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ABSTRACT. A multivariate generalized ridge (MGR) regression provides a shrink-
age estimator of the multivariate linear regression by multiple ridge parameters.
Since the ridge parameters which adjust the amount of shrinkage of the estimator
are unknown, their optimization is an important task to obtain a better estimator.
For the univariate case, a fast algorithm has been proposed for optimizing ridge pa-
rameters based on minimizing a model selection criterion (MSC) and the algorithm
can be applied to various MSCs. In this paper, we extend this algorithm to MGR
regression. We also describe the relationship between the MGR estimator which is
not sparse and a multivariate adaptive group Lasso estimator which is sparse, under
orthogonal explanatory variables.

1. Introduction

We consider n pairs of data {y;, z;} (i = 1,...,n), where y; is a p-dimensional
vector of response variables, @; is a k-dimensional vector of explanatory vari-
ables, and n satisfies n > max{p, k + 1}. A multivariate linear regression model
is a statistical model for multiple response variables (e.g., Srivastava [19], Chap.
9; Timm [22], Chap. 4). Let Y = (y1,...,¥»)" be an n X p matrix of response
variables, X = (x1,...,@,) be an n x k matrix of explanatory variables, and
€ =(e1,...,&,)" be an n X p matrix of error variables. Then, the multivariate
linear regression model is given by

Y =14+ XE+E, (1)

where 1,, is an n-dimensional vector of ones, p is a p-dimensional vector of loca-
tion parameters, and 2 = (€1, ...,&k)" is a k x p matrix of regression coefficients.
We assume that X is centralized and has full column rank, i.e., X'1, = 0
and rank(X) = k, and that €;,...,&, are independently and identically dis-
tributed according to mean vector 0, and covariance matrix 3, where 0y is a
k-dimensional vector of zeros. One of the most basic methods for estimating the
unknown parameters g and = in (1) is the least squares (LS) method. The LS
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estimators of p and E are given by
1 ~
p=9=-Y'1,, E=M'XY (M=X'X). (2)
n

These estimators are equal to the maximum likelihood estimators (MLEs) of p
and E under normality, i.e., the assumption that

€1,...,8p ~id.d. Np(0p, ).

The LS estimators can be obtained as simple forms as per (2) regardless of
having good theoretical properties, e.g., unbiasedness and asymptotic normality.
Unfortunately, it cannot be said that Eisa good estimator, in the sense that
the variance of the estimator becomes large when multicollinearity occurs.

For the univariate case, i.e., when p = 1, a generalized ridge (GR) regres-
sion was proposed by Hoerl & Kennard [10] to avoid the problem posed by
multicollinearity. The GR regression can be expected to overcome this problem
by shrinking an estimator of regression coefficients. The GR estimator can be
obtained as closed form and the amount of shrinkage of the estimator is ad-
justed by k regularization parameters called ridge parameters. However, since
the ridge parameters are unknown, to obtain a better estimator, we have a new
problem to address, namely ridge parameters optimization. A model selection
criterion (MSC) minimization method is one approach to solve the problem of
ridge parameters optimization, which selects ridge parameters minimizing the
MSC as the optimal ridge parameters. Most MSCs consist of a residual sum
of squares (RSS) and generalized degrees of freedom (GDF). In other words,
they account for model fit and model complexity. Salient examples include the
C,, criterion (Mallows [12]), Akaike’s information criterion (AIC; Akaike [1]) un-
der normality, and the generalized cross-validation (GCV) criterion (Craven &
Wahba [5]). Usually, the optimal parameters selected by an MSC minimization
method cannot be obtained as closed forms and iterative calculation is often
required. This presents difficulties in terms of the validity and applicability of
such methods. Fortunately, Nagai et al. [14] showed that the optimal ridge pa-
rameters based on minimizing a generalized C, (GC)) criterion (Atkinson [3])
which is a generalization of the C), criterion can be obtained as closed forms and
Yanagihara [24] showed that the optimal ridge parameters based on minimizing
the GCV criterion can be obtained as closed forms. There are various MSCs
having a wide class like the GC), criterion; for example, there are the generalized
information criterion (GIC; Nishii [15]), which includes AIC, and the extended
GCV (EGCV) criterion (Ohishi et al. [16]), which includes the GCV criterion.
All these criteria can be regarded as bivariate functions of the RSS and GDF.
Ohishi et al. [16] defined an MSC having a wider class as the bivariate function
and proposed an algorithm to minimize it rapidly. Since the ridge parameters
can be easily optimized by using various MSCs, the GR regression is a useful
method to avoid problems arising from multicollinearity.

Ohishi et al. [16] also clarified a class of ridge parameters optimized by the
MSC minimization method. From the results, under orthogonal explanatory
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variables, the GR estimator which was previously non-sparse is now character-
ized by sparsity, i.e., includes 0, after the ridge parameters are optimized. On
the other hand, Lasso regression (Tibshirani [20]) and adaptive Lasso (AL) re-
gression (Zou [26]) which is an extension of the Lasso regression are well-known
methods for providing a sparse estimator. They also give shrinkage estimators
like the GR regression. Although the amount of shrinkage and extent of sparsity
of the AL estimator (including the Lasso estimator) are adjusted by a regulariza-
tion parameter called a tuning parameter, since this parameter is unknown, its
optimization is required. Moreover, the AL estimator cannot usually be obtained
without iterative calculation. However, Ohishi et al. [17] showed that the AL
estimator can be obtained as closed form under orthogonal explanatory variables
and the GR and AL estimators are equivalent after regularization parameters
are optimized by the MSC minimization method.

Yanagihara et al. [25] and Nagai et al. [14] naturally extended the GR
regression to a multivariate GR (MGR) regression. The MGR estimator is also
a shrinkage estimator by k ridge parameters like the GR. estimator and we have
to consider the ridge parameters optimization. In the MSC minimization method
for the MGR regression, although the ridge parameters optimized by the GC,
criterion minimization method can be obtained as closed forms (Nagai et al. [14]),
whether this is the case for other criteria is unclear. Recently, Mori & Suzuki
[13] proposed the ZMC,, criterion and the ZKLIC which are modified versions of
the modified C), (MC,) criterion (Fujikoshi & Satoh [8]) and the bias-corrected
AIC (AIC¢; Hurvich & Tsai [11]) for MGR regression. However, these MSCs are
designed for selecting explanatory variables, not for optimizing ridge parameters.
In this paper, we extend the algorithm proposed by Ohishi et al. [16] to MGR
regression. Furthermore, we describe the relationship between MGR regression
and multivariate adaptive group Lasso (MAGL) regression under orthogonal
explanatory variables.

The remainder of the paper is organized as follows. In Section 2, we describe
the MGR estimator and MSCs for optimizing ridge parameters, and define an
MSC class. In Section 3, we extend the algorithm proposed by Ohishi et al.
[16] to optimize ridge parameters in MGR regression by the MSC minimization
method. In Section 4, the MSC class defined in Section 2 is extended, corre-
sponding to various distances. Moreover, we propose an algorithm for minimiz-
ing the extended MSC. In Section 5, we propose a new method for optimizing
ridge parameters by using MSCs. In Section 6, we describe the MAGL estimator
and equivalence between the MGR and MAGL estimators under the regulariza-
tion parameters optimized by the MSC minimization method. In Section 7, the
performance of the ridge parameters optimized by the MSC minimization meth-
ods is compared by simulation. Technical details are provided in the Appendix.
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2. Preliminaries

By a singular value decomposition, n x n and k x k orthogonal matrices P
and @ and a k x k diagonal matrix D = diag(dy,...,ds) express X as

1/2
X=P ( D ) Q = PD'qQ. (3)
On_ik

where O, 1, is an n X k matrix of zeros, P, is an n X k matrix obtained from
the partition P = (P, P;), which satisfies P{1,, = 0; and PP, = I, and
dy,...,dy are eigenvalues of M (= X'X) satisfying d; > -+ > dy > 0. Then,
the MGR estimators of u and E are given by

=9, Eo=M,'X'Y (Mp=M +QOQ), (4)
where 0 = (01,...,0;), ® = diag(f,...,0;) and §; e Ry = {# e R | 0 >
0} (j =1,...,k) is a regularization parameter called a ridge parameter. Since

My = M when 6 = 0, Eg coincides with Z in (2) when 6 = 0j, and the MGR
estimators coincide with the GR estimators when p = 1. The MGR estimators
in (4) denote the minimizers of the following penalized RSS (PRSS):

tr {(Y — 1,0/ — XE)(Y - 1,0 — XE) + E'QOQ'E}. (5)

Although the ridge parameters adjust the amount of shrinkage of the MGR
estimator of E, since they are unknown, their optimization is an important task
to obtain a better estimator. To simplify calculation, following Yanagihara [24]
and Ohishi et al. [16], we transform the ridge parameters as

0
j =
dj + 9]‘
Since this transformation is a one-to-one correspondence, the optimization of ¢,
is equal to that of J;. Hence, we optimize J; instead of 6; and we also call J;
a ridge parameter in this paper. Let § and A be a k-dimensional vector and a

k x k diagonal matrix of the ridge parameters defined by § = (d1,...,0;)" and
A = diag(dy, ..., dk), respectively, and let Z be a k x p matrix defined by

Z = (z1,...,2z) = PY. (6)

€01 G=1,...,k).

Then, the MGR estimator of E in (4) can be rewritten as
Es=Q(I, - A)D Y?Z=2-QAD'?Z. (7)

In this paper, we optimize the ridge parameter § by using the MSC minimization
method.
The MGR estimator in (7) gives a predictive matrix of Y as

Ys = 1,4+ X85 = HsY, Hs=J,+P(I, - A)P],

where J,, = 1,1/ /n and Hj is an n X n matrix called a hat matrix. Most MSCs
consist of the predictive matrix and the hat matrix. The predictive matrix is
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used to evaluate model fit. We define an estimator and an unbiased estimator
of the covariance matrix X as

$(6)= (Y - V) (¥ ~ ¥) (5
S %20 (30=5(00), b=1(k+ 1)/n).

Under normality, 33(8) is a penalized MLE of ¥ and 3 is an MLE of 3. Then,
model fit, i.e., the distance between Y and Yj is defined by

tr {2(6).5'_1} .
On the other hand, the hat matrix is used to evaluate model complexity and it
is defined by the following GDF:
df(6) = ptr(Hs). 9)

The GC, and EGCV criteria for optimizing ridge parameters consist of tr{3(8)S~*}
and df(d). Similar to Yanagihara [24], we have the following lemma about X(4)

and df(d).
LEMMA 1. Let Bs and W be p X p matrices defined by
Bs=Z'A*Z, W =nX,.

Then, 33(8) and df(8) can be partitioned into terms which do and do not include
9 as follows:

k
1 - 1
3(8) = —(W + Bs) = 3o + > 22567
j=1

1797

k
df(8) =p(l+k) —ptrA=pL (1+k)—> 4§ ».
j=1
From Lemma 1, we have
tr{2(5>s—1} —btr (BY) +bp, Bi=W V2BsW1/2
Then, the GC, and EGCV criteria for optimizing ridge parameters are defined
by
GCp(8) = nbtr(Bj) + nbp + adf(6),
btr(B%) + bp
EGCV(d) = ———9%/ —_
= Tty
where « is a positive value adjusting the strength of the penalty for model com-
plexity. Existing criteria are expressed by changing the value of «, for example,
the GCp, and EGCV criteria coincide with the C}, and GCV criteria, respectively,

when a = 2 and the GC,, criterion coincides with the M C,, criterion (Yanagihara
et al. [25]) when @« = 2{1+ (p+1)/(n — k — p — 2)}. From the above, MSCs
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for optimizing ridge parameters can be regarded as bivariate functions of tr(B})
and df(d). From Lemma 1, ranges of tr(Bj) and df(d) are given as the following
lemma.

LEMMA 2. The tr(Bj}) and df(d) are included in the following ranges:
tr(Bj) € [0,tr (Z2*Z*")], df(6) € [p,p(1 + k)],
where Z* = ZW /2,
Moreover, let f be a bivariate function defined by the following class.

DEFINITION 1 (Class of the bivariate function f). For a positive value
r4, [ satisfies the following conditions:
(A1) For any (r,u) € [0,74] X [p,np), f(r,u) is continuous.
(A2) For any (r,u) € [0,74] X [p,np), f(r,u) is first order partially differen-
tiable and its partial derivatives are positive.

We define an MSC for optimizing ridge parameters by using f in Definition
1 as

MSC(d) = f (tr(Bj),df(d)) . (10)
For the GC,, and EGCV criteria, f is given by

flru) = fac,(r,u) = nb(r +p) + au (GC, criterion)
’ feaov(r,u) = b(r +p)/(1 —u/np)® (EGCV criterion) ’

and ry is given by
ry =tr (Z*Z*/) .

Then, the optimal ridge parameters based on minimizing the MSC in (10) are
given by

p— /7 1
0= (d1,...,0) = arg aen[lol,rll]k MSC(9).

3. Fast Optimization of Ridge Parameters

In this section, to obtain & minimizing the MSC in (10), we extend the
algorithm for optimizing ridge parameters in the GR regression proposed by
Ohishi [16]. First, we define the following class of ridge parameters.

DEFINITION 2 (Class of ridge parameters). For h € R, a class of ridge
parameters is defined by

5(n) = (5:(n).... ,Sk(h)>/, 5;(h) =1 — soft (1, h/2,8'2,) |

where z; is the p-dimensional vector defined by (6). Furthermore, soft(x,a) is
a soft-thresholding operator (e.g., Donoho & Johnstone [7]), i.e., soft(x,a) =
sign(x)(Jz| — a)4, and (x)+ = max{x, 0}.
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When § = I, and p = 1, the class of ridge parameters in Definition 2
corresponds to that for the GR regression defined by Ohishi et al. [16]. Using
this class, the MGR estimator in (7) is given as a function of h:

E50 = QV(NQ'E,
where Q is the k x k orthogonal matrix defined by (3) and V(h) is a k X k
diagonal matrix which has the following diagonal elements:
vj(h) =1—06;(h) =soft (1,h/2}S " z;) (j=1,....k).
The V' (h) rewrites the predictive matrix of Y as
Yy ={Jn+PIV(W)P]}Y,

where P is the nxk matrix defined by (3). Then, the ridge parameters optimized
by the MSC minimization method are given by the following theorem (the proof
is given in Appendix A.1).
THEOREM 1. We define ry as

ry =tr (Z*Z*/) .
For f with the class in Definition 1, let ¢(h) (h € Ry\{0}) be a function defined
by

¢(h) = MSC(d(h)),
and suppose that v > 0 s.t. ¢(v) < limp_0 @(h). Then, the ridge parameters
optimized by the MSC minimization method are given by d(h) and h is given by

h = i h).
arg heu%f{l{o}(b( )

From this theorem, the class of ridge parameters in Definition 2 is the class
of the “optimal” ridge parameters.

Let t; (j = 1,...,k) be the jth order statistic of 2{S7'21,..., 2, S 2, and
R; (j=0,1,...,k) be a range defined by

(0,t4] (J=0)
R; =4 (tj,tj41] (=1,....,k—1). (11)
(tr,o0]  (j=Fk)
Then, similar to Ohishi et al. [16], we have the following proposition.

PROPOSITION 1. The ¢(h) in Theorem 1 satisfies the following properties:

(P1) For all h € R\{0}, ¢(h) is continuous.
(P2) For all h > ty, ¢(h) = f(ry,p).
(P3) The ¢(h) can be expressed as the following piecewise function:

¢(h) = da(h) (h € Ra; a=0,1,...,k)
=f ((cl’a + 02,ah2)/nb,p(1 +k—a-— czyah)) ,
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where c1 4 and ca , are nonnegative constants given by

"o
) > = (a=01,..,k=1)
Cla = th (a: ]_,...,k)7 C2,a = j=a+1 7 ’
i=1 0 (a=k)

0 (a=0)

From the results, the MSC minimization problem for optimizing ridge pa-
rameters in the MGR regression can be solved by applying the fast algorithm for
the GR regression proposed by Ohishi et al. [16]. That is, we have the following
theorem.

THEOREM 2. Suppose that the derivative of ¢o(h) in Proposition 1 is ex-
pressed as

%%(h) — xa(W)a(h) (b€ Ra: a=0,1,....k—1),

and Y(h) = Ya(h) (h € Ry) is continuous for all h € Ry\{0}, where x4(h)
is a positive function and p,(h) is a polynomial. Moreover, suppose that Jv >
0 s.t. (v) < limp_0 @(h) and let hy be a oot of ¥, (h) = 0 satisfying

e, > 0 s.t. Ve € (0,€4), Ya(he —€) <O. (12)
Then, minimizer candidates of ¢(h) are given by

S= { U {ha}}UT,

ac A
(Yr—1(t) < 0)
(r—1(tx) > 0)

Hence, the ridge parameters optimized by the MSC minimization method are
given by 0(h) and h is given by

A={ac{01,... . k—1} | ha € Ral, T:{étk}

h = arg min o(h).

Although the range of h is a set of positive values, Theorem 2 can reduce a
search range of h to § which is a set of discrete points. Furthermore, each element
of § is given as closed form and #(S) < k + 1; hence we can quickly optimize
the ridge parameters. In the theorem, although ), (h) is implicitly supposed as
a linear or quadratic function, the theorem can naturally be extended to higher
order polynomial functions. In particular, roots of ¢,(h) = 0 can be obtained
as closed forms when 1, (h) is a cubic or a quartic function, by using Cardano’s
formula (e.g., David [6], Chap. 1) or Ferrari’s method (e.g., Tignol [21], Chap.
3). Hence, if the degree of 1¥,(h) is four or less, we can quickly optimize the
MSC.
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3.1. Examples. In this subsection, we provide specific examples of the MSC
minimization methods for optimizing ridge parameters in the MGR regression.
To emphasize that the optimal ridge parameters depend on «, we specify that
« is given.

3.1.1. The GC, criterion. Although the ridge parameters optimized by the
GC,, criterion minimization method have already been given by Nagai et al. [14],
here we show how to derive them by applying Theorem 2. The G'C), criterion
for optimizing ridge parameters is given by

GCy(é | a) = fac, (tr(Bj),df(d) | a).
When h € R, (a=0,1,...,k), ¢ and its derivative are given by
p(h| @) = da(h | @) = cauh® — apea gh +nbp + 1.4 + ap(l + k — a),

d
%gba(h | @) = c2,4(2h — ap).

Hence, the ridge parameters optimized by the GC,, criterion minimization method
are given as the following closed form:
~ ~ ap

6:6(h/a), ha: ?

3.1.2. The EGCYV criterion. The EGCV criterion for optimizing ridge param-
eters is given by

EGCV((S | Oé) = fEccov (tr(Bj;),df(&) | a).
When h € R, (a=0,1,...,k), ¢ and its derivative are given by
bp + (Cl.a +c2 ah2)/n
h = ¢q(h = : . ,
d)( ‘Oé) ¢ ( |0é) {b_’_(a_’_cz’ah)/n}a

d o CQ,a
a1 ) = e cpahy et Vel @)

Vo(h | @) =—(a— 2)02’ah2 +2(a+nb)h — a(nbp + c1,4)-

When a = 2, i.e., using the GCV criterion minimization method, we have
Yo (h | 2) = 2{(a +nb)h — nbp — c1,4},
and a root of 1, (h |2) =0 is

nbp + c1,q
hy = 2P T Cla
a+nb
Moreover, similar to Yanagihara [24], the following statement is true:
la* € {0,1,...,k —1} s.t. hgx € Ry».

Hence, the ridge parameters optimized by the GCV criterion minimization method
are given by the following closed forms: 6 = d(hg+).
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When a > 2, since 1,(h | «) is a concave quadratic function, a root of
Ya(h | o) = 0 satisfying the condition (12) is given by
(a+nb) — y/(a+nb)2 — ala —2)ca,q(nbp + c1,4)

(v —2)caq

ha,a =

Therefore, candidates of h, are given by

Sa = { U {ha,a}}UTm

a€A,

where A, and 7, are sets given by

Ae={ae{0,1,....k =1} | haa € Ra},

s (ry >2(1 —n~Yty/ab - p)
T (<20 - Nt/ab—p)

Hence, the ridge parameters optimized by the EGCV criterion minimization
method are given by

0=20(ha), ha=arg }{Ielgi p(h | a).

In the EGCV criterion minimization method, the number of minimizer candi-
dates is only k£ + 1 at most.

3.2. Relationships between the Optimal Ridge Parameters. This sub-
section provides some theoretical properties concerning the relationships between
the optimal ridge parameters. The class of the optimal ridge parameters satisfies

Vhl,hQER_i_,hl <h2=>(§j(h1)§(§j(h2) (j=1,...,k}),

with equality only when hy > t;. This fact yields some relationships concerning
the ridge parameters optimized by the GC), and EGCV criteria minimization
methods. Immediately, we have the following result which is similar to Nagai et
al. [14].

PROPOSITION 2. For positive values oy and oo, we define the ridge param-
eters optimized by the GC, criterion minimization method as

015 = 8j(hay), 625 =0j(hay) (j=1,....k),
where hg = ap/2. Then, we have
o < ag = SlJ < 52’3'.

This proposition states that the stronger the penalty for model complexity,
the larger the amount of shrinkage of the estimator, when using the GC,, criterion
minimization method. Next, we consider the ridge parameters optimized by the
GC, and the GCV criteria minimization methods. Similar to Yanagihara [24],
we have the following lemma.
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LEMMA 3. The ho« obtained by the GCV criterion minimization method
satisfies hg+ < p.

This lemma leads to the following result which is similar to the case when
p =1 (Yanagihara [24]).

PROPOSITION 3. Let Sffp and SjGCV (j =1,...,k) be the ridge parameters
optimized by the GC, and GCV criteria minimization methods, respectively.
Then, we have

{GCV _ $GCy
a>2=9; < b,

The value of « in the MSC is often 2 or more. This means that the ridge
parameters optimized by the GC), criterion minimization method shrink the
estimator more than the GCV criterion minimization method in most cases.
Finally, we consider the ridge parameters optimized by the EGCV criterion

minimization method. We express ¢(h | o) = EGCV(d(h) | o) as
¢(h] o) =a*(R)n(h | ),
where

6%(h) = bp + btr(BY),

1
G

and let h, be the minimizer of ¢(h | ). Then, n(h | a) has the following
property (the proof is given in Appendix A.2).

df(h) = df(8(h)),

LEMMA 4. Suppose that 0 < hy < he. Then, we have
n(he [ a) < n(hy | ).

This lemma leads to the following proposition (the proof is given in Appen-
dix A.3).

PrROPOSITION 4. The EGCYV criterion minimization method has the fol-
lowing properties:

(1) Suppose that a; < as. Then, we have
iloq =t = iLaz = t.

(2) For positive values ay and as, we define the ridge parameters optimized
by the EGCYV criterion minimization method as

015 = 0j(hay), 025 =0j(hay) (F=1,....k),
and suppose that iLM = tr. Then, we have
o < ag = 51,;‘ < 52,;‘»

with equality only when ﬁal > z;S_lzj.



12 Mineaki OHISHI

This proposition states that the stronger the penalty for model complexity,
the larger the amount of shrinkage of the estimator, when using the EGCV
criterion minimization method.

4. Extending the MSC Class

In the previous section, we showed that the algorithm for the GR regression
can be applied to minimize the MSC in (10), where the distance between Y and
Y5 is defined by tr{3(8)S~'} and the MSC is defined by using tr(B}) obtained
from the distance. In this section, we focus on how to measure the distance.

Let g be a real-valued function defined by the following class.

DEFINITION 3 (Class of the function g). For any p X p positive definite
matrix A, the g satisfies the following conditions:

(A1) The g(A) is positive.
(A2) The 0g(A)/OA is a positive definite.
Using the function g, we extend the MSC in (10) to
MSC(d | g) = f (9(Bs), df(d)), (13)
where f is the bivariate function given by Definition 1. For example, ¢ includes
the following functions:
gru(A) =tr(A) (LH-distance)
gir(A) =log |I, + A| (LR-distance)

9(A) = { gpnp(A) = tr {A(T, + A)'} (BNP-distance) .
guL(A) =tr {(I, + A)~*} +log|I, + A —p (ML-distance)
gars(A) = tr(A?%)/2 (GLS-distance)

The MSC in (13) is equal to that in (10) when g(A) = gLu(A) and the following
equation holds:
gLu(Bj) = tr (BsW ™).

Since we can regard Bs as a between-group variation matrix and W as a
within-group variation matrix, gru(Bj) is a Lawley-Hotelling trace criterion
(LH-statistic; e.g., Anderson [2], Chap. 8) which is a well-known statistic in
multivariate analysis. That is, the MSC in (10) measures the distance between
Y and Y; based on the LH-statistic. Similarly, regarding the LR-distance and
the BNP-distance, the following equations hold:

gLr(Bj) =log |(W + Bs)W ™|,
genp(Bj) = tr {Bs(W + Bs)™'}.

They are a Likelihood-Ratio criterion and a Bartlett-Nanda-Pillai trace crite-
rion, respectively, which are also well-known statistics (e.g., Anderson [2], Chap.
8). MSC based on the LR-distance includes the GIC and the AIC¢ under nor-
mality. The above three distances based on the three statistics pertain to the
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mean structure of a model. In contrast, there are distances with respect to the
covariance structure of a model, e.g., the ML-distance and the GLS-distance.
Regarding these distances, the following equations hold:

gL (B3) = log [S3(8)| + tr {53(6) 50 } — log [ 2| - p,
gars(Bs) = %tr [{ (20 - 2(6)) 201}2] .

They are distances between 33(8) and 3 called a maximum likelihood fitting
function and a generalized least square fitting function, respectively (e.g., Bollen
[4], Chap. 4). Using g(A), the GC, and EGCV criteria, and the GIC and the
AIC¢ under normality are given by

GC,(8) = nbgLu(Bj) + nbp + a df(d),
bgLu(Bj) + bp

EGCV(d) = ——2——|

)= 0= af(6) )
GIC(d) = ngLr(Bj) + nplogb + a df(d),
np{n + df(d)}
—p—1-—df()’
Using the GIC, it is also possible to adjust the strength of the penalty for model
complexity, and for example, the GIC coincides with the AIC when « = 2, the
HQC (Hannan & Quinn [9]) when a = 2loglogn, and the BIC (Schwarz [18])

when a = logn. For the GIC and AICc, the bivariate function f(r,u) is given
by

AICc(8) = ngLr(Bj) + nplogb + -

faic(r,u) = n(r + plogb) + au (GIC)

_ np(n + u) .
Jarce (riu) = n(r +plogh) + — ——— pr— — (AICc)

fru) =

The following subsections describe two algorithms to minimize the MSC in (13).

4.1. Minimizing MSC via Iterative Method. This subsection describes
an algorithm for solving the MSC minimization method via an iterative method
with an iterative function. That is, we derive the iterative function. Notice that

k
* * _x/ ¢2 * -1/2,, .
Bj = g 272705, =z =W zj.
j=1

Therefore, the following partial derivatives can be obtained:

a * * %/ a
We express the (i,£) element of a matrix A as a; = (A);¢ and define
) 0 . 0
9ie(B) 9(A) , G(B) (A) ~ (14)

- (9(1@@ A—B - ﬂg A—B
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Bj is a symmetric matrix, thus we have

0 * N 0 * . * */ *\ %

@g(B‘S) = Z Z @(BS)iZ - 9ie(Bs) = QZj/G(BG)Zj 0;-
i=1 (=i

Hence, a partial derivative of the MSC is given by

% MSC(d | g) = 22;'G(B;)z] f (9(Bj),df(8)) 6;

— pfu(9(B;), df(9)),

where

f?"(xay) = %f(n u) ) fu($7y) = %f(?”, u)

(ruw)=(2y) (ru)=(zy)
By solving 9MSC(9 | g)/98 = 0y, we can obtain the following iterative method:

80+ = ¢(6) = (AOW)....GD)) (=01,
(i(8) = 1 = soft (1,7(8)/2;'G(B;)z; ), (15)

where (i) is the iteration number, () is a given initial vector, and 7(8) is given
by
' (g(Bg),df(6
L) P (a(B}).a10)
2fr (9(Bj), df(4))
By repeating the update of §(¥) with the iterative function ¢, we can obtain the

optimal 8. This iterative method has the following property (the proof is given
in Appendix A.4).

PROPOSITION 5. For a k-dimensional vector € wherein all elements are
nonnegative, suppose that
r0) S Td+e), =GBz > =GBz (16)
Then, the iterative method with iterative function (15) converges ifVj € {1,...,k},
3 >89 orvje{1,... kY, 6 <ol

From this proposition, when assumption (16) holds, the iterative method
with iterative function (15) converges if the initial vector is 0y or 1j.

4.1.1. LR-distance. For the MSC based on the LR-distance, the following
equation holds:
0]
87A9LR
Therefore, we have

(A log |I, + A| = (I, + A)~".

o
T 9A

W2G(B;)W /2 = (W + Bs) ™' =
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Hence, the iterative function for solving the MSC minimization method based
on the LR-distance is given by

¢;(6) =1 — soft (1,m(5)/z;2(5)*1zj) . (17)

Furthermore, from Lemma 1, for € in Proposition 5 and for any p-dimensional
vector a, the following equation holds:

a'3(8)a < a3+ €a<—= a'3S(0) 'a>d2(8+e€) la.
Let 6L be a solution obtained by the iterative method with iterative func-
tion (17). Then,
8LR _ C(SLR)

The ridge parameters optimized by the MSC minimization method based on the
LR-distance are given by

OFR =1 — soft (1»”7(3LR)/Z}2(3LR)_IZJ> (=1, k).

On the other hand, the ridge parameters optimized by the MSC minimization
method based on the LH-distance are given by the following form:

S;JH =1 — soft (1,%/2}5_1;7‘) (G=1,...,k).

The S}H includes S~! and S is an estimator of the covariance matrix for the
full model. Thus, &LH has a disadvantage because S~! is unstable when k is
large. Whereas, SJLR does not include S§~1, but rather 3(6“R)~1 and 3(8LR)
is an estimator of the covariance matrix adjusted by SR Thus, %R has an

advantage because ﬁ)(SLR)’l is stable even when k is large.

Example 1. We derive an iterative function for solving the GIC minimization
method. From f(r,u) = faic(r,u), we have

fr(ryu) =n, fu(r, u) = q,

and therefore, 7(8) = ap/2n. Hence, the iterative function for the GIC mini-
mization method is given by

¢;(8) =1 — soft (1,ap/2z;2(5)—1zj) G=1,....k). (18)

Moreover, since 7(d) does not depend on 4, from Proposition 5, the iterative
method for solving the GIC minimization method converges under an appropri-
ate initial vector.
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Ezample 2. We derive an iterative function for solving the AIC¢ minimization
method. From f(r,u) = farc.(r, u), we have

) =n,  fulru) = PER=P =L

(n—p—1-—u)?’
and therefore, we have

p*(2n —p—1)

T0) = S T Ao

Hence, the iterative function for the AIC minimization method is given by

() =1 —so np?(2n —p —1) .
o) =1 ft (1, 1 df(é)}Qz;ﬁ](é)—lzj> (G=1,...,k).

Moreover, for € in Proposition 5, the following equation holds:
df(8) > df(d + €).
Therefore
7(0) > 7(0 + €),
and thus, the iterative method for solving the AICs minimization method does

not satisfy Proposition 5.

4.1.2. BNP-distance. For the MSC based on the BNP-distance, the following
equation holds:

15} 0 _
anBNP(A) =34 tr {A(I, + A)~"}

0] _ _
7787Atr{(Ip+A) = (I,+A)"%

Therefore, we have
W 12Q(By)W ™2 = (W + Bs) "W (W + Bs) ™! = 12(5)—1202(5)—1.
n

Hence, the iterative function for solving the MSC minimization method based
on the BNP-distance is given by

() =1 so nt(d)
6i(9) =1 = soft (1’ z;ﬁ:(a)lﬁzoﬁ:(a)lzj> '

Accordingly, using the BNP-distance, the optimal ridge parameters are stable
even when k is large.
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Example. As an example of MSC based on the BNP-distance, we consider the
following criterion:
BNPC(d) = ngpnp(Bj) + adf(6).
Then, since
frlru) =n, fulru) =a,

we have 7(d) = ap/2n. Hence, the iterative function for solving the BNPC
minimization method is given by

. =1-so0 z aAp 3 .
G =1 ft (1, 2z§2(6)_1202(5)_1zj> (19)

4.1.3. ML-distance. For the MSC based on the ML-distance, the following
equation holds:

0

87AQML(A)

0 _
=34 [tr {(I, + A)"'} +log|I, + Al]
=—(L,+A) 7+ (L, + A"
Therefore, we have
W 2G(B)W Y2 = (W + Bs) ™' — (W + Bs) " 'W(W + Bs) ™!
_ Lyt L) is st
= ~%(8) - ~%(8) ' B(6) .

Hence, the iterative function for solving the MSC minimization method based
on the ML-distance is given by

¢;(8) =1 — soft <1, _ n(8) ) ,
Z{S(8)71 — B(8)"1803(6) 1}z

Accordingly, using the ML-distance, the optimal ridge parameters are stable
even when k is large.

4.1.4. GLS-distance. For the MSC based on the GLS-distance, the following
equation holds:

0

0
87AgGLS(A) =5 a5

2\ _
8Atr(A)7A'

N | =

Therefore, we have
i 1o | - \
W 2Q(B)WY2 =W iB;W! = ~33 HB(6) — 2o}t

Hence, the iterative function for solving the MSC minimization method based
on the GLS-distance is given by

1w nt(4)
G(0) = 1 — soft (1’ Z35{2(0) - ﬁo}ia%) |
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Since 3 is an estimator of the covariance matrix for the full model, the optimal
ridge parameters are unstable when k is large.

4.2. Minimizing MSC via Coordinate Descent. In the previous subsec-
tion, we described an algorithm to minimize the MSC via the iterative method
with an iterative function obtained by solving 9 MSC(d | g)/00 = 0. In this
subsection, we update d1,...,d; individually, not simultaneously. That is, we
minimize the MSC via a coordinate descent algorithm.

4.2.1. LR-distance. We partition W + Bs and df(4) into

k
W+ Bs =W, +2;2j5;, W; =W+ 22,0,
Iy

df(8) =q1; —pd;, qj=p(1+k) Z5f
L#]

Then, the following equations hold:
I, + B} = W YW + Bs)W~1/2
=W VAW, + 22,67 ) W /2, (20)
(W + 22,67 = [W;| (1+ 25W, 1 2;67) .
Therefore, we have
gur(B;3) = log |I, + Bj|
= log (1 +z; W zj62) + log ’WjW_1’
=log(1 + q2,;67) + qs,5,
where g2 ; and g3, ; are constants which do not depend on §; given by
Q2 = z;ijlzj, q3,; = log ’WjW_1| .
Hence, the following partial derivative is obtained:
2q2,j0;

1+ q27_]5

0
79, o 9Lr(Bs) = ;

Example 1. The partial derivative of the GIC is given by

ji6;) = 2 c10(8) =

a5, (— Oép(]277(5j + 2ngs ;0; — ap).

14+ ¢ J62
An update equation of the coordinate descent algorithm for solving the GIC

minimization method is given by the following theorem (the proof is given in
Appendix A.5).
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THEOREM 3. Let f;() be a function for 6 € [0,1] and suppose that the
derivative of f;(0) is given by the following form.:

f(8) = fg1( )fg 2(0)  (f51(6) > 0),

f12(6) = —¢;26° +2¢,16 — ¢ (¢j0,¢51,¢52 > 0),

_ 1— A/ 1— Cj)QCj’O/C?71
0; = .
Cj2/Cin
Then, Sj = arg mingseo,1) f;(0) is given by
(1) Case of 1 = ¢jacjo/c5, = 0:

and we define 0, as

5 Sj Cj2 > Cj1 OT (Cj,g < Cj,1 and Sj < 1))
=
1

Cj.2 S Cj1 and Sj Z ].)

(2) Case of 1 — ¢jacjo/c5, <0

o, =1.
Exzample 2. The partial derivative of the AIC¢ is given by
; 0
i(0;) = = AlICc(o
3(67) = g5 ACe(©)

1 ,
T (g —p—1—a, +P5j)2/nfj’2(5j)7
f32(6) = 2p°2,;0° + pa2 j{4(n —p — 1 — qu ;) — p(2n — p — 1)}5°
+2¢j(n—p—1—q ;)% —p*(2n—p—1).
An update equation of the coordinate descent algorithm for solving the AICq

minimization method is given by the following theorem (the proof is given in
Appendix A.6).

THEOREM 4. Let f;() be a function for 6 € [0,1] and suppose that the
derivative of f;(0) is given by the following form:

(6 2 1(0 ;
fi(6) = f]l()f]() (f,1(6) >0)

fj,g( ) = Cj,g(s + Cj7252 + Cj715 — Cj,0 (Cj70 > 0),
and let m (0 < m < 3) be the number of stationary points of ijg(é) which is
included in (0 1) and 6J 1y, 05m (m > 1) be the stationary points satisfying

0j1 < -+ < 0jm. Moreover, we define a set S; as

Sj={1} (m=0); {61} (m=1); {5;1,1} (m=2); {6;1,0;3} (m =3).
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Then, 6; = arg minsepo,1] f;(9) is given by

0; = arg greusrj £;(6).
4.2.2. BNP-distance. Equation (20) leads to
(I, + By) ' = WY(W, + z;2,62) ' W/2,
and the following holds:
W-_lzjz’W_lcSQ» W= z]z W 152

W, +z;205) P =W - — =w -]
( J J

1+ 2] W_lzj<52 J 1+‘12d5j

Therefore, we have

gene(Bj) =p —tr {(I, + B5) "'}

-1 —152
bt (W W, zjz;-WJQ- 65 -
J 1+ qu(sj

where ¢4 ; and g5 ; are constants which do not depend on §; given by
quj = z;-WleWj*lzj, ¢s,j =p—tr (Wle) )
Hence, the following partial derivative is obtained:

2(]4,]5

9
B g
95, a5, 98ne (Bs) = (1+ g2,,62)?

Ezample. The partial derivative of the BNPC is given by

. 0
fi(85) = ﬁBNPC(&

1
:m( aquJcSJ 2apqzjt5 +2nga ;0; — ap).
395

An update equation of the coordinate descent algorithm for solving the BNPC
minimization method is given by the following theorem obtained which is similar
to Theorem 4.

THEOREM 5. Let f;(8) be a function for 6 € [0,1] and suppose that the
derivative of f;(9) is given by the following form:

» s |
f3(8) = 3 ( )fg, 2(0)  (f51(8) > 0)

£i.2(8) = ¢j 46" + ¢;36° + ¢;26° + ¢16 — 0 (¢j0 > 0),
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and let m (0 < m < 4) be the number of stationary points of f;2(8) which is
included in (0,1) and ;1,...,0;.m (m > 1) be the stationary points satisfying
0j1 < -+ < djm. Moreover, we define a set S; as

{1} (m=0); {61} (m=1)
Sj =19 {d1,1} (m=2); {d;1,0;3} (m=23)
{0j1,93,1} (m=4)
Then, Sj = arg minseo,1) f5(9) is given by
0; = arg min f;(0).
4.2.3. ML-distance. Notice that
gur(A) = gLr(A) — gene(A).
Hence, we have
2
guL(Bj) = log(1 + QQ,j(S?) - 1;]_4(;2(25? +4q3,5 — g5,
and the following partial derivative is obtained:
2q2,;0 2q4,50

8f;ngL(BE) T 110,07 (1ta,007
4.2.4. GLS-distance. We have
BsW ™ =z;2ZlW™'5; + WiW ! — I,
and therefore
gars(Bj) = %tf {(BsWw™1)?} = %(%73‘5? + QQ7,j5J2 +qs,j),
where gp ; (¢ =6,7,8) are constants which do not depend on §; given by
G6,j = (zé—Wflzj)z, qrj = z}Wﬁl(Wj - W)Wz,

g8, = tr{(WjW*1 - Ip)2} .

Hence, the following partial derivative is obtained:

0 " .
%gGLS(B&) = 2(16,1'5}3 + 2q7 ;6;.

5. Plug-in Iteration

In the previous section, we described the minimization of MSC extended to
general distance. For MSC based on the LH-distance, the class of the optimal
ridge parameters is obtained and since the minimizer is given as closed form and
is unique, or minimizer candidates are given as closed forms and finite points,
MSC can be minimized quickly. In contrast, since the optimal ridge parameters
include the inverse of the estimator of the covariance matrix for the full model,
those parameters are unstable when k is large. On the other hand, for MSC
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based on general distance, in particular the LR-distance, the BNP-distance, and
the ML-distance, since the estimator of the covariance matrix which is included
in the optimal ridge parameters is an adjusted estimator, the optimal ridge
parameters are stable even when k is large. In contrast, such MSC cannot be
minimized quickly. As above, MSC based on the LH-distance and MSC based on
another distance have contrasting properties. We propose a new approach, called
the Plug-in Iteration Method (PIM) which is a hybrid method drawing on the
merits of the various MSCs. The PIM optimizes ridge parameters by repeating
the following procedure: first, the ridge parameters are optimized by the MSC
minimization method based on the LH-distance; next, the ridge parameters are
optimized again by using the ridge parameters optimized in the previous step.

The ridge parameters optimized by the MSC minimization method based
on the LH-distance include S, and this derives from the fact that the original
distance tr{3:(6)S~!} includes S. Although the MSC was hitherto defined by
using tr(Bj) obtained from the original distance, we now redefine it using the
original distance. For any p x p positive definite matrix A, we define

- 1
i (A) = tr (EOA*1> +-tr (24712,
n
and let fT be a bivariate function defined by the following class.

DEFINITION 4 (Class of the bivariate function f1). The fT satisfies
the following conditions:

(A1") For any (r,u) € (0,74 (A)] x [p,np), f1(r,u) is continuous.

(A2") For any (r,u) € (0,7, (A)] x [p,np), fT(r,u) is positive.

(A3") For any (r,u) € (0,74 (A)] x [p,np), fi(r,u) is first order partially
differentiable and its partial derivatives are positive.

Using the bivariate function ff, we redefine the MSC based on the LH-
distance as

MSCH(5 | A) = f1 (tr {2(5),4*1} ,df(a)) . (21)

This MSC covers a wider class than the MSC in (10) and is equal to the MSC
in (10) when A = S. For the GC, and EGCV criteria, fT is given by

) = nr + au (GC, criterion)
/(1 = u/np)®  (EGCV criterion) |

Similar to Theorem 1, the optimal § minimizing the MSC in (21) is given by the
following corollary.

COROLLARY 1. We define a function ¢(h | A) (h € RE\{0}) as

o(h| A)=MSCH(é(h| A) | A),
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and suppose that v > 0 s.it. ¢(v | A) < limp_od(h | A), where S(h | A) =
(01(h | A),...,0k(h | A)) is a class of ridge parameters given by

6;(h | A) =1 — soft (Lh/z;A™" 2z)).

Then, we have the following:

(1) The optimal ridge parameters based on minimizing MSCY(§ | A) are
given by 0(ha | A) and ha is given by
ha= i h|A).
a=arg min  ¢(h]A)
(2) The ¢(h | A) has the following properties:
(P1) For all h € Ry \{0}, ¢(h | A) is continuous.
(P2) For all h >t ¢(h | A) = fTi(r (A),p).
(P3) The ¢(h | A) can be expressed as the following piecewise function:

d(h| A) = da(h| A) (h€Ra; a=0,1,....k)
= ff (tr(f}oA_l) + (c1.0 + caah®)/n,p(1 +k —a— CQ’ah)) ,

where R,, c1,4 and ca,q are Tange and nonnegative constants similar
to (11) and Proposition 1, respectively. However, t; (j = 1,...,k) is
the jth order statistic of z;-A_lzj (G=1,...,k).

Corollary 1 is an extension of Theorem 1 and Proposition 1 and they are
equivalent when A = S. Furthermore, h 4 can be obtained by applying Theorem
2.

Using Corollary 1, we describe the PIM algorithm. Let S© = S and we

define 6@ (h) = (87(n),..., 87 (h)) as 6@ (k) = §(h | S©) and define the
optimal ridge parameters based on minimizing MSCT(8 | §() as
50 — ((%o)’ B .75120))/, Sj(-o) _ Aj(-O)(fAl(O)),

A =arg min  ¢O(h), ¢©(n)=MSCT (6 (n)|SO).
}LER+\{O}

Therefore 3;0) is given by
519 = 1 — soft (1, h® /z;{s@)}*lzj) . (22)

Furthermore, by substituting 3(0), we define SM) as

S(l) — WI/ZG(BE(O))flwl/Q’

where W is given in Lemma 1 and G(-) is given by (14), and let 6V (h) be a
class of ridge parameters wherein the jth element (j = 1,...,k) is given by

500) = 1 —soft (L,h/2{SV}12;).
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Then, we optimize the ridge parameters again as
2 (1 O O O
80 = (5,....80) 8 =5,

B — . Mp, M) = MSCTHED (R | §M).
arg min ¢ (h), & (h) (6% (n) | §+)
The h(") can be obtained quickly by applying Theorem2. Since the optimal ridge
parameter (9 includes S, it is unstable when k is large. However, since s
is adjusted by substituting 6(?), 1) is stable even when k is large. The PIM
algorithm is summarized as follows.

PIM Algorithm

Step 1. Let the initial vector 6 be the ridge parameters optimized by the
MSC minimization method based on the LH-distance and i + 0.
Step 2. Define S(+1) and ¢(+1)(h) as

S(i+1) _ WI/QG(Bg(i))flwl/Q,
¢(i+1)(h) — MSscf (5(i+1)(h) | S(z‘+1)) ,
where the class of ridge parameters is given by
g NG N /
50Dy = (8 (m), . 6V m))
5§i+1)(h) =1 — soft (1, h/z;{S(i“)}*lzj) .
Step 3. By using Theorem 2, update the ridge parameters as

SO = SEHD(jGHY  fGH) = ; @+ (p).
( ) arg mip ¢ (h)
Step 4. If oG+ converges, the algorithm is complete. If not, let i < ¢+ 1 and
return to Step 2.

Since the MSC minimized at each iteration is based on the LH-distance, the
minimization is fast. Furthermore, an estimator of the covariance matrix which
is included in 6 is stable by substituting the ridge parameters optimized in the
previous step. Thus, the PIM is a hybrid method which leverages the merits of
the various MSCs.

The PIM algorithm is similar to the iterative method. In particular, when
using the GC,, criterion, for all i (=0,1,...), we have

s ap
Y = =
2
Therefore, the PIM is the following iterative method:
A(it1 ,
5D = 1 — soft (1, ap/2z; G(B;f(i))z;‘) ,
and this is equal to the iterative method wherein the initial vector is the ridge
parameters optimized by the GC, criterion minimization method, the iterative
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function is equation (15), and 7(8) = ap/2. That is, when using the GC,
criterion, the PIM with the GIC is equal to the GIC minimization method and
the PIM with the BNPC is equal to the BNPC minimization method.

6. Relationship with Multivariate Adaptive Group Lasso
Regression

In this section, we describe a relationship between the MGR and MAGL
estimators after the regularization parameters are optimized by the MSC mini-
mization method based on the LH-distance. The MAGL estimator cannot usu-
ally be obtained as closed form. However, it can be obtained as closed form under
orthogonal explanatory variables. Although we use general X until the previous
section, this section deals with orthogonal explanatory variables. Furthermore,
instead of using the transformed ridge parameters d1,...,J;, we approach this
via the original ridge parameters 61, ..., 0.

6.1. Estimators with Optimal Regularization Parameters under Or-
thogonality. The orthogonality of X means Q = Ij in (3). Therefore, the LS
and the MGR estimators of 2 in (2) and (4), respectively, are rewritten as

« A/ S 1
:(517"'a£k) :D_l/gza é]: Zj,

Vi

N N / A N/ d;
R _ (65‘1,1, . ,ggik,k) =DVD 1)z, &=, (23)
j T U5
where D = diag(dy,...,dg) and Z = (z1,..., z;) are the k x k diagonal matrix
and the k x p matrix given by (3) and (6), respectively. The ridge parameters
are optimized using the following MSC based on the LH-distance:

MSCr(0 | A) = 1 (tr{r()A™"},dn(6)) (24)

[

[1

where 35 (0) and dfg(0) are given by transforming the parameter from & to 6
in 33(8) and df(8), which are given by (8) and (9), respectively, as

k 2 k
- - 1 0, 0,
3r(0) =3+ — iz 1 dfg(0) = p(1+ k) — I
wO) =20+ 1>z () L @) =p1 0 -0
Jj=1 7j=1
Thus, the MSC in (24) is the parameter-transformed version of the MSC in
(21). Furthermore, since the transformation is a one-to-one correspondence,
Corollary 1 gives the following class of ridge parameters optimized by minimizing
MSCgr(0 | A):
~ ~ ~ !/
O(n| A) = (01(n] A),....00(n 1 A)) ,

djh
~ —_— h<Z/-A712‘
byin | 4)={ FATIz - EEATE)

00 (h > z}A‘lzj)
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Notice that for all x € Ry,
MSCr(6(x | A) | A) = MSC'(5(x | A) | A).

Then, from Corollary 1, the optimal ridge parameters based on minimizing the
MSC in (24) are given by

0;=0;(ha|A) (G=1,....k),

ha = arg peinin (i A), o] A) = MSCT(3(h | A) | A),

and using these optimal ridge parameters, the optimal MGR estimator based on
minimizing the MSC in (24) is given by

‘R
£éj’j B

(25)

1 o
ﬁ soft (1, hA/z;-A_lzj) zj. (26)
J
Since 55‘,]- = 0, when ha > 2/A~'z;, we found that the non-sparse MGR
g

estimator is sparse after the ridge parameters are optimized.

Next, we describe the MAGL estimator of =. Ohishi et al. [17] derived the
AL estimator as closed form under orthogonality of X. As a natural extension
of this result, the MAGL estimator can be obtained as closed form. Let Ly be
a k x k diagonal matrix of which the jth diagonal element is given by

1 .
U= d—jsoft (17)\wj/\/dj||zj||> (j=1,...,k),

where A € Ry is a regularization parameter called a tuning parameter, w; is a
weight, and | - || is Ls norm of a vector. Then, the MAGL estimator of Z is
given by

2 A N /
E{( = ({I;,l, 751;,6) =LLX'Y = L)\Dl/QZ’
0 1
€L = /b2 = Tt (1 2w/ 12511 2.
J

Since Ly = D~! when A = 0, the MAGL estimator coincides with the LS
estimator when A = 0, and the MAGL estimator coincides with the AL estimator
given in Ohishi et al. [17] when p = 1. The MAGL estimator is sparse in the sense
that éAj = 0, when Aw; > \/d;||z;||. The Ef in (27) denotes the minimizer of
the following PRSS
k
tr{(Y — 1, — XE) (Y — Lp' — XE)} +2)0 > w;l&]. (28)
j=1

The MGR estimator in (23) depends on k regularization parameters. Whereas,
the MAGL estimator in (27) depends on only one regularization parameter.
Furthermore, although the MGR estimator is not sparse, the MAGL estimator
is characterized by sparsity. Hence, it can be stated that the MGR and MAGL
estimators have different properties.
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The MAGL estimator in (27) gives a predictive matrix of Y for the MAGL
regression as follows:
YV =1.0/ + XEY = HYY, Hy=J,+XLX"
Using Y} and HY, we define an estimator of 3 and a GDF as

Y -V (Y -Y") Y'(I,-J,— XLX")?Y

)

EL()‘) =

n n

dfy,(A) = ptr(HY).

Similar to Ohishi et al. [17], we have the following lemma concerning 3,()) and
dfr ().

LEMMA 5. The 31()\) and df,()\) are expressed as

2.0 = S+ . Z'(I - DL,Z
S ’
“go 0y {1 =soft (1.xw;/ Vi 1z1) ) 2,

k
dfL(N) =p+p ) soft (1, ij/\/djuzjn) .
j=1

Then, the MSC for optimizing the tuning parameter in the MAGL regression
is given by

MSCL(A | 4) = /1 (ex(SL()A™), df (V) (29)

and the tuning parameter optimized by the MSC minimization method is given
by

Aa = arg g& MSCp (A | A).

Regarding the weight wj;, in general, an inverse of a norm of an estimator of §;

is used. When using the weight w; = 1/||é]\\ based on the LS estimator, the
optimal MAGL estimator based on minimizing the MSC in (29) is given by

. 1 .
L = v (1.3a/1212) 2. (30)
6.2. Equivalence between MGR and MAGL estimators. This subsec-
tion investigates a relationship between the MGR and MAGL estimators under
the regularization parameters optimized by the MSC minimization method. Al-
though the optimal MGR, estimator in (26) and the optimal MAGL estimator
in (30) have similar forms, the optimal MGR estimator does not include ||z;|?,
but rather z; A~'z; normalized by A. We focus on the difference.

Let T be an nx p matrix defined by T =Y A~/2, U and T be k x p matrices
defined by U = (uy,...,uy) = ZA Y2 = P/T and T = (v1,...,%) =
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ZEA~Y/2 respectively, and v be a p-dimensional vector defined by v = A=1/2
Then, we normalize the PRSS for the MGR regression as
tr {(Y — 1,4/ — XE)(Y — 1,4/ — XE)A ' + EQOQ'EA™'}
=tr {(T — 1,0 — XI)(T — 1,0 — XT) +I'QOQ'T} .
This normalized PRSS provides the MGR estimator of «v; as

r o _ Vi

Yo;,5 — dj+0juJ

Therefore, the MGR normalized estimator of §; is given by

A1/2’)’9 \/a

N dj —|—9sz’

and this is equal to the MGR estimator in (23). That is, the MGR estimator
in (23) is a normalized estimator in spite of the fact that it is obtained from
non-normalized PRSS in (5). Thus, the optimal MGR normalized estimator is
given by (26). On the other hand, based on Xin et al. [23], we normalize the
PRSS for the MAGL regression as

GJ.]

k
tr{(Y = 1Ly — XB) (Y = Ly’ — XE)A} + 20w, A2
j=1
k
=tr {(T - 1,0' = XT)/(T — 1,0' = XT)} +2X > w; ;-
j=1
When using the general weight w; = 1/||4;|| (¥, is the LS estimator of ~;), this
normalized PRSS provides the MAGL estimator of «; as

. 1
A% = —==soft (1,\/[lu;|*) w

Vi

Therefore, the MAGL normalized estimator of §; is given by

EI;L = A1/2’y§1j = \/1@ soft (1, A/2j A" z;) z;,

and this is different from the MAGL estimator in (27) obtained as the minimizer
of the PRSS in (28) with the weight w; = 1/|€;||. Hence, the difference between
the two optimal estimators (26) and (30) is whether the estimator is normalized
or not. If h A= A A, the two optimal normalized estimators are equivalent. The
equivalence is given by the following theorem (the proof is given in Appendix
AT).

THEOREM 6. Suppose that w; = 1/||%;|| and let éj (j=1,....k) and X be
the reqularization parameters optimized by the MSC minimization method based
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on the LH-distance defined by
0; =0;(ha|A), ha=arg Jmin MSCr(6(h | A) | A),
+

A=As= arg){rel]%n MSCL(A | A).
+

Then, the following equation holds:

FRT ALY -
593_7]»—5;\04 (G=1,....k).

7. Numerical Studies

In this section, we explore the performance of the MSC minimization meth-
ods for optimizing ridge parameters by evaluating prediction accuracies of pre-
dictive matrices via simulation. This simulation is executed using R (ver. 3.6.0)
on a computer with a Windows 10 Pro operating system, Intel (R) Core i7-7700
processor, and 16 GB of RAM. Let R, = diag(1,...,k) and let Qx(p) bea k xk
matrix of which the (i, ) element is given by pl*~Jl. Then, the simulation data
are generated from the following model:

Y ~ N ( XE, X 1),
X = (I, - J,)X0¥®(0.99)"/2, ¥ = R)/*Q,(p,)R}/?,
where 2 and X are k£ X p and n X k matrices wherein all the elements are

identically and independently distributed according to U(—1,1) and ¥(p) is

a correlation matrix of X defined by ¥(p) = R,lc/ 2Qk(p)R,1€/ ?. Furthermore,
p = 0.99 and thus this simulation is a highly correlated setting. Finally, 2 and
X are fixed throughout the simulation iterations.

Let f’:g be the predictive matrix of Y obtained from the optimal MGR

estimator based on minimizing the MSC and Y be the predictive matrix of Y
obtained from the LS estimator, i.e., Y = Y}, . Then, we evaluate the prediction
accuracy of Y by the following relative mean square error (RMSE):

MSE[¥;]
p(k+1)
MSE[Y}] = E {tr {(XE —Y)(XE - Yg)zrlH .

RMSE[Y;] = x 100(%),

In this setting, MSE[Y] = p(k + 1). This means that the prediction accuracies
are evaluated in terms of the amount of improvement of the prediction accuracy
of Y. Specifically, RMSE < 100 means the prediction accuracy of Yg is superior
to that of ¥ and RMSE > 100 means the prediction accuracy of f% is inferior
to that of ¥. The smaller the RMSE value, the better the prediction accuracy.
The expectation of the MSE is evaluated by Monte Carlo simulation with 10,000
iterations. Furthermore, it can be considered that the MSE value strongly relates
to the amount of shrinkage of the MGR estimator, in particular, more shrinkage
is required when there are highly correlated variables in X. When Sj =1,
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the amount of shrinkage of the MGR estimator is maximized and this means
that the jth eigenvalue (and corresponding eigenvector) is removed from the
model. From this, we measure the amount of shrinkage of the MGR estimator
by calculating the following relative number of removed eigenvalues (RNRE):

#({] € {1""7k} | 0 = 1})
k

The RNRE expresses the ratio of the number of removed eigenvalues. If the

RNRE value is small (large), then the amount of shrinkage is also small (large).
In this simulation, we estimate the mean structure of model. Thus, we

use the LH-, LR-, and BNP-distances as the distance in the MSC. RMSE com-

parison 1 explores the prediction accuracies of predictive matrices where ridge

parameters are optimized by the following methods:

RNRE($) = x 100 (%).

o GC): GC, criterion minimization method.

o EGCV: EGCV criterion minimization method.

e GIC: GIC minimization method via the iterative method with the initial
vector Oy.

e BNPC: BNPC minimization method via the iterative method with the initial
vector 0.

e PIM1: PIM with EGCV criterion and GIC.

e PIM2: PIM with EGCYV criterion and BNPC.

For all MSCs, we use a = 2,2loglogn,logn, and they are labeled as 1, 2, and
3, respectively. Furthermore, the quartic equation in the BNPC minimization
method is solved by the R function “polyroot”.

Table 1 summarizes the RMSE and RNRE values for p, = 0.2,0.5,0.9 and
k =0.1n,0.3n,0.5n when p = 5 and n = 50. From this table, it can be discerned
that the prediction accuracy of YS is greater than that of Y in most cases. We
also found that the RNRE values increase as « increases, i.e., as the amount of
shrinkage increases. Moreover, the RMSE values tend to increase with increasing
py or k, and this may be caused by decreasing shrinkage. However, we could not
find relationships between prediction accuracies and the amount of shrinkage.
Table 2 summarizes the results when p = 5 and n = 200. Overall, trends are
similar to those in Table 1. However, when n = 200 the amount of shrinkage
substantially decreases. Table 3 summarizes the results when p = 5 and n = 500.
In this case, the optimal ridge parameters often do not lead to improvements in
prediction accuracies. This is because the amount of shrinkage is too large for
the BNPC and too small for the methods. Tables 4 — 6 show the results when
p = 10, and we can see that trends are similar compared to the case where p = 5.

In RMSE comparison 1, the iteration method was used to optimize the
ridge parameters using the GIC and BNPC minimization methods. However,
these optimal ridge parameters can also be calculated by using the coordinate
descent algorithm or the PIM with the GC), criterion. RMSE comparison 2
confirms whether the three algorithms minimize the MSC or not by comparing
the results obtained from these algorithms. Although the initial vector used
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TABLE 1 RMSE comparison 1 when p =5 and n = 50

Oy 0.2 05 0.9
k 5 15 25 5 15 25 5 15 25

| BMSE[ 4940 4752 4894] 5143 5044 5218 65.17 GG.74 71.24
RNRE | 36.22 31.99 2852 | 34.80 29.95 26.40 | 24.02 19.03  14.69

co. o BMSE| 74530744067 4520 TAT60 AT ELT40207| 6306 66.23 7153
» RNRE | 50.10 45.39 41.63 | 48.26 42.82 3877 | 34.74 2839 22.35

5 RNSE'| 431974369 44.27 | TA5.65 48037 49.31 | 66,187 69,91 76,91
RNRE || 64.97 6097 5801 | 63.32 57.91 54.72| 47.83 40.62 33.31

| BMSE|[49.59 4821 50.37 | 5L60 5LOL 5333 6521 6688 7140
RNRE || 35.72 30.11 25.18 | 34.27 28.31 2349 | 23.80 1835 13.68

paCy o RMSET 7452074400 4400 | ATTATAT U807 | 6395 66287 7202
RNRE || 50.3¢ 4571 43.00 | 4850 4329 4047 | 35.08 29.25 24.39

5 RNSE'| 431274408 45,02 | 45,60 4870 BLOL | 66,52 TLO8T86:35
RNRE || 66.00 64.46 66.79 | 64.36 61.71 64.07 | 49.11 44.60 43.72

| BMSE|[ 50.02 5080 57.71 | 5208 5350 6048 6578 69.00 76.44
RNRE || 37.11 2727 1650 | 3557 2532 14.83 | 2439 1491  6.82

aie o BMSET|TA52TTTALTAATAY | U760 A8 BIAI | 64387 66.66 72130
RNRE | 53.65 46.23 3821 51.77 4342 3476 | 37.31 27.15 15.71

5 RMSE'| 4288744514540 U551 4067 B8 67,047 723888l
RNRE || 70.30 68.78 70.97 | 69.00 66.07 68.09| 53.81 46.64 42.07

| RMSE [ 4817 4560 5084| 5042 4982 6145 | 6545 0853 145.04
RNRE || 46.53 5476 85.12 | 44.61 51.70 84.47 | 31.15 29.32 57.38

BNPC o RMSE'| 437374800 50,00 463057167 7504|6625 10230 v+
RNRE || 66.23 79.62 91.35| 64.70 78.68 91.40| 4952 62.36 91.06

, RNSE'|42:80766.04  89.50'| 45,60 7082 TIS06 | 7670 ek w
RNRE | 78.76 88.60 9294 | 78.34 8857 93.34| 69.75 8594 94.79

| RMSE|[ 4884 4734 4801| 5094 5030 5211| 6506 66.78 7146
RNRE | 39.93 34.80 30.91| 38.20 32.79 20.01 | 26.84 21.69 17.51

Pl o BMSET 7445074850 4438 TAT.01 47437 4884 64387 6736 7572
RNRE || 56.00 52.84 52.60| 54.31 50.29 50.00 | 39.97 35.09 32.80

, RNSE42:80 4530 46,58 | 45,487 5105 5300 | 68.80 774610347
RNRE || 71.71 7221 7651 | 7049 69.92 74.35| 5597 52.99  56.55

| BMSE [ 4802 4650 47.93] 5022 4978 5197 | 65.02 6728 7835
RNRE | 4541 42.84 44.79 | 43.57 40.82 42.86 | 31.25 27.98  30.58

PIMy o BMSE 430044314632 | 46404030 BLTL | 65,52 725410373
RNRE || 6343 63.54 67.10| 61.80 61.48 6529 | 47.13 4620 52.24

5 RNSE'|| 426474952 50.00°| 4546 57R1TT50.65 | 7392 11808 w
RNRE | 77.31 80.65 84.19| 76.70 79.66 82.99 | 65.95 67.35 73.37

Note: Emboldened entries represent the minimum of the RMSE values in each
column; * x x denotes values greater than 150.

in the iterative method is Oy, the PIM with the GC), criterion is the iterative
method by changing the initial vector from 0y to the ridge parameters optimized
by the GC,, criterion minimization method. Hence, by comparing the results
obtained from the two methods, we can confirm whether the iterative method
depends on the initial vector or not.

Table 7 compares the three algorithms for solving the GIC minimization
method in terms of the RMSE, i.e., from the iterative method (GIC_IM), the
coordinate descent algorithm (GIC_CD), and the PIM with the GC, criterion
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TABLE 2 RMSE comparison 1 when p =5 and n = 200
Py 0.2 0.5 0.9

k 20 60 100 20 60 100 20 60 100
1 RMSE | 68.57 7592 81.39 | 73.54 80.32 84.51 | 89.94 9230 94.24
RNRE | 19.37 13.63 9.84 | 1586 10.71 7.94 5.17 3.77 2.56
ac. 9 RMSE | 73.88 8270 89.17 | 80.85 88.41 9248 | 97.35 98.59  99.68
P RNRE | 37.35 26.81 20.12| 31.19 2143 16.44 | 12.30 7.62 5.63
3 RMSE | 89.84 101.56 110.81 | 100.53 110.59 114.55 | 117.17 116.58 115.30
RNRE | 55.56 41.74 32.45| 48.38 34.31 27.06 | 21.37 12.67 9.73
1 RMSE || 68.56 75.88 81.27 | 73.52 80.25 84.39 | 89.93 92.27 94.20
RNRE | 19.16 13.23 9.34 | 1573  10.45 7.62 5.16 3.74 2.52
EGCY 2 RMSE || 74.32 8471 95.15| 81.45 90.81 98.34 | 97.81 99.70 101.84
RNRE | 38.18 29.04 24.51| 31.99 2336 20.07 | 12.62 8.08 6.43
3 RMSE | 92.62 115.19 ko | 104.26  129.24 %k | 120.70  128.37 148.20
RNRE | 57.77 48.88 48.61 | 50.87 42.05 4290 | 2252 15.02 14.72
1 RMSE | 68.76 76.45 83.20 | 73.60 80.41 85.79 | 89.66 91.89 94.34
RNRE | 18.08 9.19 3.57 | 14.79 7.07 2.79 4.57 2.29 0.75
GIc 2 RMSE | 74.21 80.60 83.03| 81.29 85.67 85.72| 96.60 94.62 94.11
RNRE || 38.07 24.25 1293 | 31.78 18.89 9.73 | 11.91 5.69 2.35
3 RMSE || 94.07 110.50 136.68 | 106.84 123.88 141.34 | 120.95 114.66 103.06
RNRE | 59.24 47.18 42.03 | 52.74 40.57 35.23 | 22.57 12.38 6.67
1 RMSE | 68.88 76.24 82.13| 73.89 80.43 85.06 | 89.88 91.92 94.25
RNRE | 20.41 1245 571 | 16.51 9.24 4.03 5.01 2.61 0.87
BNPC 2 RMSE || 78.89 119.39 xx % | 87.55 147.83 xx% | 99.54  99.52 * % %
RNRE | 45.23 51.28 9439 | 38.44 49.56 95.01 | 14.02 8.05 5.59
3 RMSE || 110.61 * % ¥ * % % | 130.66 * K * %k * %k * ok * * ok %
RNRE | 68.76 83.54 97.03| 65.39 85.89 97.02 | 30.66 94.16 97.15
1 RMSE | 68.67 76.04 81.62| 73.68 80.49 84.80 | 90.06 92.44 94.41
RNRE | 19.83 13.84 10.06 | 16.28 10.99 8.23 5.39 3.93 2.72
PIM1 2 RMSE | 75.29 86.59 101.64 | 82.87 93.71 106.56 | 98.83 101.75 105.66
RNRE | 39.87 30.98 27.91| 33.62 2536 23.46 | 13.40 8.83 7.37
3 RMSE 95.74 121.86 * %% | 109.29 141.32 %k | 126.93  147.81 * % %
RNRE | 60.36 52.26 53.79 | 54.14 47.10 50.12 | 24.11 1830 25.30
1 RMSE | 68.80 76.32 82.79 | 73.88 80.89 86.11 | 90.21 92.67 94.78
RNRE 20.62 14.67 11.50 16.91 11.76 9.49 5.64 4.17 3.01
PIM2 2 RMSE || 76.58 90.23 122.20 | 84.85 100.37 140.97 | 100.18 106.38 * % %
RNRE | 41.95 34.07 3528 | 35.68 29.12 32.68| 14.36 10.24 15.98
3 RMSE || 100.12 133.69 sk % | 116.54 * ok * * ko | 139.98 * ok * * %k
RNRE | 63.44 56.30 59.23 | 58.54 53.67 58.34| 26.59 34.39 67.16

Note: Emboldened entries represent the minimum of the RMSE values in each
column; * x x denotes values greater than 150.

(PIM_GC,).

Settings are as per RMSE comparison 1, where « is only o = 2.

From these results, it can be discerned that there is equivalent performance
among the three algorithms. Although there is a bit of error, it can be considered
that the error is made when convergence judgment. Thus, the three algorithms
all converge and achieve minimization of the GIC. Furthermore, we found that

the iterative method does not depend on the initial vector.

Table 8 shows a runtime comparison of the three algorithms for the GIC
minimization method in terms of time (s) per repeat, where the reported values
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TABLE 3 RMSE comparison 1 when p =5 and n = 500

33

Py 0.2 0.5 0.9
k 50 150 250 50 150 250 50 150 250
1 RMSE | 87.42 9449 9498 | 89.93 95.84 96.11 | 97.21 99.19 98.84
RNRE 6.75 2.27 2.14 5.23 1.58 1.56 1.11 0.11 0.40
ac. 9 RMSE || 98.40 104.50 103.78 | 100.49 105.05 104.03 | 103.37 103.50 102.07
P RNRE | 15.90 6.95 571 | 12.45 5.07 4.13 3.62 0.60 1.07
3 RMSE || 130.30 131.79 129.36 | 130.42 130.22 127.53 | 120.89 116.88 112.61
RNRE | 26.47 14.69 11.48 | 21.95 11.59 8.63 7.7 1.97 2.09
1 RMSE || 87.40 94.47 9495 | 89.92 9583 96.08 | 97.20 99.19 98.84
RNRE 6.72 2.26 2.11 5.21 1.57 1.55 1.11 0.11 0.40
EGCY 2 RMSE || 99.18 106.79 108.56 | 101.17 106.90 107.68 | 103.57 103.84 102.57
RNRE | 16.33 7.79 7.05| 12.76 5.66 4.97 3.70 0.63 1.14
3 RMSE || 137.37 * % % %% | 136.36  149.81 x| 122.82 12141 121.10
RNRE | 2793 19.22 23.61| 23.31 15.38 18.15 8.11 2.38 2.66
1 RMSE || 87.10 93.58 94.63 | 89.59 94.93 95.70 | 96.92 98.70 98.62
RNRE 5.94 1.17 0.60 4.59 0.78 0.44 0.92 0.04 0.10
GIc 2 RMSE | 97.08 9871 95.24 | 99.03 99.46 96.23 | 102.06 100.40  98.76
RNRE || 15.27 4.64 2.32 | 11.84 3.19 1.62 3.24 0.25 0.37
3 RMSE || 134.11 129.57 115.52 | 132.87 126.22 111.41 | 119.31 108.82 101.60
RNRE | 27.37 14.24 8.70 | 22.65 10.65 5.69 7.62 1.20 1.00
1 RMSE | 87.22 93.62 94.55| 89.70 94.98 95.65| 96.96 98.71 98.62
RNRE 6.28 1.30 0.67 4.82 0.86 0.48 0.95 0.04 0.11
BNPC 2 RMSE || 100.13 103.66 xx | 101.56 102.85  97.88 | 102.71 100.70  98.84
RNRE | 17.00 6.77 4.32 | 13.10 4.41 2.34 3.51 0.29 0.41
3 RMSE * K * K * %k * ok k * ok * * %k | 124.39  114.88 * %k
RNRE | 32.58  98.69 100* | 27.14  99.36 100* 8.64 1.85 1.43
1 RMSE | 87.44 9454 95.05| 89.97 9589 96.19 | 97.23 99.21  98.86
RNRE 6.83 2.31 2.19 5.29 1.61 1.60 1.13 0.12 0.41
PIM1 2 RMSE || 99.66 107.65 111.08 | 101.67 107.89 110.47 | 103.83 104.11 103.06
RNRE | 16.66 8.14 7.67 | 13.06 5.96 5.49 3.82 0.68 1.21
3 RMSE || 140.71 * Kk * %k | 139.49 * % % %0k | 124.29  124.55 132.50
RNRE 28.64  20.44 28.29 24.08 16.84  24.37 8.46 2.66 3.24
1 RMSE | 87.49 94.61 95.20 | 90.01 9597 96.34 | 97.26 99.23  98.89
RNRE 6.94 2.38 2.28 5.38 1.66 1.67 1.16 0.12 0.43
PIM2 2 RMSE || 100.23 108.98 119.90 | 102.25 109.44 121.35 | 104.11 104.46 103.86
RNRE | 17.03 8.64 9.25 | 13.37 6.39 7.14 3.97 0.73 1.31
3 RMSE || 145.66 * % * ko | 143.99 * ok * sk | 126.11  131.62 * ok k
RNRE | 29.54 23.09 35.64| 25.03 20.81 38.87 8.88 3.19  59.05

Note: Emboldened entries represent the minimum of the RMSE values in each

column; * x % denotes values greater than 150; * denotes an exact value.

are 10,000 times the actual runtime values. The PIM is the fastest algorithm
in most cases. Sometimes the iterative method is faster than the PIM. In such
cases, the RNRE value is very small, that is, the optimal ridge parameters are
close to 0. The difference between the iterative method and the PIM is the

initial vector, and the initial vector of the iterative method is Oy.

Hence, it

can be considered that the iterative method is faster than the PIM when the
optimal ridge parameters are close to 0. On the other hand, the coordinate
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TABLE 4 RMSE comparison 1 when p = 10 and n = 50

Py 0.2 05 0.9
k 5 15 25 5 15 25 5 15 25

| BMSE[ 4725 4385 4837] 4921 4654 5L65] 6162 6252 G812
RNRE | 24.78 1956 12.83| 23.24 1820 11.48| 1452 10.18  5.72

Go. o BMSE|TA271TTSRRITADIT| 4405 ATRYTAG06 | 5082 60.167 6584
» RNRE | 42.72 35.07 24.76 | 40.42 3290 22.35| 27.17 19.76 11.70

5 RNSE'|"40.61737.16 3843 | 43,07 40.62 4324 60,65 617376631
RNRE || 63.05 5528 43.57| 60.99 52.36 39.81 | 43.92 3458 22.26

| BMSE|[47.36 4427 49.05 | 4930 46.90 5221 6165 6263 68.87
RNRE | 24.49 18.68 11.86| 22.94 17.40 10.71| 1444 994  5.53

paCy o RMSET 7420607 38347 40.30 | 4485 4LA0 4455 | 59307 60.09 65.50
RNRE || 43.50 37.75 31.19| 41.25 3554 28.33 | 27.92 2171 14.89

5 RNSE| 4055 37,68 3850°| 43,03 4LAT4A07 | GLOS8 T 63,98 7376
RNRE || 64.88 6277 63.23| 6291 59.60 59.41| 46.10 41.77 37.62

| RMSE|[ 4661 4601 5858 | 4871 4885 6180 6L.73 6521 76.91
RNRE || 32.68 21.04 6.86| 30.68 19.21 569 | 1944 933  1.96

ae o RMSETTAL507T37.85T 4088 | 4402 AT08 U501 | B0.7A 6102 69.04
RNRE | 58.42 50.97 40.64 | 56.12 47.47 34.49 | 39.19 2744 10.41

5 RMSE'|40.14 40114084 42,037 443374030 65,66 68828102
RNRE || 77.07 7859 8257 | 76.24 75.06 78.72| 60.97 57.74  51.56

| BMSE [ 42701 4112 5L02] 4539 4533 6820 6106 6818 xxx
RNRE || 64.79 79.62 91.59 | 62.73 75.73 91.38 | 44.03 5431 78.60

BNPC o RMSE' 3083752837267 42.00 6250 0741 68T TOLOG vk
RNRE || 79.04 89.89 9329 | 78.69 87.98 93.56 | 67.08 73.92 92.37

5 RNSE'| 412176106 T11457| 74832 70.00 13842 | BLO5 T ek
RNRE | 80.03 93.12 9521 | 79.99 9284 9538 | 78.97 83.33 94.81

| RMSE|[ 4528 4L15 4312 4742 4400 4692] 60.75 6L49  66.64
RNRE | 36.96 3241 27.88| 34.84 30.58 25.62| 23.15 18.80 14.55

Py o BMSEAL0I87.02 8771 | 4357 4032 43.17 | 5085 6200 70.16
RNRE || 61.72 59.62 61.03| 59.60 56.79 57.30 | 43.06 39.97 37.79

5 RNSE| 40207 41424205 | 429046225206 | 6720 73,52 102:37
RNRE || 77.91 81.02 8584 | 77.25 77.75 83.09 | 63.07 6421 65.64

| RMSE [ 4294 3922 4130| 4549 4237 4738 6056 G427 8077
RNRE | 61.28 61.61 64.39 | 59.20 59.00 61.61 | 43.11 44.50 46.22

PIM2 o BMSET"30.007 4T84 | TA207 UG 5202 | 66.13 T 7827 TILS
RNRE || 78.32 81.28 8370 | 77.78 7842 81.46| 64.66 65.39 67.05

5 RNSE'|"40.45" 5345 4840 | 43146331 63.07 | RIBLT0555 T w
RNRE | 79.99 90.19 91.41| 79.97 88.32 90.86 | 78.23 7529 80.91

Note: Emboldened entries represent the minimum of the RMSE values in each
column; * x x denotes values greater than 150.

descent algorithm is overwhelmingly slowest of all. Hence, the best option for
solving the GIC minimization method is to use the PIM with the GC), criterion.

Table 9 compares the three algorithms for solving the BNPC minimization
method, in terms of RMSE as similar to Table 7. It can be discerned that
the three algorithms converge and achieve minimization of the BNPC, and the
iterative method does not depend on the initial vector.

Table 10 shows a runtime comparison of the three algorithms for the BNPC
minimization method in terms of time (s) as per Table 8. Similar to what
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TABLE 5 RMSE comparison 1 when p = 10 and n = 200
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Py 0.2 0.5 0.9
k 20 60 100 20 60 100 20 60 100
1 RMSE || 57.38 67.35 72.47 | 62.60 72.10 76.68 | 83.29 88.44 90.86
RNRE 16.40 10.25 731 13.21 8.01 5.61 3.39 2.11 1.34
ac. 9 RMSE | 61.78 7326 78.22 | 68.67 7880 82.61| 90.30 93.85 95.20
P RNRE | 40.86 27.18 20.49 | 33.81 21.51 16.27| 11.54 6.27 4.25
3 RMSE || 76.54 92.15 9854 | 87.31 100.35 103.24 | 111.52 111.78 110.88
RNRE | 63.02 4594 36.23 | 55.35 38.00 29.93| 2344 13.10 8.85
1 RMSE || 57.39 67.37 7249 | 62.61 72.10 76.68 | 83.29 88.44 90.86
RNRE 16.24  10.00 6.98 | 13.11 7.86 5.43 3.38 2.10 1.33
EGCY 2 RMSE | 62.35 76.04 85.74| 69.43 81.88 89.90 | 90.91 95.27 97.88
RNRE | 42.32 31.11 27.98| 35.16 24.74 22.49| 12.08 6.98 5.29
3 RMSE || 79.09 107.06 149.90 | 90.91 119.41 % | 115.99  126.01 * 0k %
RNRE | 65.46 5449 55.01 | 58.39 47.89 48.46 | 2520 17.08 17.74
1 RMSE | 57.70 6876 77.17| 62.88 73.26 80.71 | 83.29 88.83  92.49
RNRE 16.01 6.06 1.54 | 12.75 4.55 1.09 3.03 0.98 0.18
cIC 2 RMSE || 63.40 73.48 74.93 | 70.68 7853 7836 | 90.51 90.67  90.93
RNRE || 45.18 2799 1535 | 37.62 21.40 10.36 | 12.30 4.58 1.37
3 RMSE 83.94 110.14 144.62 | 97.64 122.96 x*xx | 121.44 118.06 105.65
RNRE | 69.91 56.63 54.61 | 64.36 51.24 47.69 | 27.74 15.57 7.72
1 RMSE | 57.66 68.03 87.36 | 63.06 72.70 78.78 | 83.50 88.68 92.23
RNRE | 21.14 12.84 13.01| 16.82 8.71 3.12 3.88 1.36 0.26
BNPC 2 RMSE 71.91 * Kk *x % | 82.22 * Kk * %k | 96.74 * % ¥ * ok %
RNRE | 59.59 71.87 9254 | 5243 69.76 93.04 | 17.72 1524 77.56
3 RMSE || 105.05 * ok k * %k | 126.17 * ok k * kK * % % * K K * %k
RNRE | 82.08 87.21 95.67| 8044 87.80 96.30 | 50.65 91.06 99.96
1 RMSE || 5743 67.50 72.73| 62.73 7231 77.03| 83.47 88.61 91.07
RNRE 18.23 11.71 8.94 | 14.77 9.26 7.03 3.91 2.48 1.72
PIM1 2 RMSE || 64.42 80.28 96.26 | 72.19 87.80 103.49 | 93.06 99.03 107.22
RNRE | 47.27 36.70 35.58 | 39.83 30.17 30.40 | 14.29 8.93 8.09
3 RMSE 85.21 120.90 *x% | 99.44 136.43 %+ | 128.16 * % ¥ * ok %
RNRE | 70.72 60.15 63.32| 65.58 56.05 59.38 | 29.66 23.98 33.96
1 RMSE | 57.59 68.00 74.63| 62.99 7297 79.46 | 83.71 88.93 91.81
RNRE 20.71 14.32 13.19 16.93 11.42 10.84 4.60 3.02 2.49
PIM2 2 RMSE || 67.66 88.23 118.06 | 76.73 100.31 140.80 | 96.47 110.29 * 0k %
RNRE | 53.40 44.46 45.76 | 46.19 39.71 42.74| 1745 13.81 23.59
3 RMSE 95.20 * % sk | 112.90 * ok * * %k * %k * % % * ok %
RNRE | 7746 6898 71.41| 74.39 65.19 70.63| 3843 49.73 67.58

Note: Emboldened entries represent the minimum of the RMSE values in each
column; * x x denotes values greater than 150.

was noted above regarding the GIC minimization method, to solve the BNPC
minimization method, using the PIM with the GC), criterion is the best option.
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TABLE 6 RMSE comparison 1 when p = 10 and n = 500

Py 0.2 0.5 0.9
k 50 150 250 50 150 250 50 150 250
1 RMSE || 81.19 88.94 90.00 | 85.14 91.51 92.14 | 9537 97.82 97.67
RNRE 4.32 1.56 1.66 2.93 0.89 1.12 0.38 0.03 0.20
ac. 9 RMSE || 93.28 9848 97.82 | 96.38 100.05 99.03 | 100.55 101.06 100.33
P RNRE | 15.09 7.32 6.46 | 10.64 4.69 4.47 2.03 0.27 0.77
3 RMSE || 131.47 128.21 124.25 | 132.40 127.22 122.64 | 119.74 113.93 111.01
RNRE | 28.73 17.16 13.68 | 22.07 12.58 10.26 4.66 1.06 1.63
1 RMSE | 81.19 88.93 89.99| 85.14 91.51 92.14| 9536 97.82 97.67
RNRE 4.31 1.55 1.64 2.93 0.89 1.11 0.38 0.03 0.20
EGCY 2 RMSE || 94.53 101.57 103.97 | 97.40 102.38 103.49 | 100.75 101.35 100.85
RNRE | 15.80 8.72 8.72 | 11.11 5.54 5.89 2.07 0.29 0.83
3 RMSE || 142.15 * ok ¥ %% | 141.78 * ok % ko | 122,24 118.84 122.10
RNRE | 3145 23.46 30.84| 24.22 17.55 22.35 4.93 1.35 2.43
1 RMSE || 81.06 88.96 91.45| 84.98 91.45 93.26 | 95.24 97.75 97.99
RNRE 3.66 0.59 0.22 2.44 0.32 0.14 0.28 0.01 0.02
GIc 2 RMSE | 92.92 93.59 90.43 | 95.60 95.22 92.38 | 99.36 98.62 97.64
RNRE || 15.10 4.93 2.18 | 10.48 2.82 1.33 1.83 0.10 0.19
3 RMSE || 145.39 144.66 131.69 | 143.38 137.46 119.42 | 118.85 106.79 100.25
RNRE | 32.53 20.22 14.90 | 24.88 14.36 9.51 4.75 0.68 0.77
1 RMSE | 81.18 88.85 91.17 | 85.07 91.39 93.08 | 95.26 97.75 97.98
RNRE 4.18 0.76 0.29 2.75 0.39 0.18 0.31 0.01 0.02
BNPC 2 RMSE || 99.64 * % %+ | 100.71  106.53 xx | 100.06 98.92  97.71
RNRE | 18.76 16.06 99.59 | 13.00 6.64  69.70 2.09 0.14 0.23
3 RMSE * K * K * %k * ok k * ok * * ko | 127.85 * % * ok k
RNRE | 50.52 96.67 99.90 | 40.25 96.76 100.00 5.99 37.40  90.00
1 RMSE | 81.27 89.05 90.15| 85.21 91.62 92.29 | 9539 97.84 97.70
RNRE 4.55 1.70 1.85 3.09 0.98 1.25 0.41 0.04 0.22
PIM1 2 RMSE || 96.06 104.80 111.93 | 98.81 105.66 111.48 | 101.12 101.89 101.90
RNRE | 16.79 10.01 10.84 | 11.94 6.62 7.83 2.24 0.35 0.95
3 RMSE * % ¥ * % % * %k * k% * ok * * %k | 125.33  127.66 * %k
RNRE | 34.26 2855 38.11| 26.62 22.41 34.55 5.45 1.94 5.85
1 RMSE | 81.36 89.21 90.51 | 85.30 91.78 92.62 | 9541 97.86 97.73
RNRE 4.82 1.90 2.18 3.27 1.09 1.46 0.44 0.04 0.25
PIM2 2 RMSE || 98.10 111.58 137.23 | 100.68 113.05 147.94 | 101.54 102.68 104.57
RNRE | 18.01 12.06 15.23| 12.95 8.61 12.78 2.43 0.45 1.18
3 RMSE * % * % ¥ * %k * %k * ok * * %k | 129.75 * ok * * %k
RNRE | 38.48 38.87 46.20 | 30.39 36.78 48.39 6.17 7.24  65.25

Note: Emboldened entries represent the minimum of the RMSE values in each
column; * x x denotes values greater than 150.
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TABLE 7 RMSE comparison 2 (GIC; a = 2)

p=>5 p=10
no py k|| GICIM GIC.CD PIM.GC, || GICIM GIC.CD PIM.GC,
50 0.2 5 50.02 50.02 50.01 46.61 46.60 46.61
15 50.80 50.79 50.78 46.01 45.99 45.97
25 57.71 57.69 57.66 58.58 58.54 58.47
0.5 5 52.08 52.08 52.07 48.71 48.70 48.70
15 53.59 53.58 53.57 48.85 48.83 48.81
25 60.48 60.46 60.43 61.80 61.77 61.71
0.9 5 65.78 65.78 65.77 61.73 61.73 61.73
15 69.00 68.99 68.99 65.21 65.20 65.18
25 76.44 76.44 76.43 76.91 76.90 76.89
200 0.2 20 68.76 68.76 68.76 57.70 57.70 57.70
60 76.45 76.45 76.45 68.76 68.76 68.76
100 83.20 83.19 83.19 7717 77.16 77.16
0.5 20 73.60 73.60 73.60 62.88 62.88 62.88
60 80.41 80.41 80.41 73.26 73.26 73.25
100 85.79 85.79 85.79 80.71 80.71 80.70
0.9 20 89.66 89.66 89.67 83.29 83.29 83.29
60 91.89 91.89 91.89 88.83 88.83 88.83
100 94.34 94.34 94.34 92.49 92.49 92.49
500 0.2 50 87.10 87.10 87.10 81.06 81.06 81.06
150 93.58 93.58 93.58 88.96 88.96 88.96
250 94.63 94.63 94.63 91.45 91.45 91.45
0.5 50 89.59 89.59 89.59 84.98 84.98 84.98
150 94.93 94.93 94.93 91.45 91.45 91.45
250 95.70 95.70 95.70 93.26 93.26 93.26
0.9 50 96.92 96.92 96.92 95.24 95.24 95.24
150 98.70 98.70 98.70 97.75 97.75 97.75
250 98.62 98.62 98.62 97.99 97.99 97.99
Appendix

A.1. Proof of Theorem 1. Let r(§) = tr(Bj) and u(d) = df(d).
Lemma 2, the domain of f is included in [0, r4] X [p, np). We define 7(§) as

nbpfu(r(8), u(8))

7(0) = :
) 2fr(r(8),u(6))

37

From

It is straightforward that 7(8) > 0 from f satisfies Definition 1. Then, we have

0

a5,

MSC(3) =

0

0
55 70) - g )

(r;u)=(r(8),u(d))

0

0
+ 876]_“(5) : %f(ﬁ u)

(ryu)=(r(8),u(8))
_ %z;s—lzjajﬂ(r(am(a)) o ha(r(8). u(6))
7(9)

rqQ—1. . |°
sz zj

= 221872, (r(0). u(8)) (0 -
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TABLE 8 Runtime comparison (GIC; x1/10,000 (s))

p=>5 p=10

no py k|| GICIM GIC.CD PIM.GC, || GICIM GIC.CD PIM.GC,
50 0.2 5 3.04 10.81 2.30 4.57 12.46 3.48
15 5.15 43.41 3.76 8.78 52.13 6.10

25 8.06 95.43 5.87 13.65 122.30 10.74

0.5 5 3.40 10.97 2.09 4.65 12.41 3.53
15 6.04 46.88 3.66 8.86 52.57 6.45

25 8.48 104.61 5.87 13.57 124.52 11.11

0.9 5 3.52 12.28 2.23 5.70 12.36 4.05
15 6.04 46.51 3.80 8.97 52.90 6.70

25 8.74 104.99 6.15 13.61 121.29 11.77

200 0.2 20 4.00 52.16 2.76 4.99 57.31 3.62
60 7.51 205.03 5.26 9.66 228.49 6.95

100 15.20 443.87 12.82 20.92 489.25 18.33

0.5 20 3.96 52.96 2.75 4.92 58.35 3.43
60 7.64 207.20 5.77 10.24 227.12 7.16

100 15.74 450.99 13.95 22.31 504.68 20.00

0.9 20 3.74 49.59 2.53 4.69 54.66 3.40
60 6.12 174.76 4.48 9.25 197.91 7.01

100 9.30 303.43 9.91 16.13 379.86 13.15

500 0.2 50 4.70 128.49 3.16 5.86 137.78 4.05
150 13.66 456.75 10.85 23.53 528.58 20.47

250 41.80 851.61 38.38 81.79  1051.05 54.42

0.5 50 4.50 126.82 3.24 5.87 134.42 3.99
150 13.52 440.54 11.35 22.19 521.07 18.68

250 34.72 798.15 37.24 67.56 986.76 47.96

0.9 50 3.91 109.08 2.66 5.13 112.50 3.37
150 10.16 348.91 10.19 15.00 360.90 14.80

250 21.28 559.92 26.01 32.38 607.38 37.82

Note: Emboldened entries represent the fastest time in each row.

0
— MSC(9) < 0.
853’ 6=0;
Let 6* = (d7,...,d;)" be the minimizer of MSC(4). Then, 65 #0 (j =1,..., k),
and the necessary condition of 07 is given by
7(0%)
51*, = z;-S*lzj
1 (1(6%) > 287" 2))
Let G be a set defined by

G={60.1"|5=5(h). VheR\{0}},

(1(6*) < 2587 '2)) Gl ),

where 8(h) is a k-dimensional vector of which the jth element is given by
h

5;(h) = ¢ %872

1 (h > 2[87'z))

h<z 81z
(h<z i) (G=1,...,k).
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TABLE 9 RMSE comparison 2 (BNPC; a = 2)

p=>5 p=10

no py k || BNPCIM BNPC.CD PIM.GC, || BNPCIM BNPC.CD PIM_.GC,
50 0.2 5 48.17 48.15 48.16 42.71 42.67 42.71
15 45.60 45.58 45.60 41.12 47.36 41.12

25 50.84 60.14 50.83 51.02 602.41 51.02

0.5 5 50.42 50.41 50.42 45.39 45.36 45.39
15 49.82 49.83 49.82 45.33 55.91 45.33

25 61.45 87.35 61.45 68.20 1127.10 68.20

0.9 5 65.45 65.45 65.45 61.06 61.12 61.06
15 68.53 68.56 68.52 68.18 138.36 68.18

25 145.94 510.55 146.63 193.23 9745.56 193.62

200 0.2 20 68.88 68.88 68.88 57.66 57.67 57.66
60 76.24 76.24 76.24 68.03 68.04 68.03

100 82.13 82.13 82.12 87.36 89.21 87.41

0.5 20 73.89 73.89 73.89 63.06 63.06 63.06
60 80.43 80.44 80.44 72.70 72.70 72.69

100 85.06 85.06 85.05 78.78 78.77 78.74

0.9 20 89.88 89.88 89.88 83.50 83.51 83.50
60 91.92 91.92 91.92 88.68 88.68 88.68

100 94.25 94.24 94.24 92.23 92.23 92.22

500 0.2 50 87.22 87.22 87.22 81.18 81.18 81.18
150 93.62 93.62 93.62 88.85 88.85 88.85

250 94.55 94.55 94.55 91.17 91.17 91.17

0.5 50 89.70 89.70 89.70 85.07 85.08 85.08
150 94.98 94.98 94.98 91.39 91.39 91.39

250 95.65 95.65 95.65 93.08 93.08 93.08

0.9 50 96.96 96.96 96.96 95.26 95.26 95.27
150 98.71 98.71 98.71 97.75 97.75 97.75

250 98.62 98.62 98.62 97.98 97.98 97.98

Then, from 6* is the minimizer of MSC(6), the following equation holds:

MSC(8*) = min ~ MSC(d) < minMSC(d) = min

MSC(8(h)).

5c[0,1]%\{05} 5€G heR4\{0}

However, because 6* € G the following equation holds:

MSC(6") > min MSC(8) = min MSC(d(h

heR,\{0}

These results lead to

MSC(8) =, min MSC(3(h),

and hence, we have

5 =6(h), h= in  MSC(8(h)).
(h), arg min (0(h))

Consequently, Theorem 1 is proved.

))-

39
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TABLE 10 Runtime comparison (BNPC; x1,/10,000 (s))

p=>5 p=10

no py k || BNPCIM BNPC.CD PIM.GC, || BNPCIM BNPC.CD PIM_.GC,
50 0.2 5 4.39 68.80 3.43 5.92 76.06 4.95
15 9.73 337.69 8.10 11.66 281.44 10.57

25 11.36 621.02 9.32 12.21 472.33 9.96

0.5 5 4.34 71.33 3.45 6.07 73.57 5.23
15 10.17 364.55 8.64 12.77 283.79 11.63

25 12.20 650.78 10.31 13.28 482.18 10.76

0.9 5 5.29 72.58 4.26 7.73 70.38 6.87
15 12.20 418.82 9.86 16.47 320.11 14.59

25 18.36 886.39 15.46 23.12 604.47 20.86

200 0.2 20 5.27 376.38 4.04 7.73 390.91 6.68
60 17.64 2295.43 16.25 26.98 2116.54 24.41

100 27.54 3635.11 26.46 53.83 4494.30 48.62

0.5 20 5.47 388.16 4.37 8.05 414.10 7.12
60 20.60 2500.19 19.32 28.91 2341.24 26.35

100 28.81 3581.45 26.60 41.19 3368.07 39.14

0.9 20 6.28 418.43 4.93 11.00 492.37 9.63
60 15.07 1676.25 12.75 25.66 2106.34 25.16

100 19.40 2759.43 17.84 45.79 3869.82 39.98

500 0.2 50 6.28 958.66 5.03 10.85 1175.67 9.16
150 35.73 4509.76 29.75 68.50 6669.25 64.67

250 59.00 6650.66 53.98 142.62 8408.83 127.37

0.5 50 6.19 928.01 4.70 11.59 1274.18 10.46
150 40.44 4488.88 34.88 53.09 4748.88 48.16

250 52.95 5933.89 47.70 176.77 12455.95 148.31

0.9 50 4.80 774.13 3.45 6.37 788.19 4.89
150 14.96 2655.99 11.09 57.38 5380.94 55.70

250 34.27 4518.84 39.54 118.36 8531.93 97.23

Note: Emboldened entries represent the fastest time in each row.

A.2. Proofof Lemma 4. To prove Lemma 4, it is sufficient to prove df (h;) >
df(hs). From Lemma 1, df(h) is expressed as

k
df(h) =p+p Y _soft(1,h/2;8 " z)).
j=1
Therefore, we have
k
df(hy) — df(ho) = pz {soft(1,h1/2;8 " z;) — soft(1, ha /28 2;) } ,
j=1

and regarding the RHS of the above equation, the following equation holds:

soft(1, hl/zg»Sflzj) — soft(l,hg/z}S’lzj)
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0 (zéS_lzj < hl)
hy
1—————>0 (h1 <2/8 12, <hy)
- . Z;};g Iz, j J .
2 — 1 _
— >0 ho < 2,87 'z,
2;871z; (he <287 2)

Hence, df(hqy) > df(ha) holds with quality only when ¢, < hy. Consequently,
Lemma 4 is proved.

A.3. Proof of Proposition 4. First, we prove (1) by reduction to absurdity.
Let ha1 = t; and suppose that ha2 # ty. Then, the definition ha gives

Dy | 1) > d(tx | 1),  o(ty | @) > ¢(ha, | az),

and we have ho, # tp = ha, < t) from (P2) in Proposition 1. Furthermore,
o(h| a)=n(h| a—ap)d(h | ap) holds from the definition of ¢(h | ). Therefore,
from Lemma 4, we have
O(tr | 2) =0ty | az — a1)(t | ar)
< 77( (e% | Q2 — al)(ﬁ(ﬁaz ‘ 0‘1) - ¢(iLa2 | 012).

However, this contradicts ¢(tx | a2) > ¢(has, | 042) Hence, (1) is proved.

Next, regarding (2), it is sufficient to prove ha, < ha,. We approach this
via reduction to absurdity agam Let a1 < as and suppose that ha2 < ha1
Now, we have ha2 <t} from ha2 %# tg. Therefore,

$hay | az) = nlha, | @z = a1)d(ha, | a1)
<n(hay | @z = a1)d(ha, | 1) = $lha, | a2).
However, this contradicts the definition of h,,. Hence, (2) is proved.
Consequently, Proposition 4 is proved.

A.4. Proof of Proposition 5. First, we consider when V5 € {1,...,k}, 5J(»1) >
63(-0). Suppose that 6(-i) > 5(7‘71) for all j € {1,...,k}. Then, (5J(-i) is updated as

5D = ¢;(80)) = 1 — soft (1 7(60)/2 G(By)= )

and we have

7(6@) > 7(6071), z;/G( 5))%; <Z*/G( 5G-1)Z]

This gives 6§i+1) > 5§i) for all j € {1,...,k}, and hence the sequence {55“} is a
monotonically increasing sequence. Moreover, the sequence is bounded. Hence,
the iterative method converges.

Next, we consider when Vj € {1,..., k},éj(-l) < 6](-0). Suppose that 6;1) <

6;771) for all j € {1,...,k}. Then, we have

7(6V) < 7(8"Y), 2'G(Bjw)z; = 2 G(Byu 1)z
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This gives 6§1+1) < 5;2) for all j € {1,...,k}, and hence the sequence {551)} is a
monotonically decreasing sequence. Moreover, the sequence is bounded. Hence,
the iterative method converges.

Consequently, Proposition 5 is proved.

A.5. Proof of Theorem 3. Now, we have

_ ,, _ 1+ 4/1—¢jacjo/c?,
Fi(0)=—=F0 0, f(8)=0+=6= o

fin0) 7 ¢j2/cja

Therefore, 3]- # 0 and the smaller of the two real distinct roots or the double
root of the quadratic equation fj,g(é) = 0 is the local minimizer. Notice that
0 € [0,1]. Then, to obtain the minimizer of f;(d), it is sufficient to confirm
whether the local minimizer is included in [0, 1] or not.

When 1 — cj,gcj’o/c?,l > 0, there is one local minimizer, and let this be Sj,

ie.,
2
1=y /1=¢jac50/ciy
1) .

cja/cin

;=

This is positive and the following equation holds when ¢; 2 > ¢;1:

Sj <1-— \/1 — Cj726j70/C?71 < 1.

Hence, we can obtain (1) in Theorem 3.
When 1—¢; 2¢j0/¢5, < 0, there are no stationary points, and therefore f;(3)
is a monotonically decreasing function. Hence, we can obtain (2) in Theorem 3.
Consequently, Theorem 3 is proved.

A.6. Proof of Theorem 4. Now, we have

£;(0) = ff—m) <0, f;(6)=0<= f;2(6) =0.

Thus Sj # 0. Moreover, from ¢ € [0, 1], minimizer candidates are local minimiz-
ers of f;2(d) included in (0,1) and the right end point of the range. Hence, we
can obtain the set of minimizer candidates S; by calculating stationary points

of the cubic function fj,2(§) and by confirming whether each stationary point is
included in (0, 1) or not. Consequently, Theorem 4 is proved.

A.7. Proof of Theorem 6. To prove the equivalence between the two esti-
mators, it is sufficient to prove hg = A4. The two terms which constitute the
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MSC for optimizing ridge parameters are

tr {ﬁ]R(é(h | A))A*l} — btr (ﬁzoA*)

k
1 _ 2, .
Jrﬁjgl{lfsoft (1,h/z;A 'z;)} z;A 1z,
R k
dfr(0(h | A)) =p+p)_soft (1,h/2jA " 2)).
j=1

On the other hand, when w; = 1/||%;||, from Lemma 5, the two terms which
constitute the MSC for optimizing the tuning parameter are given by

tr {ZA]L()\)A*I} =btr (ﬁ]oA*l)

k
1 _ _
+ - Zl {1 —soft (1,A/2A lzj)}2 Z[ A z;,
=
k
dfL(A\) =p+p > _soft (1,\/zjA " z;).

j=1

Hence, for all z € R, the following equation holds:

MSCr(6(z | A) | A) = MSCL(z | A).

Thus ha = Aa and consequently, Theorem 6 is proved.
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