2 + <€I;+q23>2][(5;:23)2 + (€x23)°]
S 2 EY — EY {_ (kg3 t 1€k q23) (h2s — T€ka3) ’ 1}332’
(C.35)
Sns = — ho { \/[(Ez+q23>2 + (‘612_+q23)2”(6£23)2‘ 4_’ (€k23)°] N 1}:131
B — g (€l q2s T €sqo3) (s — T€k23)

E;:Jrqzza 2 €kt q23 2 6223 2 €r23 2
I ho {W 2+ (o) (o) + >1+1}w2

2 Eio) — Eéo) (El—::_+q23 + iel:+q23)(€;:23 - i%s)

(C.36)
The unitary matrix Uy, is written as
Uko = (Tg1 + 0Tk1 Tio + 0o Thg + 0T g3 T + 0Tpy)- (C.37)
Hence, the components of the unitary matrix

Ukl Uk12 Uk13 Ukl4
é‘ o Up21 Uk22 Uk32 Uk42 (.38
klo — ( : )
Uk13 Uk23 Uk33 Uk43
Uk1a Uk24 Uk34 Uka4

are written as

Uy = — 1 V (€23)% + (€23)? (C.39)
V2 €y i

I (By + 1)i V (63)% 1 (€523)°
2 Ego) — Eéo) V2 s t i
1
2

h*o 1 \/(€hg)? + (€23)°
E) — E, €23 T €23

1 \/(6;&3)2 + (€x23)” (C.41)

Uk12 = —= T - ’
V2 g Ty
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L ho L/ (€s)? + (€23)°
Uk32 ——(Bk + 1) k23
2 Ego) — Eg(,o) V2 eyt Z€k23
1 h* 1 2
+5—5 o - (—Bj +1 V( E1923 + (€x23) 7 (C.42)
2E) - E, \/§ €haz T 1€has
1 \/ €hiq2)” T (Chigas)?
U333 — y (C43)
V2 €lorq23 T 1hyqo3
1 h*o 1 \/ €k+q23 Ek+q23)2
Uk13 = 5
2 Eéo) — E:.S €k+q23 + Z€1c+q23
1 h 1 \/ €k+ 23) 6lc+ 23)?
S (A +1 1 = (C.44)
2 Es7 — E; \/5 €k+q23 + Z€k+q23
13 (Gg)? + (Gerqas)?
Upss = —7= T — ; (C.45)
V2 6 iges T i€k qos
1 h*o 1 \/ €k+q23 Ek+q23)2
Ukia = 3
2 Eéo) — E3 €k+q23 + Z€k+q23
1 h* 1 \/ €k+ 23) €k+ 23)?
+ o (— Akt 1 i o (Ca46)
2 E,” —E, €k+q23 + Z€k+q23
where
Vg2 + (Ggn) () + ()
Ay, = ‘ ! , (C.47)

(€Z+q23 - 7;€;+q23)(€;<:i_23 + 1€593)

V162 + (€ () + (6
By = T — — : (C.48)
(€hiqos T 1€k 1 qo3) (Ehaz — i€403)
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We define the sublattice magnetization m as

- Z Zpa 5102 Cipo, )€ TTT). (C.49)

01,02

When we substitute Eq. (C.10) into Eq. (C.49), we obtain

1 !’
(@) =( 57 )X Chagtsate + cheqoraa))o

k,o

1 ' * * * *
() Xttt + s 10) k) + (1t + 1) 5 o)
k,o

+ (U}3, U330 + u§3aul3a)<7};07k0> + (U4, U340 + u§4aul40)<5lzaéko>}a

h~[ 1B — 1B | [(E) — (B
s (U ) | S 1D

N 4«(EY - EY) 4By — BY)

0 0 0 v

. { f(B) = [(ER) | [(EQ) - f(Big) } Di (C.50)
0 0 0 0 ’ .
WEY -EYD) T AEBY - EY)
where
a6t + €fos€n

Com 1+ k236k+q23 T k23 +q23 7 (C.51)

V162 + (g () + (6)?

€€l + €926
Dp=1- k23%k+q23 k23%k+q23 . (C.52)
VI kg2 + (g2 (6020) + )]

From x(q) = limy-_,om(q)/h?, the spin susceptibility x(q) is

L~ S — 105
o) Ay (LU A | 105 - <O))>}Ck

LAy - B 4<E0
fES) ~ FED) | 1B~ (B >}D o
A (e
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Appendix D

Derivation of Eq. (2.15)

In this appendix, we derive Eq. (2.15) for the susceptibility of the free 3d
spins. We consider the localized 3d spin system under a small magnetic field
h. The Hamiltonian has the term H = ). hS; where S; the spin operator
with length S = 5/2 on the anion site i. We define the magnetization M as

Before we derive M, we calculate

s
_exp(—hpS)(1 —exp(hB(25 +1)))
sFZS exp(—hpS;) = 1 — exp(—hp3S)
_ sinh(—ﬂ(sgé)h)
sinh(2) .

and

L s _d sinh(h(S + 1)B)
o Z exp(—hBS;) ~dh sinh(%)2

Si=—8
:m [(S + %)cosh(h (S + %)ﬁ)sinh(%)

— gsinh (h <S + %)ﬁ) COSh(%)} : (D.3)

The magnetization M is
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Yo Siexp(—hBS))
e _sexp(—hfS;)
Ay sexp(—hpBS))
Yo soxp(—hBS)

:sinh(%) sin;(h(S + %)ﬁ) KS * %>COSh <h <S + %>B> sinh(%)
L5+ 2)s)on()

:<S + %)COth(h (S + %)5)—% coth(%)

:S<252;— 1>coth (h <S + 1)ﬁ) —SL coth(@>

2 25 2
—SBg(BhS), (D.5)

(D.4)

where

Bgs(z) = (252;_ 1>coth<ﬁ<25 il 1>x)—i coth(ﬁ£> (D.6)

is the Brillouin function.
When h is small, x is small. When z is sufficiently small,

coth(x) = exp(x) + exp(—x) (D.7)
exp(z) — exp(—x) '
22 23 vl 22 3 vl
lte+5+5+3tl—os+5+=+5
ltz+Z 4848 g8 = 2

2 z* T
_2+£L‘—|—E_1 E_ 7

23:—|—"’“"—; r 3 x+%3
1a
oz 3
and
25 +1 1 25 +1 1,1 x
Bs(z) = (g )(5(2§—§1)x)+(6(w)x)_ﬁ( %JFB@)

_i+£(25+1)2 1z (45 +48)x
Bz 3% 28 fr 1252 1252
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(S+1)a:‘

_ D.8

From Egs. (D.4) and (D.8), we obtain
S+1)Sh

a = B FLShE (D.9)

3
From x»(7T") = limy,_o %, the susceptibility of the free 3d spin y»(7) is
(S+1)S
T)=——. D.1
() = 5] (D.10)
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Appendix E

Derivation of Eq. (2.19)

In this appendix, we apply the random phase approximation (RPA) to the
Hubbard model and derive the spin susceptibility of pure m-electron sys-
tem [64,65].
We derive the unitary matrix to derive the spin susceptibility. We consider
the Schrodinger equation
d
ih—¢ = Hy (E.1)
dr
for the wave function of the system ¢ (7). Introducing 1 (7y) for the wave
function at time 75, we obtain

iH(T—10)

U(r) = e 1h(m0) (E2)

as the relational equation between v (7) and (7). Here, we introduce the
variable function

Un(r, 1) = e HH—m0)/h (E.3)

The variable function U(7, 7p) is a unitary matrix. Differentiating both sides
of Eq. (E.3) by 7, we obtain
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Integrating both sides of Eq. (E.4) with 7, we obtain

/ dTlUH(Tl,T())H, (E5)

70

U (7, 70) = C + (—%)

where C' is an integration constant. From U(7, ) = 1, we obtain C' = 1.
Hence,

/thlUH(Tl,To)H. (E6)

70

=1+ (1)

We apply the itinerant approximation to Eq. (E.6), which leads to

Un(1,70) =1+ (—%)/T: drH(m)

() [ [ it

R <—%)n/mfdn . / dry H(r)H(rs) - H(r) + - -~
(E.7)

We write Eq. (E.7) in a symmetrical form. We define the ordering operator
T[A(T)B(7")] = A(7)B(7")0(r — 7') + B(7")B(7)0(7' — 1), (E.8)

where 6(x) is Heaviside step function. Here, + is taken as + and — when A
and B are Bose operators and Fermi operators, respectively. Equation (E.7)
is written as

Un(r.70) = 1+ g = (—%)n/ e dr TIH () - Hi(). (B.9)

70

We define the spin susceptibility x3*(q, iw,,) and spin operator S;(7) as

2z . ]' g W T z z
Glavin) =5 [ (55087, ) (5.10)
and
. 1
Sq= B Z(CLTCkJqu - C;rc¢ck+q¢)7 (E.11)
k
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representivity. Using Eq. (E.11) in Eq. (E.10), we obtain

. ]- A Wm T z z
i) = [ eSS Jar

kK

1 7 W T
- v /0 T ((chr (T)ererqt (T) = Chy (T)Crer gy (7)) (Chacrogr — ChyCh—q)))dT.
(E.12)

We define spin susceptibility x77 (q, iwy,) as
i L7 i i
XO'O' (q’ Z(JJm) — N/ etwmT Z <Cklock1+q00k2o,ck2_qgl>. (E13)
0 ki1,k2
From Egs. (E.12) and (E.13), we obtain
. 1 4 . . .
X (g iwm) = 7 (¢ (@ i0m) + X (g iwm) + XV (@, iwm) + X (g, wm).
(E.14)

We derive the spin susceptibility. We consider the grand partition func-
tion

(1]

= Ty[e AUH-1N)], (E.15)
The expectation value for an arbitrary operator A is written as
Trle PH A]
Tr[e=FH]
Tr[e AHe+HY) A]
T Ti[e AU HD)|
~ Tr[Un, (B)Uny, (B)A]

(4) =

= . E.16
Te{U, (8)U, (3] 10

The grand canonical partition function = is written as
= = Tefe 1] = Te{Up, (8)Uny (8))- (E.17)

For a noninteraction system, the expectation value of A is written as

(A)g = Trle P"A]  Tr[e Al Tr[Ug,(B)A]
U T et TiUn (B)]

(E.18)
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The partition function Z is written as
7 = Tr[e #™] = Tr[Up, (B)]. (E.19)

Expressing the grand partition function = in terms of the expectation value
of U, (B8), we obtain

—_
—
—

Tr[Upy, (B)UHU (B)]
Te[Ug, (8)] Tr[%t[g;((gi(ﬁ)]
= Te[Ug, (B)] Tr[UTI?[(UﬁIjl(gsj](ﬁ)]

= Tr[Un, (8)[{Usy (8))o- (E.20)

The Green functions G(k,7) and G(k,iw,) for interacting systems are

G(k,7) = —(Tr[cko(T)ch,)) = T e Gk, iw,), (E.21)

B
G(k,iwn):/ dre™m G (k,T). (E.22)
0

The Green functions Gy (k, 7) and Go(k, iw,) for noninteracting systems are

Golk,7) = —(Tr[cho(T)ck, )0 = T D e Go(k, iw,), (E.23)

B
Go(k,iwy,) :/ dre“nTGy(k, 7). (E.24)
0

The free electron susceptibility xo(q, ivy,) is defined as

B
Xo(q, V) :/ dre™mT E <ckack+qack,+qa,ck/gl>o
0
k. k!

T
= = 2 Golk, iwn)Go(k + g iwn + i), (E:25)

k,wn,
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A perturbation expansion of Eq. (E.13) is

W T § :
Xs q7ZV7L - / CklacliquCng’CkQ qcr>
k1,ko
T
zme E UHU Ck100k1+qack2‘7lck2 2’ >0 (E 26)
N (U ' '
kl ko HU (/8)>

We substitute Eq. (E.7) into Eq. (E.26). We consider Bloch-de Dominics
theorem. We define

Ai(7i)A;(75) = (T-[A; (1) A; (7))o (E.27)
as a contraction. Using Eq. (E.27), we obtain

(T [AL(7) -+ A(T))o = D (= 1)% A A A Ay, -+ Ai, L Ai, -+ (E.28)

Here, (—1)% is equal to 0 and 1 when the substitution is an even substitution
and when it is an odd substitution, respectively. The zeroth-order term is

= / iwm T Z cklackw,ckﬁqgckﬁqg Do = xo(g,ivy). (E.29)
K.k

The first-order term is

; B
zwmr ¢
N / TE e <_%>/0 dm <HU(6>Ck Uck1+qUCLQ+q0/ck20 >

B
1
w 7' T —i— .I. _I_
N/ dre™™ (_ﬁ)/ d7—1<§ , E :Ucklackn+QUck2+qU’cszf’ckack+qack/+qa/ck’0’>0
0
kK’

K.k k1 ko
AVE f t
'meT
N/ dre _ﬁ / dﬁg E U(cklgckla>0<ck1+q0/ck1+qa,>o,
kK’ 0 kK kiks
T
(CharChyr)0{Chiytqo’ Chy-qor )0

N/ drenmy (—%)/0 dr Y ) UGo(ki + q,7)Go(k:,7)

k. k' k.k' k1,k2
GO(k27 T)GO(kZ + q, T)
=Uxo(q, n)x0(q, ivy). (E.30)
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Figure E.1: Diagrams of x?? and x?~? by RPA.

Therefore, the free spin susceptibility x(q,iv,) is

x(@,ivn) = xo0(q, ivn) + Uxo(q, ivn)xo(q, ivn)

+ U?Xo(4, iv) x0(q. i) X0 (4, i) X0 (g, iv) + - - -
= XO(qa Zyn)(]' + UXO(qv ZVTL) : )
- XO(q7 ZVn)(l + UX(qa iV?L))'

From Eq. (E.31), we obtain

x(q,iv,) =

_ XO(qa ZVn)
1- UXO(qalyn)

The critical value U, of the Coulomb energy satisfies

From Eq. (E.15), we obtain

1= UCXO(qa Wy = 0)

(E.31)

(E.32)

(E.33)

(E.34)



Appendix F

Derivation of Eqs. (2.28)
and (2.29)

In this appendix, we derive the sublattice magnetizations of m-electrons and

3d spins in the mean-field approximation.
The model Hamiltonian is written as

H=H+Hy+ H;

with

Hy = Z Z tiscloCio — 1t Z Z clyCio,
j o % o
HU = UZ?%THQ,
i

HJ = Z Z Qi/J{LQSZ-/SéL.
(

iil) =y,

The Hamiltonian in the mean-field approximation is

Hy = UZ((“M”@ + nig(nay) — (ar) (nir)),

Hy=3" 37 0J5((SE)st + Sii(s) — (SN (st).

(4,i") p=w,y,2
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We define the sublattice magnetizations M and m of the w electrons and 3d
spins as

= (53), (F.7)

and

m

S el sonion) = (i — 1), (F.5)

0102

1
2
respectively. Because

S z —J1omS?% B3 —1 —J12mS‘.Z,8
Zs_z,zfssz"e v dB ZS G=—5 Tam© !

M= —— — = . F.9
Zgjz_se—JﬁZmSi,ﬁ ZS;:_S —J12mSi,B ( )
and
S m. —J12m
Z elezme,B _eJ12 Sﬁ(l — e/ (25+1)ﬁ)
o 1 — e—Jiz2mp
§5=-5
(TS5 _ e hem(S495) sinh(Jipm(S + 5)6)
- €J1227'L/3 . J122m5 - Sinh(‘]m?mﬁ) ’
(F.10)
i ZS: 7J12m5’?,,3 _ iSinh(‘]12m(S + %)ﬁ)
df — dp sinh(%)
1 1 1 . Jiom
:—sinhQ(‘hQ—mﬁ) [lem (S + §)cosh<J12m<S + 5)5) smh( 122 5)
J 1 J
2 in h(J (S + —)B)cosh( mmﬁ)}, (F.11)
2 2 2
we obtain

:sinh(%) Sinhl(Jlgm(S +3)8) [(S + %)COSh(Jum (S + %)5) Sinh(

— %sinh(JlZm (S + %)ﬁ) cosh(Jm;nﬁﬂ

=(S + %) coth[Jmm(S + %)5] —% coth<J122m5>

J 12?5)
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:SBs(Jlng)

(F.12)

We derive the sublattice magnetization m. Because n = (n;) + (n),

and

<n,¢) = g — m.

Using Eqgs. (F.13) and (F.14) in Egs. (F.5) and (F.6), we obtain

Hy=U Z((nmnu + narniy) — (nar)(nat)
= UZ (niy, + nit) +m(niy, —nip) + (nz —m’)]
and

Hy=7 Y 0:Jh((Sh)s! +Sish) — (Sh){st))

(i,3") p=2,y,2

:Z Z Oy Jio(M st 4+ Shim — Mm).

(3,i") p=2,y,2

Equation (F.16) is rewritten as

Hy =) (8 + 0k)ChyCho,

ko

2

n
HU_UZ (niy + i) +m(nqy — ”n)+(z—mz)

2
n
= UZZ(§ — MOy O o + <Z —m?),
k o

HJ:Z Z Oy Jiy(—Mst — Shim + Mm)

(i,3) B=2,y,2

1
= Z(—§J12MCLJCk+qU — Z J1omS; + N JiosMm).
k i
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(F.13)

(F.14)

(F.15)

(F.16)

(F.17)

(F.18)

(F.19)



In the antiferromagnetic phase, the Hamiltonian is written as

/

Hy = Z (fkc;rcacko + §k+ch+qack+q0)v (¥.20)
ko

n n?
Hy = UZ Z(E — ma) cLUchg + <Z — m2)
k o

' n
k o

1
HJ - Z §J12MCLng+qa' - Z J12mSiZ, —+ J12Mm
k,o i

= Z J12M(Ci:o_ck+qo' + CL+qJCkU) + Z Ju?’)’bSﬁ + Jlng. (F22)

k,o i

From Egs. (F.20), (F.21) and (F.22), the Hamiltonian is written as

H - Z (C;rcoc;[c—i-(Io‘)ékU ( Cho ) ) (F23)
ko

Ck+qo
where
5 §k —Q0
Ere = ) F.24
k ( —020  Ekiq (F.24)

The Hamiltonian Eq. (F.23) is diagonalized by the unitary transformation

C «
ko _ ng ko as
Ck+qo Bkaa

/

H - Z (E]—:a};go‘kcr + Elzﬁltgﬁka)v (F25)
ko
where
2
By = Sk + Ska +25’”q + \/ (—5’“ _25’”") +a3. (F.26)
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The unitary matrix is expressed as the rotation matrix

U, — ( Co?,(Qk) —0o sin(6y,) ) |

osin(fg)  cos(bk)

where
COS(29k) _ gko - ékJqu _,
\/(gka - £k+qa)2 + a5
sin(26y) = — @2

1
Qg = §J12M+ Um.

Hence, we obtain

NZ Zsm (200) (8L, L) — (af,ab,)):

Using Eq. (F.29) in Eq. (F.31), we obtain

1 ! (5]

mzﬁg (f(Be) = f(E)),

\/(fk:o - €k+qo)2 + OK%

where (af al ) = f(E}) and (8] Bi,) = f(Ey), & = £k+§k+qa

and Ey = \/ék + a2,

From Eq. (F.32), we obtain

m=sy %2 (7 () = F(5))

Ek_6k /QkBT (Ek—5k)/2kBT

\/(gka - €k+qo)2 + 04%’

:_Z < (B 5k)/2kBT+6 (En—on)/2k5T

(Ek+5k)/2kBT (Ex—0r)/2kpT

(& — €
 e(Bu+or)/2kpT + e—(Ek+6k)/2kBT>

1 ! Ey — E
- 2(tanh< k 5k)—|—tanh( ;k_]:;k

2kgT
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(F.27)

(F.28)

(F.29)

(F.30)

(F.31)

(F.33)
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