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Generalized Cousin-I condition and intermediate pseudoconvexity
in a Stein manifold

Shun Sugiyama

Abstract

Let D be an open subset of an n-dimensional Stein manifold, where n > 2. Assume that the
canonical map H"~}(D,0) — H" (D, M) is injective. Then, we prove that D is pseudoconvex
of order 1, which generalizes the well-known theorem of Cartan-Behnke-Stein. Moreover we
introduce a new proof of theorem of Eastwood—Vigna Suria.

1 Introduction

According to the well-known theorem of Cartan-Behnke-Stein [4, 6], every Cousin-I open subset of
C? is Stein. Here, an open set D in an n-dimensional Stein manifold X is said to be Cousin-I if
any additive Cousin problem has a solution. This condition is equivalent to the injectivity of the
canonical map H'(D,0) — H'(D, M), where M denotes the sheaf of all germs of meromorphic
functions on D (see Grauert-Remmert [11, p. 137]).

On the other hand, there is an intermediate geometric notion which generalizes pseudoconvexity.
An open set D in an n-dimensional complex manifold X is said to be pseudoconvex of order n — g,
where 1 < ¢ < n, if its complement X \ D has the same continuity as an analytic set of pure
dimension n — q.

The object of this paper is to generalize Cousin-I condition and describe its relation to pseudo-
convexity of order n — q. Precisely, we prove that an open set D in an n-dimensional Stein manifold
X is pseudoconvex of order 1 if the canonical map H" (D, 0) — H" (D, M) is injective (Theo-
rem 5.1). In the case where n = 2, this result is nothing but the theorem of Cartan-Behnke-Stein
for an open set D in a Stein manifold X of dimension two (see Kajiwara—Kazama [13, Corollary 3]
and Berg [5, Corollary]). Moreover we introduce a new proof of theorem of Eastwood—Vigna Suria.

2 Preliminaries
We denote by ||-|| the Euclidian norm on C™ and by |-| the maximum norm on C™. Let B, (c,7) =

{ze€C"; ||z—c|| <r}and Py(c,r) = {z € C" ; |z —¢| < r} for every ¢ € C" and r € (0, c0].
We call the set B, (c,r) the ball of radius r with center ¢ in C™ and the set P, (c, r) the polydisk of



radius 7 with center ¢ in C". Throughout this paper, X always stands for an n-dimensional complex
manifold. An upper semicontinuous function u is said to be subpluriharmonic on X if for every
open set D @ X and for every pluriharmonic function A which is defined on a neighborhood of D
and satisfies the inequality u < h on 9D, we have the inequality u < h on D (see Fujita [9]). An
upper semicontinuous function v is g-plurisubharmonic on X, where 1 < g < n, if for every domain
D in C? and for every holomorphic function f on D to X, the function u o f is subpluriharmonic
on D. We obtain the following proposition which generalizes Lemma 1 in Yasuoka [21].

Proposition 2.1. Let D be an open subset of C™" and u an upper semicontinuous function. If u
is not subpluriharmonic on D, then there exist ¢ € D, p > 0, a function h : B,(c,p) — R which
is real-analytic near By(c,p) and a constant K > 0 such that By(c, p) is relatively compact in D,
u(e) = h(e), u < h on By(c, p) and

n
i00h = —iK Z dz, Adz,

v=1
on By(c, p).

Proof. By Proposition 3 in Fujita [9], there exist a relatively compact open ball Q@ = B,(a, R),
a function g : @ — R which is pluriharmonic near Q and b € @ such that u < g on 0Q and
u(b) > g(b). Replacing g, we can assume that © < g on 0Q and u(b) > g(b). Since the function
u— g is upper semicontinuous on @, we can put M = max.,cgg{u(z) —g(z)} < 0. Take an arbitrary
K € (0,—M/R?). Because the function u — g + K ||z — a||* is upper semicontinuous on @, there
exists ¢ € @) such that

N = gle%x{u(Z) —9(2) + K ||z — al|"} = u(e) = g(c) + K [|e — al|*.

Since b € Q and u(b) — g(b)+ K ||b — al|* > 0, we have N > 0. Moreover, u(z) —g(z)+ K ||z — a|* <
M + KR? < 0 for every z € Q. Therefore, we obtain ¢ € . Take an arbitrary p > 0 such that
B..(c, p) is relatively compact in Q. The function h(z) = g(z) — K ||z — a||* + N is real-analytic on
Q. We see that u(c) = h(c),u < h on @ and

n
i00h = —iK Z dz, Adz,

v=1
on Q. O
Proposition 2.2. Let c € C", r > 0 and f € O(By(c,r)) with S(f(c)) = 0. Set

ot
P =Y %%(C)(z — o,

lv|<2



Then, for every e € (0,e~ R there exist p € (0,7), 6§ >0 and M > 0 such that
log|P(z) — t] < R(f(2)) — et + M ||z — ¢||”
on By(c, p) x [0,6].

Proof. We may assume that ¢ = 0. As the function e/ is holomorphic on B, (0,7), we obtain the
Tayler series expansion

e
o5 =3 LOTE )0

vl Ozv
14

of ef which converges on B, (0, 7). Put

1 oef
R =Y 50
lv[=3
We have e/ = P+ R on B,,(0, 7). Take an arbitrary p; € (0,7). Consider the expression of the form
R(z) = ZM:?, gv(2)2z" by holomorphic functions g, € O(B,(0,7)). Then there exists M; > 0 such

that

IR() < Y lgu(2)[2¥] < My ||z
|v|=3

on B,(0,p1). Let hy = R(f), ha = I(f) and € € (0,e ")), We define the function F(z,t) on
B, (0,7) x R by
F(z,t) = (ehl(z)fgt)2 B ‘ehl(z)Jrihg(z) _ t‘Q,

By a simple calculation, we obtain the inequality

%—f(o, 0) = 262 (©) (—5 + e*hl@) > 0.

It follows that there exist p; > 0 and § > 0 such that 0F(z,t)/0t > 0 on B, (0, p2) x [—0,d]. Thus,
F(z,t) > F(2,0) = 0 on B, (0, p2) x [0,4]. It means that

’ehl(z)—o—ihg(z) _ t’ < eM)—et

on B, (0, p2) x [0,8]. Let p = min{py, p2}. Then, for every (z,t) € B,(0, p) x [0, 6], we have
[P(2) ] < |0 — 4] 4 |R()
< M@=t 1 M 2|,
where M = M max||.| <, e~ ()48 and consequently

log [P(2) — t| < hi(2) — et +log(1 + M ||2|]*) < hi(z) — et + M |||



3 A characterization of pseudoconvexity of general order

In this chapter, we introduce the definition of intermediate pseudoconvexity and give a character-
ization of intermediate pseudoconvexity by Hartogs figures. This characterization is useful in the
calculation of the cohomology groups.

Definition 3.1 (see Tadokoro [19], Fujita [9] and Matsumoto [14]). Let 1 < ¢ < n —1. An open
set D in X is called pseudoconvex of order n — q if it satisfies the condition:

Let £ € E = X\ D, (U;z1,...,2,) a coordinate neighborhood containing & and z,(§) =
&1, -y 2n(&) = &,. Suppose that there exists r > 0 such that

xeU;z(x) =& (1<i<n-—¢q),0< Z |zi(z) — &I < r
i=n—q+1

has no point of E. Then there exists s > 0 such that for every (n1,...,Mn—q) with |n; —&| <
s(1<i<n-—q), the set

n

zeUsz)=n (1<i<n—q), Y |a@)-&<r
i=n—g+1

contains at least one point of E.
Moreover, we say that every open set in X is pseudoconvex of order 0.

An open set D in X is pseudoconvex in the original sense if and only if it is pseudoconvex of
order n — 1. Note that pseudoconvexity of general order is a boundary local condition, namely, if
for each £ € 9D there exists a neighborhood U of £ such that DN U is pseudoconvex of order n — ¢
in U, then D is pseudoconvex of order n — q.

Proposition 3.1 (Sugiyama [17, Propostion 3.1]). Let D be an open subset of C™, q an integer such
that 1 <g<n-—1andb,c € (0,1). Put Ho = {(¢1,{2) € CIx C" 9 |(1| < 1, (2| < b}U{((1,¢2) €
C1x C"%; ¢< |G| <1,]|C| < 1}. The condition (x) implies that —logdp is q-plurisubharmonic
on D, where dp is the boundary distance function with respect to the Euclidian norm.

(%) Let ¢ = (p1,..y¢n) : C* = C™, (21,...,2,) = (w1,...,wy), be a biholomorphic map which
satisfies the following two conditions:

e o(H.) CD.

o There exist polynomials Pj(z1,..., %), Qj(w1,...,wy) of degree at most two such that
i1, oy zn) = Pi(21,. .y 20) and (71 (w1, ..., wy) = Qj(wi, ..., wy,) for every j =
1,...,n.



Then we have that p(P,(0,1)) C D.

Proof. We improve the argument in Yasuoka [21] and Sugiyama [17]. Seeking a contradiction,
suppose that —log dp is not g-plurisubharmonic on D. Because of Proposition 3.10 in Pawlaschyk—
Zeron [16], there exists w € 0B;1(0,1) such that —logdp(z : w) is not g-plurisubharmonic on D,
where dp(z : w) is distance to the boundary in direction w. According to Theorem 2 in Fujita
[10], there exists a g-dimensional complex affine subspace L of C" such that —logdp(z : w) is
not subpluriharmonic on L N D. Write 0 = (0,...,0) € C* for every k& € N. Using a unitary
transformation, we can suppose that 0, € LN D and L = C9 x {0,—4}. Since the function
—log dp(z : w) is not subpluriharmonic on LN D, it follows that w ¢ L. By a unitary transformation
again, we may assume w = eg41, where eg,y1 is the unit vector whose g + 1-th component is
1. Let d(¢) = dp((¢,0p—q) : €gq+1) for any ¢ € C9. There exist (a,0,—g) € LN D, r > 0, a
function ¢ : By(a,r) — R which is real-analytic near By(a,r) and a constant K > 0 such that
—logd(a) = g(a), —logd < g on By(a,r) and

q
1099 = —iK Y d¢, AdG,
v=1
on By(a,r) by Proposition 2.1. The function hy = —g — K >°7_, |¢,|* is pluriharmonic on B,(a,r).
Therefore there exists f € O(Bg(a,r)) such that h; = R(f) and I(f(a)) = 0 (see Fritzsche-Grauert

[8, p. 318]). Without loss of generality we can assume a = 0;. From Proposition 2.2, there exist
p1 € (0,7),0 >0 and M > 0 such that

log |[P(¢) — t| < ha(¢) — et + M |||
on B4(0, p1) x [0, 6], where
oIl o (0)
PO =P(GreesC) = S % 82/ ¢y = (v 1),

lv]<2

Take an arbitrary p € (0, min{py, K/M?}). Put B =B,(0,p). If ||{|| < p and 0 < ¢t < § then,

log|P(¢) — t| < h(¢) — et + M ¢ <P
< hi(¢) —et + K ||¢)* = —g(¢) — et < —g(<).

If 0 < |[¢]| < pand 0 <t <4 then,

log |[P(¢) —t| < ha(¢) — et + M|¢]| [I<]1?
< hi(¢) —et + K ||¢)* = —g(¢) — et < —g(¢).



It follows that
1) IP(Q) — 1] < 79 < 89O = d(¢) = dp((C,0n_g) : eqir),
on B x [0,4] \ {(04,0)}. On the other hand, we have

2) [P(0)] = /00| = M) = a(0,) = dp (00 = eq11).

By the definition of the function dp(z : eq41), there exists s € 9B;(0, 1) such that sP(04)eq+1 € OD.
We define the holomorphic map 1 : C?+1 x C*~(@+1) — C" by

S(P(zlv"'vzq)_zﬁ'l) J=q+1

w(zl,...,zn)z{

Take an arbitrary polydisk P = Py(0, p2) such that P C B. By inequalities (1) and (2), we obtain
Y(OPx[0,6]x{0,—(g+1)}) C D and (P x{t}x{0,_(q41)}) C D forany ¢ € (0,d]. We can choose g9 >

0 such that ¢)(9P x B1(0,0) X {0,—_(44+1)}) C D. Take an arbitrary do € (0,£0/2), the set By (do, 0 —
do) satisfies B1(do,e0 — 6o) C B1(0,e09) and 0 € By(dp,e0 — d0). Set ¢(21,...,2¢, Zg41,---52n) =

¥(z1,...,24,00 — Zg+1,-- -, 2n). This holomorphic map ¢ is biholomorphic. In fact, we can get the
map ¢~ : C" = C" , (wy,...,wp) > (21,...,2n),
_ Wy 1 S j S n, j Q+ ]-7
5w, wa) = 4 =i=mi7
Wer1/s — P(wy,...,wg) +d0 j=q+1.

There exists € > 0 such that ¢(9PxB1 (0,0 — do) XPy,—(441)(0,€)) C D, because 9P xB1(0, g9 — o) %
{0,—(g+1)} is a compact set. Moreover, we see that ¢(P x {0,—q}) C D and ¢(8o - eg41) ¢ D.
Since 9P x B1(0,e0 — do) x Pp_(g41)(0,¢) and P x {0,,—,} are compact sets in C", we can define

a biholomorphic map ¢ which satisfies the condition (2) of the statement of lemma such that
¢(He) € D and ¢(P,(0,1)) ¢ D. This is a contradiction. O

The following theorem is a generalization of Lemmata 1 and 2 in Kajiwara-Kazama [13] (see
also Lemma 2.1 in Abe [1]).

Theorem 3.1 (Sugiyama [17, Theorem 3.1]). Let D be an open subset of C™ and q an integer such
that 1 < g < n. Then the following two conditions are equivalent.

(1) D is pseudoconvex of order n — q in C".
(2) D satisfies the condition (x).

Proof. In the case where n = ¢, the assertion is trivial. So we can assume that 1 < ¢ < n — 1.
(1) — (2). This is a direct result of Theorem 2 in Fujita [9]. (2) — (1). According to Theorem 2 in
Fujita [9] and Theorem 3.1, this is trivial. O



4 Existence of meromorphically tirivial cocycles

The goal of this section is to organize the Kajiwara—Kazama’s method [13, p. 8]. In particular,
we will make an open covering that satisfies good conditions and a holomorphic cocycle that is
meromorphically trivial.

Proposition 4.1 (cf. Kajiwara-Kazama [13, p. 8]). Let X be an n-dimensional complex manifold
and D an open set in X. Assume that there exist a holomorphic map F: X — C", x — (w1,...,wy),
an open set U C X and a point a = (a1,...,an) € Pp(0,1+ 2¢) such that F(U) is biholomorphic
to a polydisk P,(0,1+2¢), UND # 0 and a ¢ F(UND). PutT) = {x € X ; |wi(x)] <1+ 2},
Thy={reX;|wjx)<l+2e (j=2,...,n)}, Ts=T1NToNU, Ty ={z €Ty ; |wi(x)] >1+e}U
{x e L\T3; |wi(z)| < 14+2¢}, Dy = {xz € DNT3 ; wy # a1 }U{DNT4} and D; = {x € D ; w;j # a;}
forj=2,...,n. Then D = {D;}"_, is an open covering of D.

Proof. Take an arbitrary point z € D. If w;(x) # a; for some j = 2,...,n, then x € D;. So we may
assume that w;(z) = a; for every j = 2,...,n. Then x € Ty. If |wi(x)| > 1 + ¢, then we can get
x € Dy because z € Ty. In the case where |wy(z)| <1+ ¢ and = ¢ T3, then we have that x € D;.
In the case where |wi(x)| < 1+¢ and x € T3. If wyi(x) # a1, we obtain x € D;. If wy(z) = ay, this
contradicts a ¢ F(U N D). Thus we can get D = |J;_; D;. O

Proposition 4.2 (cf. Kajiwara-Kazama [13, p. 8]). Let T1,T%,13,Ty, D; (j =1,...,n) and D be
the same as in Proposition 4.1. Assume that X is Stein. Then there exist p € M(T») such that

1) f= P € Z2"1(D,0) N5 (C™2(D, M)),

(wg —az) -+ (wn, — an)

(2) p= + p3 on T3, where p3 € O(T3).

w1 — ay

Proof. Notice that 1/(w1 —a1) € O(T3 N Ty). Since X is Stein, T is Stein. The set {73,74} is an
open covering of T5. So we can find holomorphic functions p; € O(Tj) for j = 3,4 which satisfies
1/(w1 —a1) = ps — p3 on T3 N Ty. We define

P4 on Ty,

p= 1
p3 +
w1 — ay

on T3.

This function p is a meromorphic function on T5. Since f € O(Dy N ---N D,), we can define
f e Z”’I(D,(’)). Moreover D; C Tb, so we have that f € M(D;N---NDy_1). Thus f €
§ (C"2(D, M)). O



5 Generalized Cartan-Behnke-Stein’s theorem

We introduce a generalized Cousin-I condition. An open set D in X is called g-Cousin-I, where
1 < g < n—1, if the canonical map H?(D,O) — H%(D, M) is injective. Note that D is 1-
Cousin-I if and only if D is Cousin-I (see Grauert-Remmert [11, p. 137]). Let b € (0,1). We put
Tho1={2€C"; b<|z| <1} =, U;. Here, Uj = {z € P,(0,1) ; b<|zj| <1} (j =1,...,m).
It follows from 0 ¢ T,,_; that we can define L_ ¢ H”_I(Tn,l, 0).

Z12n

Lemma 5.1. Let n > 2, then T,_1 is not (n —1)-Cousin-1. Moreover Zl._l.zn #0in H"YT,_1,0)
but —— =0 in H" 1(T,_1, M).

Z1Zn

Proof. We obtain H*(T,_1,F) = H*U, F) for any k > 0 and for any analytic coherent sheaf JF
because U = {U,} is a Stein open covering of T,,_;. Assume that g = lezn =0in H" }(T,_1,0) =
H" (U, O). There exist g; € O(V;) (j = 1,...,n) such that §({g;}) = g, where V; = UyN---NU; N
---NU, and ¢ is the coboundary operator. The set V; is a Reinhardt domain with a center origin.
Therefore the function g; can be expanded into the Laurent series with a center origin. It follows
from the uniqueness of the representation of the Laurent series that there exists a j € {1,...,n}

such that g; has the term of lezn It is a contradiction from g; € O(V;). Moreover, we define
fi € C"2U, M) by

on V1,
f‘] — Zl ... Zn
0 otherwise.
We obtain 6(f;) = g. Thus g =0 in H" }(T,,_1, M). O

Lemma 5.2. (cf. Watanabe [20, Lemma 4]) Let n > 2, b,c € (0,1) and b < |d| < 1. Put
He = {(21,--y2n—1,2n) € C" 5 |(21,- -y 2n—1)] < 1, |zn —d| < b} U{(21,...,2n—1,2n) € C" ; ¢ <
[(z1,...,2n-1)| <1, |z —d| < 1}. Then the set H. is not (n — 1)-Cousin-1. Moreover Zl._l_zn #0 in
H" ' (He, 0) but —— =0 in H" *(He, M).

Proof. Let Uj = {(21,...,2n) € Pn((0,...,0,d),1) ; ¢ < |z <1} (j =1,...,n—1) and U, =
{(z1,...,20) € C" 5 |(21,.-,2n—1)| < 1, |2, — d| < b}. The set U = {U;} is a Stein covering of
H.. To obtain a contradiction, we assume that g = - }_Zn =0in H" }(H.,0) =2 H" YU,0). In
the case where n = 2, there exist f; € O(U;) (j = 1,2) such that g = fo — f1 on Uy NU. We
notice that fo = g + f1 is holomorphic on (U \ {z2 = 0}) U Us. Moreover the function f; = fo — g
is holomorphic on (Us \ {#1 = 0}) UU;. Thus function f; can be extended to P2((0,d),1)\ {z1 = 0}
and also the function fo can be extended to P2((0,d), 1)\ {22 = 0} (see Jarnicki-Pflug [12, p. 182]).
P2((0,d),1) is an open neighborhood of (0,0) and put G = P3((0,d), 1)\ {(0,0)}. So we can choose
e > 0such that T = {z € C?; 0 < |21| <&, |22 <e} U{z € C?; |z1| <&,0 < |z2| <&} C G. Thus
{9} =0 € HY(T,0). This contradicts Lemma 5.1.

z1




In the case where n > 3, there exist g; € O(V;) (j = 1...,n) such that 6({g;}) = g, where
V;=UiN---NU;N---NU, and § is the coboundary operator. G&Tf.)uynfl € C" (U, O) defined by

(n) 2 1
GVl = —2ngn — (=1) +"m’

G(V?')"Vnﬂ = —2ndl,

where v -vp_y = 1---1---n and | # n. By a simple calculation, we have (5(G,(]f.)..l,n71) = 0.

There exists an element G € C"3(U,O) such that §(G) = Gl(,rf.)..,,nfl according to the lemma of
Andreotti-Grauert [3, p. 218]. In detail,

Zl...zn_l

for any z € V,, = Uy N---NU,—1. By restricting the above equation to {z, = 0}, we get

n—1

Z(_l)k_lGl.A.]%...nfl(zh <5 Zn—1, O) = (_1)"’&—1
k=1

1
Zl ...Zn_l

On the other hand, the set {z, = 0} NH. = {(z1,...,2,-1,0) € C" ; ¢ < |(21,...,2n-1)] < 1}
is identified with the set T,_2. This contradicts Lemma 5.1. In particular we see that g = 0 in
H""(H,, M) because of the proof of Lemma 5.1. Therefore H, is not (n — 1)-Cousin-1. O

Theorem 5.1 (Sugiyama [17, Theorem 5.1]). Let n > 2, X an n-dimensional Stein manifold and
D an open subset of X. If D is (n — 1)-Cousin-I, then D is pseudoconvex of order 1.

Proof. We use the argument in Kajiwara—Kazama [13, pp. 7-9] and Mori [15, pp. 186-191]. To
obtain a contradiction, suppose that D is not pseudoconvex of order 1. There exists a point
o € D such that for any neighborhood U of xg, then D NU is not pseudoconvex of order 1 in U.
Since X is Stein, we can take holomorphic functions ¢; € O(X) (j = 1,...,n) which satisfies the
following two conditions:

o Yi(xg) =0(j=1,...,n).

e The family {1,...,%,} forms a coordinate system in the connected component U of {z €
X ;5 |¥i(z)| < K (j=1,...,n)} containing x( for some K > 0.

Define a holomorphic mapping ¢ : X — C", z — (¢¥1(x),...,¥n(x)) = (21(x), ..., zn(x)). Then we
have that »(U) = {z € C"; |z;| < K (j =1,...,n)}. By Theorem 3.1, there exist a biholomorphic
map ¢ : C" — C" (wy,...,wy) — (21,...,2n) and € > 0 such that



e PutH={weC"; |lw|<1l(i=1,...,n)}
UfweC'; 1-2e<|wj| <142 (j=1,....,n—1), |w,| <1+ 2¢}.
Then we heve ¢(H) C »(DNU).

e p(E) C9Y(U), where E={weC"; |wj|<1+2 (j=1,...,n)}.

e There is a point a = (a1,...,ap—1,a,) € C* such that a; =0 (j =1,...,n —1), 1 < a,| <
1+ 2¢ and p(a) ¢ Y(DNU).

Put p~toe: X = C" 2+ (wy,...,wy,). The family {wy,...,w,} forms a coordinate system in U.
By Proposition 4.1 and Proposition 4.2, we can take open sets T, 15, T3, T4, an open covering D of
D and p € M(T»). Let f, g and h be the functions given by

. 14
f_ I
w2 - w3z - - 'wnfl('wn - an)

1
g= )
wy Wy Wo—1(Wy — ap)

h = P3

wo - w3+ W1 (W — ap)

By Proposition 4.2, we obtain f € Z" }D,0) N é§ (C"*(D,M)). As D is (n — 1)-Cousin-I, it
follows that {f} = 0 in H" (D, O). We can take a refinement U = {U,}aeca of D which holds the
following two properties:

e A=A1U---UA,, AjN A, is empty if i # j.
® {Uq, }ajea; is a Stein covering of D; and U is a Stein covering of D.

From f=0¢€ H* (D,0) = H" (U, ), it is concluded that there exists f(© € C"2(U, ®) such
that f =9 (f(o)). The function h(z) is holomorphic on 73 N Dy N --- N D,,. By setting

h(o)_{—h OnTgﬂUI/Qﬂ-.-ﬁUyn7VJ’EAj (_j:Q’_“’n)’

0 otherwise,

we can define h(0) € C"2(Ty NU, O). Here T3 NU = {T3 N Uy taca is an open covering of T3 N D.
The cochain (O + O e C"=2(T3 NU, O) satisfies that

g=14 (h(o) + f(°>) onT3NU, N---NU,,

where v; € A; (j =1,...,n). Thus ¢ = 0 in H" Y(T5 NU, O). Since H' = ¢|;' o p(H) Cc DN, it
follows that g|y = 0. This contradicts Lemma 5.2. U

Corollary 5.1 (Kajiwara-Kazama [13, Corollary 3| and Berg [5, Corollary]). Let X be an 2-
dimensional Stein manifold and D an open set in X. Then D is Stein if and only if D is Cousin-1I.
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6 A new proof of theorem of Eastwood—Vigna Suria

In this section, we shall extend Theorem 5.1. Moreover we give a new proof of theorem of Eastwood—
Vigna Suria. Firstly, we state this theorem.

Theorem (Eastwood—Vigna Suria [7, Theorem 3.8]). Let D be an open set in an n-dimensional
Stein manifold and q an integer with 1 < q < n. If D satisfies H*(D,0) = 0 for every k =
q,...,m—1, then D is pseudoconver of order n — q.

For our purposes, we introduce two lemmata. The original two lemmata were proved by Abe
[2]. Here we shall prove in an intermediate case. Let D be an open set in X. Let D; and Dj be
open sets in D. If n > 3, then we take ws, ..., w, € O(D) and put D, = {w, # 0} for 3 < v < n.
In addition, we assume that D = J;_; D,. Let h € O(D; N D3). Then we can define

h

S —— AT )M UG
n wg---wne {Dv}y=1,0)

Forany 2 <s<n—-1land 3 <k < ---<ks_1 <n,let n,(,lf.l.'.};i:i)l € C"*({D,}}_;,0) be the

cochain defined by
(bioko 1) {(—1)(8—1>+’f1+'"+ks1h if {v1,... Vp_si1 ki, ks 1} ={1,...,n},

Wyg Wy _gp1
V1 VUn—s+1 .
0 otherwise,

onD, N---ND where 1 <) <--- <vp_s41 < 1.

Un—s+19

Lemma 6.1 (Abe [2, Lemma 5.1]). For every2<s<n—1and3 <k <--- < ks_1 <n, then we
have that

s—1
57](’91“'/6571) — Z(_1)j—1wkjn(k1~~~kj~-~ksf1).
7j=1

Proof. This lemma was proved by Abe [2]. For reader’s convenience, we present a proof of this

lemma. Take arbitrary numbers 1 < vy < -+ < vp_gy2 < n. Firstly we consider the case

where {v1,..., 0, ..., Un—si2,k1,. .. ks—1} € {1,...,n} for every i € {1,...,n — s+ 2}. Since
(k1--ks—1) =0 for every i € {1,...,n — s + 2}, we have that

nVl"‘ﬁi‘“ansﬁ»Z

n—s+2 R
(anths-00) = > )L, =0

V1 VUn—s+2 N
=1

on Dy N---NDy,_ .,
If there exists ¢ € {1,...,s—1} such that {v1 ..., vp_syo,k1,..., kg, ..., ks—1} = {1,...,n}, then
there exists p € {1,...,n—s+2} such that v, = k; and we have {v1,...,0p, ..., Vp—sq2,k1,.. ., ks_1}

11



= {1,...,n}. This is a contradiction. It follows that {v1,...,vp—s12,k1,-.., l%j, Jks—1}
{1,...,n} for every j € {1,...,s — 1} and therefore we have that

= ; Fuokyooke 1) _

Z(_l)] lwk]77£11 ke _ <5n(k14..k3_1)>

j:l V1 Un—s+42
on Dy, N---ND,, .,

Next we consider the case Where there exists p € {1,...,n — s + 2} such that {1,...,n}
{vi, o 0py o S+2,k1, .., ks—1}. Then there exists ¢ € {1,...,s — 1} such that v, = k,.
i # p, then {Vl, oD  Vp— 5+2,k‘1, coyks—o1} € {1,...,n} and therefore n(k,l_, kfbyi)is“ =0.
follows that

= ( ) . )
(k1-ks—1) _ _1yi—1, (kirks—1 p—1, (kiks—1
(677 ' ' )V1'~'Vn75+2 N z; ( 1) nylmy’ml/” s+2 7( 1) Vl DprUn—st2
(2
= (—=1)p! (—1)(S_i)+k1+'"+k5*1h
wz/3 e wyp e wl’n7$+2
— (_1)(p+s—2)+k1+~~+k571w1’—ph
wV3 e an75+2
If j # q, then {v1,...,vp—s12,k1,-- .,I;;j, cooyks—1} € {1,...,n} and therefore n(kl",;i";fg’l) =
We can get
= kyokjook kyhigk
Z(i]‘)j 1wk ”71(/11 ‘Un— s+; 1) - ( l)q 1wkq771(/11 an 5+; 1)
j=1

(_1)(8—2)+k1+-~+/%q+~~+ks,1h

= (-7 w
(=) wy, TTTT

— (71)(q+5_3)+k1+"'+];'q+"‘+ksfl w”Ph

wVS e wyn—s+2

0.

on D, N---ND,, ., Sincekq=(p—1)+(¢—1)+1=p+q—1, we have that {(p+s5—2)+k; +

ootk —{(qts—=3)tki+- Akt Akt =p—q+lthk,=p—q+1l+(p+q) —

So we can obtain

1 R
(o (hr-=ter)) e

Vl""/nfs+2

w

]=1

on Dy N---NDy, .,

= 2p.



Let ¢ be an integer with 1 < ¢ <n — 3 and U = {Uy}ea & Stein open covering of D which is
a refinement of {D,}}_;. Let a : A — {1,...,n} be a map such that Uy C D) for any A € A.
Then « indues the canonical homomorphisms

o C*({Dy})-y, 0) = CH(U, 0)

for any k > 0.
Next, we assume that H*(D, Q) = 0 for every k = ¢+ 1,...,n — 2. The following lemma is an
intermediate version of lemma of Abe [2].

Lemma 6.2 (cf. Abe [2, Lemma 5.2]). Assume that F0) = o*(n) is trivial in H"~'(U, O). Then
there exist cochains f*1*s=1) ¢ CP YU, 0),1<s<n—q—1,q+2<k; < - <ks1<n, and
cocycles Fk1 k1) ¢ Z" (U, 0),1 < s < n—q, which satisfy the following two conditions:

o foreveryl <s<nm—q—1andq+2<k <---<ks_1 <n, we have that

5 flkrkacn) — plkr-haoy).

o forevery2<s<mn—qandq+2<k <---<ks 1 <n, we have that

s—1

F(k1~~-k571) - _ Z(_l)j_lwkf(klkjk57l) + O[* (n(k1~~-k571)) .

j=1

Proof. Since Fk0) = 0 in H" (U, ), there exists f = fk0) € C"=2(U, O) such that §f = Fko),
Next we consider the case where s = 2 < n — q. We put F®) = —w, f + o*(n®) € C"2(U, O) for
every k € {¢+2,...,n}. By Lemma 6.1, we have that 5n(k) =wgn on D1 N---ND,. Therefore,

) (F(k)> =4 (—wkf + a*(n(k))) = —wid(f) +a* (577(k))
= —wp P 4 o (wn) = wip(—F*0) + a*(n)) = 0
It follows that F*¥) ¢ Z"=2(U, O). Now H" 2(U,O) = 0 therefore there exists f*) € C"3(U, O)
such that 6 f*) = F®) for every k € {q+2,...,n}. Finally we consider the case where 3 < s <n—gq.

By induction hypothesis, we already have f(*1k-1) ¢ Cn=t=1(1f, ©) and Fk1k-1) ¢ Zn=t(Yy, O)
foril<t<s—landg+2<k < ---<ki_1 <n. Let

s—1
Flhikan) - Z(—l)j’lwk.f(kl“";'i“"fs—l) +a* (n<k1“"fs—l>) € C" (U, 0)
J b}
j=1

forg+2<ki<--<ksq1<n.
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We have that

s—1 .
5F(k:1..~k371) — _Z(_l)j_lwkj5f(k1mkjmksfl) +a* (577(]@1...]4;571))
=1

1

s—1 j— o
St By ot
=1 i=1
s—1
_ Z (_1)1—2wk1f(krll;;]fglks,1) 4 Oé* (n(kligjk"*l)) } +a* (6n(k1---k371)>
i=j+1
= D (1) gy, frRekr k) Ny ek
1<j j<i

s—1
R e e (o (redsodien) s (s (krke 1)
]z_;( 1Yoy, a (,7 RS ) +a ((577 ! 1)

s—1
—a | = (—l)jflwk.n(kl"']%j"'ks_l)+5?7(k1"'k5—1)
J
1

J

Since onk1-ks—1) = Z;;}(—l)j_lwk].77(’“1""%1'""‘75*1) by Lemma 6.1, we have that § F(k1ks=1) = 0. Tt

follows that Fk1ks—1) ¢ Zn=s(1f ). If 3 < s < n — q — 1, then we have that H"*(U,0) = 0 and
therefore there exists f(F1*s=1) ¢ C"=5=1(1f, O) such that & fF1ks—1) = plkr-hks—1), O

Theorem 6.1. Let X be an n-dimensional Stein manifold, q an integer such that 1 < g < n and
D an open subset of X. If D satisfies the following two conditions:

e D is (n—1)-Cousin-I.
o H*(D,0) =0 for everyk =q,...,n — 2.
Then D is pseudoconvex of order n — q.

Proof. In the case where n = ¢, the assertion is trivial. So we can assume that 1 < ¢ <n—1. To
obtain a contradiction, suppose that D is not pseudoconvex of order n — q. There exists a point
xo € 0D such that for any neighborhood U of xg, then D N U is not pseudoconvex of order n — ¢
in U. Since X is Stein, we can take holomorphic functions ¢; € O(X) (j = 1,...,n) which satisfies
the following two conditions:

o Yi(xg) =0(j=1,...,n)

e The family {¢1,...,%,} forms a coordinate system in the connected component U of {z €
X ;5 |¥j(z)| < K (j=1,...,n)} containing x for some K > 0.

14



We define a holomorphic mapping ¢ : X — C™", x — (¢1(x),...,¥n(x)), then ¢» maps U biholo-
morphically onto {z € C"; |zj| < K (j =1,...,n)}. By Theorem 3.1, there exist a biholomorphic
map ¢ : C* — C", (wy,...,wy) = (21,...,2n), € > 0, and a = (ay,...,a,) € C" such that
#(Ho(22)) € (U 1 D), (Pu(0,25) C (U, a1 = ay = -+ = ag = agsz = -+ = an = 0,
1 <lag+1| <1+ 2¢ and ¢(a) ¢ (U N D). Here

Hy(2e) ={(¢1,{) € CIx C" 951 — 26 < |G| < 1+2¢,[¢o] <1+ 2}
U{(¢,0) eCTxC" 95 |G| <1, |G <1}.
We can put ¢ = o o) : X — C" 2+ (wy(x),w2(z),...,w,(x)). The family {wy,--- ,w,} forms a
coordinate system in U. Moreover we have Hy(2¢) C ¢(UND), P,(0,2¢) C ¢(U) and a ¢ ¢(UND).

By Proposition 4.1 and Proposition 4.2, we can take open sets 11,75, 75,7y, an open covering D of
D and p € M(T»). Let f,g and h be functions defied by

_ 14
- )
Wy - w3+ Wq * (Wg1 — Ag1) " Wa2*+* Wy
1
= 9
w1 w2 Wy e (wq—H - aq+1)
p3

h =

Wy - w3+ Wq  (Was1 — Ag1)

We can define f € Z"1(D,0) and get f =0 € H* (D, M). Since H" Y(D,0) — H" (D, M)
is injective, so we have that f is trivial in H"~1(D, ). We can take a refinement U = {U)} ea of
D which holds the following two properties:

e A=A U---UA,, AjNA;jis empty if i # j.

° {UAj},\jeAj is a Stein covering of D; and U is a Stein covering of D.
By applying Lemma 6.2, we can take F,,(f+12,q£) € Z9U,O0). Since HI(U,O) = 0, there exists
forwy € C17HU, O) such that F,Serlz,qﬁ) = 6(fuy.v,)- By a simple calculation,

n

ET = —j§r2(_1)1q2wj FLtZesm) o (—q)(emam (a2 tn — wq(wf;H o
q+1
= (1 oty
j=1
on U, N---NU,,,,. By putting Ly = {wg42 = --- = w, = 0} C X, we obtain
& j—1 —gq+-+n+1 14
;(_1)J Fopyn = (DT wa - - We(Wes1 — Ag1)

— (_1)n—q+-~~+n+1 (h +g)
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on L,NT3NU,, N---NUy,,,, where v; € Aj (j =1,...,¢+1). The set {D; ﬂLq}gi} is an open
covering of DNT3N L, andZ/{ﬂLqﬂng{U,,jﬂLqﬂTg; vie N, j=1,...,9+ 1} is a refinement

of it. By setting

h([)( ) h(x) l'fxejﬂﬂ[/yz ”.m Vq+1’y-j .](j :7"'7q 1)
xIr) =
0 O‘ ]lel W ISe,

we can define h(®) € C9"Y U N L, N T3,0), since h € O(Ts N Dy N --- N Dyy1). And also we can
define g € Z9(U N Ly N T3,0). In addition, we can get

g+l |
Z(_l)]_lful...pj...yqﬂ +hO — g

j=1

on T3NU,,N---NU,,,,, where v; € A; (j = 1,...,q+1). It follows that g = 0 in HY(T3NUN Lg, O).
Recall that Hy(2e) C ¢(UND), so we can get g = 0 in H(@|;' (Hy(2¢))NUN Ly, O). This contradicts
Lemma 5.2. Thus D is pseudoconvex of order n — q. ]

Corollary 6.1. Let X be an n-dimensional Stein manifold and D an open set in X. Then D is
Stein if and only if D satisfies the following two conditions:

e D is (n—1)-Cousin-1.
e H¥(D,0)=0 for everyk=1,...,n—2.

Corollary 6.2 (Eastwood—Vigna Suria [7, Theorem 3.8]). Let X be an n-dimensional Stein mani-
fold, q an integer with 1 < q¢ < n and D an open set in X. If D satisfies H*(D,O) = 0 for every
k=gq,...,n—1, then D is pseudoconvex of order n — q.
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