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1 Introduction

In this paper, we shall study the non-summability for partial differential
equations. There are many results for the summability. Lutz-Miyake-Schafke
[3] studied the Borel summability of divergent formal solutions of the heat
equation. Ouchi [6], [7] studied the multisummability of formal solutions of
nonlinear partial differential equations. Tahara-Yamazawa [8] studied the
multisummability of a formal solution of a certain class of partial differential
equations. Malek [4] studied the summability of formal solutions of linear
partial differential equations. Hibino [1] studied the Borel summability of
divergent solutions for singular first order linear partial differential equations
with polynomial coefficients. In [2], the author gave an example such that
a divergent formal power series solution is not 1-summable in any direction.
The object of this paper is to give the examples such that a divergent formal
power series solution is not l-summable in any direction.

In order to state our result we introduce some notation. Let (¢,2) € CxC.
For r > 0 we write D, = {t € C| |t| < r}.

Let {C),}2°_; be a sequence of numbers such that >~ ~_, |C),| < oo and
{hm}_; be a sequence of bounded complex numbers. We define a(z)

a(x) = Z Cyelm®. (1.1)

Let n,k € N*(N* = {1,2,3,...}). For j = 1,2,...,n we define the polyno-
mial of £, P;(&) by

k
Pi(§) =) ai€, (12)
i=1
where «; ; € C. We consider the following Cauchy problem

o " /,0\ 0
prik a(x)t + Z (t a) apj(ﬁz)u (13)

One can easy see that (1.3) has a formal power series solution in ¢ of the
form

u(t,z) =Y u,(2)t", (1.4)

where u,(x) is analytic on D, for some r > 0 and continuous up to the
boundary for any n € N*. Then we have
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Theorem 1.1. Assume that oy, ; # 0. Then there exists a bounded sequence
{hm}oo_, such that, for a(z) in (1.1) any formal solution (1.4) of (1.3) is not
l-summable in any direction.

Next we study the non-summability of formal solution of the next
equation. Consider the Cauchy problem

%u(t,x) = a(z) + (t%fu(t,x) + (t%ya?“(t’x) (1.5)
w(0,2) = po(z),

where av € N* and a(z) and @g(x) are entire functions. Equation (1.5) has a
formal solution (1.4). Then we have

Theorem 1.2. There exists a bounded sequence {h,}>?; such that every
formal solution (1.4) of (1.5) is not 1-summable in any direction.

Theorem 1.2 means that we give a simple example of a non-summable
partial differential equation which does not satisfy the sufficient condition
for the 1-summability given in [8].

This paper is organized as follows. In Section 2, we give some definitions
and notation. In Section 3, we show the Gevrey estimate of formal solution
of equation 1.3. In Section 4, we prove Theorem 1.1. In Section 5, we show
the Gevrey estimate of formal solution of (1.5). The proof of Theorem 1.2 is
given in Section 6.

2 Definitions and notation

We give some definitions and introduce symbols necessary for the proof of
main theorem.
Let C[[t]] be the ring of formal power series in ¢ with coefficients in C. We say

that formal power series f(t) = 3. f.t" € C[[t]] has Gevrey order 1/k > 0 if
n=0
there exists C' > 0 such that, for all n > 0

< n+1 2
fal <O (14 2],
where I'(x) is a Gamma function. We denote by C[[t]];/ the set of all formal

power series with Gevrey order 1/k.
A sector on the Riemann surface of the logarithm is the set of the form

S=S(d,a,p):= {rei9‘|0—d| < %,0<T<p},
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where d is an arbitrary real number, « is a positive real and p is positive real
or co. In case p = 0o, we mostly write S(d, «):

S(d, ) = S(d, o, 0) := {rewHG —d| < %,0 < 7’}.
A closed subsector S; of S is the set of the form
_ _ . o
Sy =Si(d,d,p) = {rewﬂﬁ —d| < 570 <r< p'} :

where 0 < o/ <a, 0<p <p, |d—d| < a/2—d/2.

Given k > 0, we say that a function f being holomorphic in a sector S
asymptotically equals f(t) € C[[t]l /& Or f is the asymptotic expansion of
Gevrey order 1/k of f if, for every closed subsector S; of S there exists
C > 0 such that for every N > 0 and every t € S;

N
Irs(t, N)| < CN*IT (1 + ?> ,

N-1
where r;(t, N) =tV (f(t) - > fnt”). In such a case, we write, for short,
n=0

F(t)=.f(t). We denote by A(S) the set of all holomorphic functions on S
having an asymptotic expansion of Gevrey order 1/k.

Definition 2.1. For a formal power series f(t) € C[[t]]; without constant
term, the formal Borel transform B f is defined by

B () = Y ot o 1O = 3 s (2.1

Definition 2.2. For f(t) € C[[t]];, we say that f() is 1-summable in the d-
direction if there exists an e > 0 such that B, f € A1(S(d, €)) with exponential
size at most 1. We denote by C{t}, 4 the set of all formal power series that
are l-summable in the d-direction. We say that a function f(t) on S(d,e€)
has exponential size at most 1 on S(d, €) if, for every subsector S in S(d, ¢)
there exist C' > 0 and i > 0 such that

If)] < ce (teS).

3 Estimate of formal solution

In this section, we show the Gevrey estimate of formal solution of (1.3).
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Proposition 3.1. Let a(x) be given by (1.1), and let h > 0 satisfy that
|hm| < h for any m € N*. Then, for every ¢ € N* we have u,(z) uniquely.
Moreover, we have the estimate: there exist K > 0 and M > 0 such that,
for any £ € N* and z € C
¢—1)!
lug(x)] < %Mﬁ Kellel, (3.1)

Proof Substituting (1.4) into (1.3) we get

mz:l U (2)mt™ ! = a(2)t + ; (2:2 pj(ax)um@)m(?(?::r_jz;! 2)!tm+j—1) |

Compare the coefficients of both sides about the power of ¢, to obtain
ui(z) =0, us(z)=a(x),

wy(z) = %Pl(am)u2 _ éPl(&B)a(x),

ws(z) = i{GPl((?x)u;g(x) + 4Py(0,)us)}

- %1 {2P1(8,)%a(z) + 4P5(0,)a(x) } ,

ue() = %{ > P;-@)w(x)%}. (32)

mej=£,j>1

Therefore, we have the formal solution uniquely.
By assumption, there exists K > 0 such that for every j = 1,2,...,n and
any v € C

[Py(0,)a()| < K

We prove (3.1) by induction on [. The case [ = 1 is trivial. Suppose now
that (3.1) holds up to [ — 1. Because the sum with respect to j in (3.2) is a
finite sum and v, is a function of a(x), (3.1) is obtained. O

4 Proof of Theorem 1.1.

Set (Ou/0t) =: v. Then, (1.3) is written as follows
n ) (9 7
v=a(z)t+ ; (t E) P;(0y)v.
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Applying the formal Borel transform to both sides and by setting B, (v) = @
we have

W =a(z) + > T P(0,), (4.1)

where we used
If we set

then we have

Pi(0,) = )t (7) Py (hiy )€™ (4.2)
Substituting (4.2) and the expansion of a(x) into (4.1) we have

wm(T) =Cn + Z Tij(hm)wm(T)

n k
=C,, + Z e Z i bl W (T)
j=1 =1

for every m € N. Therefore, we have

. Ch,
Wi (T) = - - (4.3)
L—=> 77 aighi,
j=1 =1
for every m € N.
Because oy 1 # 0, we take € > 0 sufficiently small such that

> o) > lokle/2 (4.4)
j=1




on |7| = €. Define

n

k
F(r,h):= ZTj Z ;b — 1. (4.5)
i=1

Take a countable infinite set T' = {T,,,}°°_; which is dense on |7| = €. For
each 7, € T, consider the equation F(7,,,h) = 0. Take one root arbitrarily
and put it by hy,. Then H := {h,,}>°_; is a bounded set. Indeed, every
coefficient of h* in F(7,,, ) is uniformly bounded when 7,, € T. Moreover,
the coefficient of the highest power, h*, Z;L_l 71 . ; is uniformly bounded
from the below by |y 1]€/2 by (4.4). Because the solution h of the algebraic
equation F'(7,,,h) = 0 is a continuous function of the coefficients of the
equation, it follows that H is a bounded set.

We shall show that there exist constants ¢; > 0 and 0 < ¢; < € such that,
for every h,, € H

|F (T, hm)| > 61 on |7| < €.

Suppose that this is not true. Then, for every v = 1,2,... there exist a
positive integer m(v) and 7, such that

|F (T, hiny)| < 1/v, || <1/v.
On the other hand, by (6.4) we have

7_1/7 m(u ZTI/ Zaz] —1.

Because 7, tends to 0 as v tends to infinity and H is a bounded set, the
right-hand side does not tends to zero. This is a contradiction. By the above
definition of T = {r,,} and H = {h,,}, the formal Borel transform (7, x)
has pole singularities at each point in 7' = {7,,} which is dense on |7| = e.
Therefore u is not 1-summable in any direction. This completes the proof.

5 Estimate of formal solution

In this section, we show the Gevrey estimate of formal solution of (1.5).

Proposition 5.1. Assume that a(z) is of exponential size at most 1. For
m € N*, let u,,(z) be a coefficient function of formal power series solution in
t of (1.5). Then, for any m € N* we have

Uy () = ~— (m— 1) (g( )aaﬂ ($)> :
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Moreover, we have the estimate: there exist K > 0 and h > 0 such that, for
any m € N* and z € C

—1)!
i ()] < (m—-1)! (1+ ehoym=1 f ehlal,
m

Proof Substituting (1.4) into (1.5) we have

Zuj Yjti Tt = —l—ZuJ x)J t’+28°‘uj x)j2 .

Compare the coefficients of both sides about the power of ¢, to obtain

uy(z) = a(x)

up(2) = 5 (a(z) + Fa(z))

(@) = = (1 (@) + O s ()
" (14 0 tp—1(z).
Solving the recurrence relation we have
(m—1)! L m—1 i
() = L1 (Z (" axam) Sz G
By assumption, there exist K > 0 and A > 0 such that for any x € C
la(z)] < K e,

Hence, we have

; (ai)! /
85"@ i S ——
| ( )| &/ —a|=R (l’l _ x)az+1

)! K Ml
— M/l, |_ 6' ’dx/‘

R Raz+1

(ci)! h
_ N g ohlel+R)
Rcm €



By setting R = ai we see that the right-hand side is estimated by K e(#l+o).
By (5.1), we have
3‘” (z )I)

Keha] hx)
7=0

a)m 1K h|a:\

|t ()

3 Q

/\/\
HO ._.

6 Proof of Theorem 1.2.

Let n € N* and ¢ € N* satisfy q(¢ —1)/2 <n < g(qg+1)/2. Set v =n —
q(q — 1)/2 and define h,, by

1 <1 1 ) 27:1:1 (6 1)
— — e q .
1+ hg q+1 ’

where « is given in (1.5). Then we have

Lemma 6.1. Let h, be given by (6.1). Then we have

1 1
N 6.2
’1+hg g+1 (6.2)
and
1 v
_or 6.3
afg<1+hg> 2 (6.3)

forv=n—-q(lqg—1)/2, q(¢ —1)/2 <n < q(q+ 1)/2. The function a(x) in
(1.1) is well defined.

Proof (6.2) and (6.3) are immediate consequences of the definition.
By (6.2) we have 1/2 < [1/(1 + h®)| < 1. Hence, we have |h,| < 3", and

x a1
2)] < 1Culle" | <> 1Cnlexp(3* [a]).
n=1 n=1

Hence, a(z) converges in |z| < R for every R > 0. O
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By taking u; := u— ¢o(z) as a new unknown function, (1.5) is equivalent
to

d d\> o\ .,
taul =a(z)t+1t (ta) up +t (ta) 0duy. (6.4)

We prove Theorem1.2 by using (6.4).

Proof of Theorem1.2 Set du;/0t =: v. Then, (6.4) is written as fol-
lows

tv = a(x)t + tQ%tv + tQ%tﬁg‘v.

Applying the Borel transform to both sides and by setting B (tv) = @ we
have

W = a(x) + 70 + TOSW, (6.5)

where we used

If we set

then we have

Substituting w and (1.1) into (6.5) we have

1 —7(14 h2)

wn(T)

for every n € N*.



Take R € (0,1) and let |7| < R. Choose N € N* such that |[1/(h2 + 1)| >
R for every n > N + 1. We consider

00 N o)
D i (r)e T ="y (r)e T 4D (7).
n=1 n=1 n=N+1

Singular points of the first term in the right-hand side are given by {7 =
1/(h¢+1)|n=1,...,N}. According to the assumption on h¢, we have

RS+ S+, < <1

So, there exists Ay € R such that sup,,> 1 |;j<r {1/(1 = [7][1 + h3])} = Ao.
It follows that

- C N - 1
. n ohem) < Cn hnz
> 1—r(l+h)" |= > 1—|T||1+hg|| [le™]

n=N+1 n=N+1
o0
< Agexp(3* ' |z]) Z |C,| < o0
n=N+1
oo
for |7| < R. Since R is arbitrary, > 0, (7)e"® is a meromorphic function
n=1
on |1] < 1.

By Lemma 6.1, we have (6.2) and (6.3) for v = n — ¢(¢ — 1)/2 and
q(¢g—1)/2 <n< q(g+1)/2. It follows that 1 < v < ¢q. We note that ¢
tends to infinity as n — oco. Hence, the set {1/(1+ h%)}, accumulates to
any points on the unit circle. Therefore, v is not 1-summable in any direction.

]
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