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Abstract

This dissertation is concerned with the following estimator and some bias corrected
estimators of dynamic panel data model. Chapter 2 consider several instrumental vari-
ables (IV) and generalized method of moments (GMM) estimators for panel data models
with weakly exogenous variables, when the T and N, the sample size of time series and
cross-section are large and fixed T and large N seperately. In chapter 3 and 4 , we
consider the situation for large N and small T. Fixed effect estimator and conventional
is biased and GMM estimator suffer from the weak instrumental problems. In chapter 3,
we investigate the weak instruments problem of GMM estimator for dynamic panel data
models. Chapter 4 consider the second-order bias corrected estimator of multivariate
dynamic panel data models for short-run coefficients and long-run coefficients.
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Chapter 1

Introduction

1.1 Overview

Corresponding with the vast amount of available data sets, panel data model regression
analysis became more significant in Econometrics. Since panel data model includes more
data in time series and cross-section dimension, it solves more problems than models in
single dimension. Dynamic panel data is important part in panel data model cause
the dependent variable could be a significant regressor in panel data model analysis.
Therefore, several complicated problems needs proper solutions. Such as correlation
problem between error term and regressor, inconsistent estimation or biased asymptotic
distribution in short panels. And the weak instrument pro 2 blem caused by persistency
of series and larger variance of time-invariant error than idiosyncratic errors in IV and
GMM estimations.

Unobservable variable, which treated as one part of error term is a significant reason
for poor OLS estimation, cause it has high tendency to be correlated with explaining
variables, which leads to inconsistent estimation. As a solution, the unobservable vari-
ables can be treated as time-invariant variable for each identical as fixed effect, then here
comes the fixed effect model. Another situation, in which the the unobserved variable,
which is not correlated with the explaining variable, can be treated as time-invariant
error term constructed the random effect model. In cross-section data model, the OLS
estimator suffered from inconsistent problem caused by the correlation between the er-
ror term including fixed effect and the explaining variable. Consequently, pooled OLS
estimation for panel data model is inconsistent.

A common methods for fixed effect panel model is to transform the model to eliminate
the fixed effect from model. Such as taking first difference from time series , Fixed Effect
(FE) estimation which take Within Group mean or taking Forward Orthogonal Deviation
to eliminate the fixed effect from the panel data model. FE estimator hinge on the strict

exogenous condition.



Multivariate First differenced model, to guarantee the the dependent regressor and
exogenous regressor be uncorrelated with the fixed effect, some stationary restriction
should be satisfied. Blundell, Bond, and Windmeijer [2000].

To solve the correlation between fixed effect and regressor, one consideration is to use
Instrumental Variable (IV) estimation, Anderson and Hsiao [1981], Anderson and Hsiao
[1982] utilize the IV, which correlated with the regressor but uncorrelated with error
terms performs well. The most commonly used IV estimations transform the model by
first-difference by time series Arellano(1989), or FOD transformation ? and Hayakawa
[2009a]. In both regression estimation the IV is level regressors.

When both the T and N, which denotes the the sample size of time period and cross
section, are both large, IV estimator solves the inconsistent problem of fixed effect model,
and GMM estimation deals with inefficiency of IV estimation, Holtz-FEakin, Newey, and
Rosen [1988], Arellano and Bond [1991]. However when the data set renders a large
number of individuals but short time periods, the GMM estimation turned out to be
biased. Windmeijer [2005] proposed a finite sample correction for the two step DIF-
GMM estimation. In the finite sample case, using too much instruments cause the trade
off problem between bias and efficiency, (Bekker [1994]. Many literatures suggests to
use a part of instruments than full available instruments to solve the trade off problem,
Windmeijer [2005], Bun and Kiviet [2006],Hayakawa [2009a] and Roodman [2009].

On the other side, weak instrumental problem occurs for IV and GMM estimation
when the series is persistent or variance of individual effects is larger than idiosyncratic
errors. Arellano and Bover [1995] proposed LEV-GMM estimator conquers the weak
instrumental problem caused by persistency. System (SYS)-GMM estimation by Arellano
and Bover [1995], Blundell and Bond [1998] is more efficient than DIF-GMM and LEV-
GMM estimator.

Furthermore the multivariate dynamic panel data model includes a heterogeneous
variable. The estimation process is familiar with former models, however whether the
heterogeneous variable is strictly exogenous, predetermined or endogenous variable make
differences on estimation.

1.2 Purpose

Here are many transformed dynamic panel data models and estimation methods for
multivariate dynamic panel data model mentioned in former part. The GMM estimation
is well utilized. In this doctoral dissertation, we used several ways for better estimation.

In chapter 2,concern about the IV and GMM estimator well used for dynamic panel
data models. However here exists a trade off problem between bias and efficiency cased
by using many instruments. Double filter instrumental variables estimation (DFIV) is
a method for solve this trade off problem. We propose instrumental variables (IV) and
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generalized method of moments (GMM) estimators for panel data models with weakly
exogenous variables. The model is allowed to include heterogeneous time trends in addi-
tion to the standard fixed effects. The proposed IV and GMM estimators are obtained
by applying a forward filter to the model and a backward filter to the instruments in
order to remove fixed effects, thereby called the double filter IV and GMM estimators.
We derive the asymptotic properties of the proposed estimators under fixed T and large
N, and large T and large N . It is proved that when both N and T are large, the
proposed IV estimator has the same asymptotic distribution as the bias corrected fixed
effects estimator. Our Monte Carlo simulation results reveal that the proposed estimator
performs well in finite samples and outperforms the conventional IV/GMM estimators
using instruments in levels in many cases.

Weak instrumental problems happens in dynamic panel data models by many reason,
such as the persistency of series in time period dimension, or the variance ratio of fixed
effect and error term is large. In chapter 3, we investigate the weak instruments problem
of GMM estimator for system GMM estimator for dynamic panel data models cause by
the large ratio. Bun and Windmeijer [2010] demonstrates that the system GMM estima-
tor combining LEV and DIF models suffers from the weak instruments problem when
the variance ratio is large, which is mainly due to the model in levels. In this chapter,
we alternatively consider first-difference and level models transformed by forward GLS
transformation, and demonstrate that this transformation yields a higher concentration
parameter compared with original models. This indicates that this transformation yields
stronger instruments. Our simulation results reveal that the proposed system GMM es-
timator for the transformed model, called the forward system GMM estimator, performs
better than the conventional system GMM estimator for models in DIF and LEV, and
the performance of the new system GMM estimator is reasonably well even when the
variance ratio is large.

In chapter 4, we propose a bias-corrected mean-group estimator for dynamic hetero-
geneous panel data models when T is fixed. It is demonstrated that the GMM estimator
is inconsistent when coefficient is heterogeneous by Pesaran and Smith [1995] . They
proposed to mean group estimator averaged over cross-sections. This estimator is con-
sistent for large T, but inconsistent for small T. The solution proposed by Pesaran and
Zhao [1999] is to used the bias correction by Kiviet and Phillips [1993]. For more precise
estimation, we propose to use the second-order bias-corrected estimator by Kiviet and
Phillips [2012]when constructing the mean-group estimator. Monte Carlo simulation is
conducted and it is confirmed that the proposed estimator has smaller bias than the
conventional and first-order bias-corrected mean-group estimators when the length of
panel data is not so large.



Chapter 2

Double Filter Instrumental

Variable Estimation of Panel
Data Models with Weakly
Exogenous Variables

In this chapter, we propose instrumental variables (IV) and generalized method of
moments (GMM) estimators for panel data models with weakly exogenous variables.
The model is allowed to include heterogeneous time trends besides the standard fixed
effects. The proposed IV and GMM estimators are obtained by applying a forward filter
to the model and a backward filter to the instruments in order to remove fixed effects,
thereby called the double filter IV and GMM estimators. We derive the asymptotic
properties of the proposed estimators under fixed 7" and large N, and large T and
large N asymptotics where N and T denote the dimensions of cross section and time
series, respectively. It is shown that the proposed IV estimator has the same asymptotic
distribution as the bias corrected fixed effects estimator when both N and T are large.
Monte Carlo simulation results reveal that the proposed estimator performs well in
finite samples and outperforms the conventional IV/GMM estimators using instruments

in levels in many cases.

1This is a joint work with Jérg Breitung and Kazuhiko Hayakawa.
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2.1 Introduction

Using panel data in empirical studies has become much more popular than before since
many panel data sets are available in these days. Accordingly, many types of panel
data models and estimation procedures have been proposed. Among them, most basic
approach is the fixed effects (FE) regression model where unobserved individual specific
effects are allowed to be correlated with regressors. However, consistency of fixed effects
estimator relies on the strict exogeneity assumption, i.e., the regressors and idiosyncratic
errors are uncorrelated for all periods when the length of panel data, denoted as T is
small. Unfortunately, there are many cases in which the strict exogeneity assumption
is violated. A leading example is a dynamic panel model. Regardless of whether the
regressors besides the lagged dependent variables are strictly or weakly exogenous, or
endogenous, the lagged dependent variable is correlated with the idiosyncratic errors
by construction, and hence the fixed effect estimator is inconsistent when 7' is small
[cf. Nickell, 1981]. To address this problem, estimation procedures using instrumental
variables (IV) have been extensively considered since the work of Anderson and Hsiao
[1981]. These include, among others, Holtz-Eakin et al. [1988], Arellano and Bond
[1991], Arellano and Bover [1995], Ahn and Schmidt [1995] and Blundell and Bond
[1998] etc. While most of these studies focus on short panels, there are cases where
long panel data are available, typically in macro panels. Inspired by the availability
of long panel data, several papers study large N and large T asymptotic properties
of aforementioned estimators where N is the number of cross-sectional units. Earlier
papers that considered large N and large T" dynamic panels are Hahn and Kuersteiner
[2002] and Alvarez and Arellano [2003]. Hahn and Kuersteiner [2002] and Alvarez and
Arellano [2003] demonstrate that, when 7" and N are large, the fixed effect estimator is
consistent but its asymptotic distribution is not centered around the true value in the
context of (vector) autoregressive models. To correct for the bias, Hahn and Kuersteiner
[2002] also proposes a bias-corrected fixed effects estimator.

More recently, an alternative instrumental variables estimator has been proposed
in the literature where a forward demeaning(detrending) is applied to the model while
backward demeaning(detrending) is applied to the instruments. We call that IV esti-
mator the double filter IV (DFIV) estimator since unobserved heterogeneity is filtered
out forward and backward. Perhaps, the first paper that considers the DFIV estimator
is Moon and Phillips [2000] where a near integrated autoregressive panel data model is
studied. However, they did not provide distributional results of the DFIV estimator.
Hayakawa [2009a] considers the DFIV estimator in a stationary panel autoregressive
model and derives the asymptotic properties when both N and T are large. A novel
feature of the DFIV estimator is that it has the same asymptotic distribution as the bias-
corrected FE estimator when 7" and IV are large. Since the DFIV estimator simply uses
variables deviated from past means as instruments, as opposed to the commonly used
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level variables, it is quite easy to use in practice?. From the theoretical point of view,
the DFIV estimator has addressed the trade-off problem of using many instruments.
Although many instruments are required to improve efficiency, the DFIV estimator be-
comes efficient despite the same number of instruments as the parameters is used. Hence,
the DFIV estimator becomes efficient with the minimal number of instruments. This
property has an advantage that it does not cause a large finite sample bias induced by
using many instruments. Thereby, the trade-off problem between the bias and efficiency
of the generalized method of moments (GMM) estimator is addressed: both the bias
and variance of the DFIV estimator become small simultaneously.

The DFIV estimator is also extended to a panel VAR model[Hayakawa, 2016] and
an infinite order panel autoregressive model[Lee, Okui, and Shintani, 2013]3. However,
while there are several nice features as above, unfortunately, the asymptotic equivalence
between the DFIV and bias-corrected FE estimators are only proved in the context of
(V)AR models, which are somewhat restrictive in practice. One of the purposes of this
chapter is to demonstrate that this equivalence result holds for more general case with
additional regressors. Specifically, we demonstrate that the asymptotic distributions of
the DFIV and bias-corrected fixed effect estimator with large N and T are identical for
linear panel data models including dynamic models as well as static panel data models
with weakly exogenous regressors. Moreover, we demonstrate that this equivalence re-
sult holds even when the errors are heteroskedastic and heterogeneous time trends are
included in the model, which are not allowed in Hayakawa [2009a, 2016]. We also inves-
tigate the efficiency property of the DFIV and related GMM estimators when 7' is small
and N is large. We conduct Monte Carlo simulation to investigate the finite sample
behavior of estimators. Consequently, we find that the DFTV/DFGMM estimators tend
to outperform the fixed effects estimator and IV/GMM estimators using instruments in
levels.

The rest of this chapter is organized as follows. In Section 2, we introduce the models
and estimators. In Section 3, the large N and T asymptotic properties of estimators
introduced in Section 2 are derived. In Section 4, we carry out Monte Carlo simulation
to investigate the finite sample behavior of estimators, and in Section 5, we conclude.

With regard to the notation, we define 7; = T'— j. For a matrix A = {a;;}, a;j
denotes the (4, j) element of A. [|A]]* = tr (A’A) = > agj denotes the Euclidean norm
of a matrix A.

2In the Stata command xtabond2 by David Roodman, which is routinely used in empirical studies,
we can estimate dynamic panel data models by that instruments.

3The DFIV estimator is also considered in estimation of panel predictive regression model by West-
erlund, Karabiyik, and Narayan [2016].



2.2 Model and estimators

In this section, we introduce models and estimators. We first consider a model with
fixed effects and then consider a model with heterogeneous time trends.

2.2.1 Fixed effects model

Consider a panel data model with fixed effects, given by
Yyt =wpd+mn +vg  (i=1,..,N;t=1,..T) (2.1)

where § and w;; are k x 1 vectors. Errors v are serially and cross-sectionally uncorre-
lated. Fixed effects n; can be correlated with the regressor w.

This model includes several models as special cases.
Static model:  y;; = x},3 + 7 + vit
where d = 8 and w;; = x;+ and 3 and x;; are r X 1 vectors with k& = r.
AR(p) model:  yi = a1¥ip—1 + -+ QQlit—p + 0 + vit,

where § = (a1, ...,ozp)', Wit = (Yir—1, ...,yi,t,p)/, and 6 and w;; are p x 1 vectors with
k=np.

ARX(p) model: Yit = Q1Yig—1 1+ -+ QpYit—p + X8+ ni + vit

where § = (al, ...,ap,,B’)/, Wit = (Yit—1, ...,yi’t_p,xgt)’, and d and w; are (p+7r) x 1
vectors with k =p + 7.

In a matrix form, the model (2.1) can be written as
yi = W30 + nier + vy, (i=1,..,N) (2.2)

where y; = (yi1, -, yir)s, Wi = (Wi1, ..., wir)', ¢ = (1,..,1) and v; = (vi1, ..., vi1)’.



Define the following matrix that can be used to remove fixed effects:

IR s T 1| =1 T
T-1 T-1 T-1 T-1 | T-1
0 1 =L =1 . =1 =1
T—2 T712 THZ T?
0] 0 L 7= T—3 | T—3
Fi. = diag (¢}, ch,....c,) )
(TlXT)
—1 —1
L5 |5
0| 0 0 1 -1 ] g
_ | i Fip Fig
Or,x1 Foy Fog
:{stt}
0 if s>t

where ¢ = \/(T —t)/(T —t + 1), F}{; and F}y are scalars, Fi, is 1 x Tb, Fb, is T5 x T,
and F5q is Tp x 1.

Multiplying F% to (2.2), the model to be estimated becomes
Vi=Wid+v:, (i=1,..,N) (2.4)

where y¢ = FLy; = (944, ... Uip) s Wy = FEW; = (Wi, .., Wip) and v} = Fhv; =
(A Ole)/ with 95, = ¢ [yie — (W1 + - +vir) /(T — 1)),

Wip = ¢ [Wit — (Wigg1 + -+ wip) /(T — t)] and 03 = ¢} [vig — (vig1 + -+ +vir) /(T — 1))
for t = 1,...,T1. Note that the fixed effects 7; is removed by taking a deviation from
future means. The tth row of (2.4) can be written as

Uy = W6 + 0, (t=1,...,T1;i=1,...N) (2.5)

This is the model in forward orthogonal deviations(FOD).

Next, we introduce an instrumental variable. In empirical studies, (a subset of)
lagged level variables w;i, ..., w;+ are commonly used as instruments. Instead of using
variables in levels, Hayakawa [2009a, 2016] suggest to use variables deviated from past
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means. To introduce variables deviated from past means, let us define

1 1 0 0 - 00

1 -1

S 0

By =diag(chy, o) | G | = {0 (26)
(T xT) ' i = TR = | 0 0 °

-1 =1 -1 -1 1 0

T—2 T—2 T—2 T—2

S e N T

L T—1  T—1 T—1 7-1 7-1 +J

B is obtained by rotating F7.. The mathematical relationship between F%. and BY is
given in (2.67) in the appendix. Using this, we define an instrumental variable Wi =
B4 W, = (W, ..., Wip)" where?

L W1+t Wa
Wit = Cr—¢41 | Wit — 1 )

(i=1,.,N;t=2,.,T). (2.7)

Note that the first period is lost due to the difference property of the transformation
matrix (2.6). The transformation that induces W}, is called the backward orthogonal
deviation (BOD) transformation as opposed to FOD transformation.

Since E(Wi,vY) = 0 for 2 < s <t < T holds, we can construct moment conditions
from this. Specifically, we consider the moment conditions F (Z?;Q Wétv§t> = 0. The
corresponding instrumental variable estimator is given by

N N Ty -1 /N 7
(sw—(zzwaw;;) (zzwayzt). .9

i=1 t=2 i=1 t=2

How the moment conditions are derived?

In Hayakawa [2009a], it is shown in the context of AR(p) models that Wi, has the
same structure as the infeasible optimal instruments which leads to efficient estimation.
Here, we provide an alternative explanation how the moment conditions E (W,0%,) = 0
are derived. For this, let us define two variables rft and rzft for some r;; such that
ri?t =71yt — (rig—1+---+rin)/(t —1) and 7“{1 =rit — (Tige1 + - +rir)/(T —t). Note
that % is a variable deviated from backward means while rg; is a variable deviated from
forward means. Hence, when r; = vy, ri]; and v}, are related such that rlft =04, /c;. We

demonstrate that the moment conditions E (Ww;,0%,) = 0 can be obtained from the fixed
effects model:

(ylt*gz) = (wltfv_vl)/(s+(vlt*771)v (Z: 1’,Na t= ]-77T) (29)

‘Compared with the form given in Hayakawa [2009a], the coefficient cr_¢y1 is slightly different.
However, this is inconsequential and does not affect the main result of this chapter.
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where 7; = T—! Z::F:l Yig, Wi = T4 Zthl wi; and v; = T—! Zthl vit. Note that, after
some algebra, (w;; — w;) and (v;; — ¥;) can be written as

Wit — W; = T Wit + 7 Wit
B t—1 T —1t
Vit =l = % o+ T ”z{r

Hence, the covariance between the regressors and error term in (2.9) becomes

(t—1)?

Efwi s -] = o pal) + T gt
T=00=D patfy + C D pwlf) # 0

This non-zero correlation is the reason why the fixed effect estimator is inconsistent when
T is small. However, among the four terms, the third term has zero mean E (wg?tvf;) =0,
which can be used to consistently estimate 6 even when 7' is small. Multiplying ¢f_, ¢}
to this moment condition in order to account for time series heteroskedasticity, we obtain
Cr_, +1ci]l?(wfi’tvift) = E (W}, 0},) = 0. This indicates that the proposed moment conditions
are derived from the valid part (i.e., no correlation) of the moment conditions of the fixed
effects estimator.

2.2.2 Trend model

Next, we consider a panel data model with usual fixed effects and heterogeneous time
trends, given by

yzt:W;t(s‘FTh‘i‘)\zt‘szta (Z:177N7t:177T)

In this model, both 7; and \; can be correlated with w;;. Panel data models with
heterogeneous time trends are studied by, say, Wansbeek and Knaap [1999], and Phillips
and Sul [2007] etc.. In a matrix form, this model can be written as

y; :Wi(s—l-ml/T—l—)\iTT—i-Vi, (i: 1,...,N) (2.10)

where 71 = (1,2,...,T)". To remove both n; and );, we need to multiply a matrix that is
orthogonal to both ¢ and 77. While there are several matrices that achieves this (e.g.

10



the second differences), we consider the following matrix:

F7
(TQXT)
2(72T2) 2(72T2+3) 2(72T2+6) . . 2(*2T2+3T3) 2(72T2+3T2) T
T1T5 T 1> T1T5 T1T> 111>
0 1 2(—2T3)  2(=2T5+3) | 2(-2T343Ty)  2(—2T343T3)
ToT5 ToT5 1573 ToT3
0 0 1 2(—211) . | 2(—2Tu+3T5)  2(—274+371)
. F7—1 13Ty 13Ty 13Ty
=rr . . . . . .
0 :
| 24 2(—4+3) 2(—4+6)
. ' ' 52 2(3'22) 2( 3é2+3)
K 0 . . 0 1 -~ =

T T T
Fi, Fi, F13
T T
0T4x2 F22 F23

={/a
0 if s>t
_ i =1+0 (75) if s =t
ST = 0 (rk) + 0 () its <t

(2.11)

where F7! = diag (c],c3,....¢7,), f = /(T —t)(T—t—1)/(T —t+1)(T —t+2),
F1, and F15 are 2 x 2, F1y is 2 x Ty, F3y is Ty x Ty, and Fi3 is Ty x 2. The matrix F7
is obtained as a GLS transformation of second differences. The formal derivation of F7.
is provided in appendix.

Multiplying (2.11) to (2.10), we have the following transformed model

VT =W+, (i=1,..N) (2.12)

. . . M . . .
where yI = FlLy, = (y[l,...,yZTQ)’,'Wi = FiW,; = (W], ..., wip,), and V] = Fpv; =
(071, -+ Vjp,)". The tth row of y7, W, and v] are given by

* T T T T T T T T
Ui = JfuYit T [V +o + fipyir, Wi = fiwie + LW + 0+ fipwar,
- T

. T T T
Oy = [favit + [l Vi + -+ fipvir,

where f7, is defined in (2.11).
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Next, to introduce an instrumental variables, we define

2(—2+43) 2(—2)
2-1 2-1 1 0 0
2(—4+6) 2(—4+43) 2(—4) 1 0
3:2 3-2 3-2
T BTl
T T o(—2my+3Ty)  2(—2T4+3T5) 2(—2T})
(T3 xT) cee e 1
EY 15Ty 15T,
2(—2T5+3T5)  2(=275+37y) . L 2(=2T5+43) 2(—2T3) 1
ToT3 ToT3 T5T3 T5T3
2—205+3T)  2(=20+3T3) 2(=21x46) 2(-21x+3) 2(—2T»)
L 1> T1T» ThT> ThT> ThTs
_ {bT
- st

where BT = diag (6%2, -+-c3,c]). Note that B} can be obtained by rqfcaTting F7 (see
(2.67) in the appendix). Using this, we define an instrumental variable W; = BT, W, =
(25, ...,2]p)" where its tth row is given by

Wz-t = bZ_Q,tWit + b;—2,t—1wi,t—1 + -+ b[_271wi1, (Z =1,...N;t=3,..., 7@2.14)

with b7, being defined in (2.13). Note that the first two periods are lost due to the
difference property of the transformation matrix B7.

Since E (W,07,) = 0, (3 < s <t < Tp) holds, we can construct moment conditions
from them. Specifically, we consider the moment conditions £ <ZtTig Wztvft) = 0. The
corresponding instrumental variable estimator is given by

- N Ty -1/, N 1
oy = (sz"v;wg) (ZZ@@;) . (2.15)

i=1 t=3 i=1 t=3

2.2.3 Unified model

To derive the asymptotic properties of the proposed IV estimators (2.8) and (2.15) in the
next section, we formulate the above two models (2.1) and (2.10) in a unified framework.
For this, let us define a variable d such that d = 1 corresponds to the FE model while
d = 2 corresponds to the trend model. Also, let us define Cp and Fp such that Cp = ¢
and Fr = F%, for the FE model, and Cr = (¢, 77) and Fp = F7, for the trend model.
Thereby, the case (d, Ty, Fr,Cr) = (1,T1,F%, v1) corresponds to the FE model while
(d,T4,F7,Cr) = (2,15, FT, (¢7, T7)) corresponds to the trend model. Note that Fr has
the properties such that F7Cr = 0, FrF/. = I, and

~1
TFr = Qr=1Ir—Cr(CyCr)  Cp=1Ir — Ry, (2.16)

R %LTL% FE model
T = 2T(?;Fj11)) Lty + 7T(T_%)2(T+1)TTT/T - 7T(7§_1) (erTlh 4+ Trefp)  trend model
(2.17)
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Using these, the models (2.1) and (2.10) can be written as

y; = W;6 + Crm; + vy, (i=1,..,N) (2.18)
Multiplying Fr to (2.18), we have the following transformed model

yvi =W;d+v] (2.19)

where y,f = FTyz‘ = (yil;---7yde)/- W;k = FTWz = (Wz‘l,...,Wdey and V; = FTVZ‘ =
(Vi1 ..., viT,)". The tth row of (2.19) can be written as

yh=wid+vl, (i=1,..N;t=1,.,Ty) (2.20)
Note that the models (2.4) and (2.12) are the special cases of (2.20).

Similarly, let w};, (i =1,...,N;t =d+1,...,T) denote W}, for FE model given by
(2.7), and W}, for the trend model given by (2.14), respectively. Since E (Z;Fi dtl WZ?”;}) =
0, we have the following instrumental variable estimator

5 N Ty Y

o= (X3 wivit) (X3 wi) 22
i=1 t=d+1 i=1 t=d+1

Note that the previous two estimators (2.8) and (2.15) are the special case of (2.21).

~B
We call 6y, the double filter instrumental variable (DFIV) estimator since it is based on
forward and backward filtering.

Alternatively, we can consider the GMM estimators that are more efficient than IV
estimators. Since the first and last d periods are lost due to difference properties of Frp
and Br, the middle T4 periods are used in estimation. Hence, the model in a matrix
form becomes

yE=W¥s+v5, (i=1,..,N) (2.22)

/ / /
Sk * * * * * Sk * *
where y; = (yi7d+1,...,yde> , W7 = (wi’dﬂ,...,wde) and v; = (Ui,d—i-l?'“’vde) .

For this model, we consider the moment conditions given by E(Zf’\?;‘) = 0 where
B .
Z; = dlag(zfc’loﬂ,...,zg’d), zh = (w:.‘jg’_é_i_l,...,wft*’)’, (1 <?¢ < t—-d)and v =

(VF gya1s o5 v;‘Td)’ . The corresponding one-step GMM estimator is given by”

5The two-step GMM estimator is not considered in this chapter since it requires a computation of
large dimensional weighting matrix. Indeed, if the number of moment conditions m = ZtTidO_H my
exceeds the sample size where m; denotes the number of instruments used at period ¢, the optimal
weighting matrix cannot be computed. However, the one-step GMM estimator (2.23) can be computed
as long as m; < N for all ¢ even when m > N.
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-1

5 N N -1 /N
St - | (L) (L) (Low)
i=1

=1 =1
N N -1 /N
y (zw:’zf) (ZZ?’Z?) (zszy:)
=1 =1 =1
Ty -1 Ty
= | Y wyzP (zP'zP) zP'w; S wyzP (zPzP) ' 2Py,
t=dp+1 t=dop+1

(2.23)

where W} = (Wi, ...,wk,), ZF = (z8,..,28,) and y; = (v}, ..., yk;)"- We call
SgMM the double filter GMM (DFGMM) estimator by the same reason as DFIV.

In order to compare the IV estimator with the FE estimator in the next section,
we further reformulate (2.22) in terms of y;, W; and v;. For this, let us define Ly =
(07,4, I,). Then, by noting that Ly; = (yig41, - yir) and Ly W; = (Wi 11, ..., wir)',
the model (2.22) can be written as

FTdLTYi = FTdLTWié + FTdLTVia (Z =1,.., N) (2.24)

Similarly, by using K7 = (Ir,,07,%xq) and KW, = (Wil,...,Wde),, we have W =
(w;k:iﬂ, oy wf}d)’ = B1, KT W, where Br denotes B, for the FE model and B7, for trend

model. Using these, the moment conditions E (ZtTi dil w;‘t*v;‘t> = 0 can be written as
E(WK7B7, Fr,Lrv;) = 0, and the IV estimator (2.21) can be written as

N -1 /N
oy = (ng*/w;> (Zwr*'yr) (2.25)

=1 =1
N -1 N

= [Z WK, BL Fr,LeW;| > WiK;BY Fr,Lry;.
i=1 =1

In the next section, we compare the asymptotic properties of this IV estimator with that
of the FE estimator given by

N -1 N
dpp = [Z W;QTWZ-] > WiQryi (2.26)
i=1 =1

where Qr is defined in (2.16).

Also, for later use, we define IV and GMM estimators using instrument in levels.

14



The IV estimator for model (2.20) using instruments w;; is given by

L N T N T
orv = (Zzwitwf'f/) (Zzwity;kt> . (2.27)

i=1 t=1 i=1 t=1

The GMM estimator based on the moment condition E(ZXv¥) = 0 where ZF =
diag(zY, ...,ziLT/d), zl = (Wit pi1rWi)'s (1 <L <) is given by

-1

Td Td
~L % -1 * * -1 *
dcmm = [E 7Wt/ZtL (Zz% /ZtL) ZtL IWt] [E 7thzf (ZtL/ZtL ) ZtL 'vi|(2.28)
t=1 t=1

L _ (,L Ly
where Z; = (27, ...,2%,)’ .

15



2.3 Asymptotic properties

In this section, we derive the asymptotic properties of the IV and GMM estimators
introduced in the previous section. Specifically, we consider two asymptotic schemes:
fixed T and large N asymptotics and large N and large 1" asymptotics.

We first consider the case with small T and large N, and then consider large N and
large T' case.

2.3.1 Fixed T and large N case

Fixed T and large N asymptotic properties of IV and GMM estimators are well estab-
lished in the literature. Under suitable conditions, the IV and GMM estimators are
consistent and asymptotically normally distributed. Moreover, since the GMM estima-
tors exploits more moment conditions than the IV estimator, the GMM estimator is
more efficient than the IV estimator. To investigate the efficiency property associated
with different form of instruments in detail, let us consider the simple AR(1) model with
only fixed effects for illustration as follows:

yit:ayi,t—l+77i+vit7 (t: 117Ta2: 1>>N) (229)

We make the following assumption

Assumption 1. We assume that (a)|la|< 1, (b) idiosyncratic error term vy is tid with
E(vy) = 0 and Var(vy) = 02, (c) unobserved individual effects n; is iid with E(n;) = 0
and Var(n;) = 0,27, (d)initial conditions follow the stationary distribution:

Yio = % + €io (2.30)

where e;p ~ iid(0,02/(1 — a)?).

Most of these assumptions are made just to simplify the theoretical consideration.
Indeed, for consistency of IV and GMM estimator, the idiosyncratic term can be het-
eroskedastic and initial conditions do not need to follow the stationary distribution.

In practice, researchers do not use all past variables as instruments since it causes
many instruments problem and resulting GMM estimator is biased. Instead, they used
only a few lagged variable in each period. Okui [2009] proposed a statistical procedure
to select the number of instruments so that mean-squared error of the GMM estimator
is minimized under large T and large N framework. Here, we investigate the effect of lag
length of instruments used in each period in terms of efficiency. Since one of the main
reasons to use many instruments is to improve efficiency, it would be of interest how
efficiency changes depending on the lag length of instruments. To the best of authors’
knowledge, such an analysis has not been conducted in the literature even in the simple
AR(1) model.
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The model after FOD transformation is given by
yft:ayzt_l—i—vft, (t=1,...T—1;i=1,..,N).

L B(¢
Let zl-t( ) = (Yit—e5 - Yi—1) and Zit( )

= (Y5} _¢s - Yii—1) bean mF =1 and mP x1 vectors
of instruments, respectively, where ¢ denotes the maximum length of instruments used
in each period and 7, = ¢y [Yig—t — Wig—1—1 + -+ yi0)/(t — )] Note that
mf,mP =t fort <l and ml mP =/l fort> (.

Specifically, the GMM estimator with ziLt([) and zg(e) as instruments are respectively

given as
(= LAO) 5 pL0)y:
Qoain = Zy Y Zy :
_ 1
~B(¢ * * B(0) «
Gony = < yil P, ()Yt—1> (ZYtl—lPt()Yt>
t=1

N N N . . L(t L(O) (7 L0 L(E -1 L
where Yi-1 = (yl,t—lﬁ "'ayN7t71)/7 yi = (ylta . ayNt)/ P © = Z © ( ( ),Z ( )> Zt ( )/7

ﬂm-
,_.»—n

t=1

t t yoens ZNy

PB(K) _ ZB(Z) <ZB(£)/ZB(Z)>_1 ZB(Z)/ ZL(e) _ (ZL(E) L(é)) and ZB(Z) (zﬁ(@, B(¢)

o Iy
L(¢)

The asymptotic variances of ai;y;,, and aG(E)

with fixed T" and large N are given

by
. —1
o (580 = 2| S0 (o) [ (06E)] " 2 (a0 Yo
o -1
Avar (&g%[)M) = 012, jzz;lE (y;’jt_lzg(e)l) {E (zg(@zgw)/ﬂilE( B(Z)yzt 1)%.32)

Figure 1 shows the asymptotic variances of &é(]@ a and agg‘}M based on (2.31) and

(2.32) with various lag length of instruments for the cases with @ = 0.3,0.6,0.9, r =
0.2,1,5 and 7" = 10. For the detail of computation of (2.31) and (2.32), see appendix.
From the figure, it is found that when r = 0.2, the asymptotic variances of two GMM
estimators are very similar regardless of lag length of instruments ¢. This implies that
many lags are not required to improve efficiency. Also it is found that &é wy tends to
be more efficient than &gMM. This is because one estimation period is lost in &gMM
compared with &é m - However, when r = 1 and r = 5, the result dramatically changes.
From the figure, it is found that aig,,,, is little affected by lag length and hence, we do
not need to use many lags; in view of the figure, one lagged instrument is enough to obtain
nearly efficient estimator. However, this is not the case for &éMM. When r = 1 and
r = b, the lag length of instruments substantially effects the asymptotic variance. When
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r is large, &é w v With one or two lagged instruments are far less efficient than &gM M
with the same number of instruments. But as the lag length increases, efficiency improve.
What is striking is that efficiency gain when lag length is increased from one to two or
two from three is substantial. If lag length is more than four, the asymptotic variances
of @k, and @8, are very similar. This implies that although many instruments
leads to efficiency gain, in the current case, three or four lags are sufficient to obtain
reasonably efficient &é v+ In other words, using higher order lags does not contribute
to efficiency gain so much. Thus, this result supports the use of a few lagged variable
as instruments. Based on this results, in the following, we mainly consider aé M With
(=3 and aZ,,,, with £ = 1.

Next, we investigate the effect of time length T on the efficiency of IV and GMM
estimators with level and BOD instruments. In addition to the GMM estimator, we
consider IV estimators given by

N T-1 -1/, N 71
a%v = (Z Z yi,t—l?J;,tl) (Z Z yi,t—ly;‘kt> ) (2.33)

=1t =1t

N T— -1 /N 7-
~B
ary = ( y?,i‘lyé‘,H) ( yf,i‘?/?l)- (2.34)
7

i=1 t=2 i=1 t=2

I
—
Il
—

[ary
—

Theorem 1. Asymptotic variances of IV and GMM estimators with fized T and large
N asymptotics are given by

rT—1 lta -1
~L(t) . N B Tm)
Avor (i) = (0= _;ﬁ(l T () <t1>}>] e

Avar (@é(]\?M> = (1-a? Z Y2 (2.36)

- -1 1 -1
Avar (aé(Ml)M> = (1-a? Z Y2 (1—H”(1°‘)>] ) (2.37)
(4

Lt=1 1-a
- T-1 7~
1
Avar (&%V) = (1-a)|[1+7 <1 i_ Z)} [ t] ’ (2.38)
L t=1

, (2.39)

-1 2
. ag— -
Avar (agg\%\» = (1-02 Z Y2 (1 - _t 11> A7t

T-1 b1\ —2
Ve g4 <1 Ty _tll) }2'40)

T-1
Avar (&}BV) = (1-a? (Z c%g_t_HAt)




—12/,2
where r = o; /oy and

e = d [1 B aT(bitt] ’ (2.41)

% = 11_—65 =ltat 4o, (2.42)
_ 2011 1 t—1)1+a) 2a(l—at™b)

Ay = |:1_ t—1 +(751)2{ 1—a - (1—a)? }] (2.43)

Figure 2 depicts Avar (&é(]\?})M), Avar (&%V), Avar (@g](\}[)M> and Avar (&}3‘/) for
a=0.3,0.6,0.9, r =0.2,1,5 and T = 5,6, ..., 20 based on Theorem 1°. From the figure,
it is found that the efficiency of afv is substantially affected by the variance ratio r.
When r is large, a%v is much less efficient than other estimators. Also, it is found
that the variances of aﬁﬁﬂ}M and @, are almost identical in all cases. With regard
to the effect of T, we find that the difference in efficiency between GMM estimators
using instruments in levels and new instruments are not small when 7T is less than 10
and r = 0.2. However, that difference becomes smaller as r increases. Indeed, when r

is larger than 1 and T is larger than 10, &é(]\?;[)M, agg}[)M and aﬁ, have a very similar

efficiency property. However, it should be note that agﬁ)M and &F, use less instruments

than aé(j;)M.

Also, from Theorem 1, we heuristically find that 7~ Avar (&(L;(]@ M), T~ Avar <ag§\?M)
and T~ ! Avar (&‘IBV) tend to (1 — a?), which coincides with the asymptotic variance un-
der large T and large N, whereas it is not the case for Avar (&é(]\:?M>, Avar (&é(]\?M)

and Avar (&fv). A formal discussion under large N and large 1 asymptotics is given
next.

2.3.2 Large 7T and large N case

when N and T are large. We first make the following assumptions.

Assumption 2. The error term vy are serially and cross-sectionally uncorrelated and
satisfy

E(vy|wig, ..., wit,m;) = 0. (2.44)

Since Avar (agﬁ?) and Avar (aggﬁ?), and Avar (agﬂ\ﬁ?) and Avar (a7y) are very similar,

Avar (&é%f]&)) and Avar (&é%f]&)) are excluded in the figure.
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Assumption 3. The regressor w;; follows the process:

; ; FE 1
Wit = { i+ i mode (2.45)

w; + kit +&; trend model

where E (&) = 0, E(&&:1,) = Tis and >0 _|Tisll< oo for all i. Also, for
all i, assume that E(§,vis) = 0 fort < s and E(§,vis) = ¢, # 0 fort > s where
Yo illdioll< 0o. p; and ki are uncorrelated with vy for alli and t, but can be correlated
with n; and X\; in an unrestricted manner.

Assumption 4. As N,T — oo,

1 N Ty
NT Z Z €& =7 To, (2.46)
=1 t=d+1
1 N Ty
——> ) gu —IN(0,9) (2.47)
NT =1 t=d+1

where Ty = limy_y0o N 7! Zfil Tio, 2 = limy_,oo N7} sz\il E(v3¢&,€;) and both T
and Q are positive definite.

Assumption 2 indicates that the regressor w;; is weakly exogenous. The correlation
structure between regressors and errors are specified in Assumption 3. Assumption 4
is a high-level assumption that can be used to derive the large N and T asymptotic
properties. More primitive assumptions can be found in Phillips and Moon [1999].

The following Lemma 1 is useful to understand the relationship between SFE and
~B
Ory-
Lemma 1. Let Assumptions 2 and 8 hold. Then,

logT

N N
1 1
(@) w7 > WiK;BL,Fr,LrW, = T > WiQrW; + 0, ( ) . (2.48)
i=1 =1

1 L ;| N T ~
(b) W;WiQTW = \/ﬁz Z Vit Op< T) , (2.49)

i=1 t=d+1

N N T
1 1
(c) INT > WiKrBTFr,Lrvi = INT > > &t op(1), (2.50)
i=1 :

=1 t=d+1

~ ~B
Lemma 1(a) indicates that the denominators of dpp and d;y are asymptotically
equivalent when 7' is large. Also, comparing (b) and (c), we find that the second term
of the right-hand side makes a significant difference in FE and DFIV estimators. When
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N/T converges to a non-zero constant, the second term becomes Op(1), and because of
this, the asymptotic distribution of SF g is not centered around the true value as shown
in Theorem 2 below. This bias is due the incidental parameter problem. Contrary to
the FE estimator, the second term of (¢) vanishes asymptotically. Hence, as shown in

Theorem 4 below, the asymptotic distribution of SIV is centered around the true value.

~ ~B
Specifically, the asymptotic distributions of d pr and 0y, are given in the following
theorems.

Theorem 2. Let Assumptions 2, 3 and 4 hold. Also assume that N/T — k,(0 < k <
o0). Then the asymptotic distribution of dpp as N, T — oo is given by

VNT (3 pp — 6) 3 N(b,T;'Qr; 1)
where b = /kI'y'h and h = plimy ;. N7 SN E(W.Qrvi).

This result implies that the asymptotic distribution of the FE estimator is not cen-
tered around the true value due to the bias caused by the incidental parameter problem.
To correct for this bias, we consider a bias-corrected FE estimator:

~ ~ 1 ~-12
OBcFE = OFE — TI‘O h (251)

where f‘o = ﬁ Zf\; 1 W;QTWZ- and ﬁ is a consistent estimator of h. This bias correction
is not always possible in practice and feasibility depends on the model specification. For
instance, if the model is assumed to be AR(1), then, it is possible to correct the bias
as proposed in Hahn and Kuersteiner [2002]. However, for other cases, say, for a model
with weakly exogenous regressors, bias-correction is infeasible unless a specific form
is assumed for the regressors, which is undesirable in practice, since the form of bias
depends on the correlation structure between the regressors and errors. Apart from the
feasibility, the asymptotic distribution of bias-corrected FE estimator is given in the
following theorem.

Theorem 3. Let Assumptions 2, 8 and 4 hold. Then the asymptotic distribution of
dpcre as N, T — oo is given by

VNT B pore — 6) S N(0,T;'Qr; ).

Finally, the asymptotic distribution of the DFIV estimator is given in the following
theorem.

Theorem 4. Let Assumptions 2, 3 and 4 hold. Then, the asymptotic distribution of
~B
0y as N, T — oo is given by

VNT (85, — 8) % N(0,T;i0r; ).
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This theorem implies that gfv has the same asymptotic distribution EBCFE when
both N and T are large.

For the GMM estimator, since it is quite involved to derive the large T' and large N
asymptotic properties for the general model (2.18), we instead consider a simple AR(1)
model given by (2.29). The asymptotic distributions of IV/GMM estimators for the
AR(1) model (2.29) under large N and large T' asymptotics is given in the following
theorem.

Theorem 5. The asymptotic distributions of FE, IV and GMM estimators under large
N and large T are given as follows:

(a) \/ﬁ[apE—<a—;(l+a)>]—>N( 1—a?), i T3/N >0,
(b) \/ﬁ[aé(]\t}M—<a—]b(l+ ))]%N( 1-a?),

if (logT)%?/N — 0o and T/N — ¢, (0 < c < 1),

1—

(c) \/ﬁ(aé(M”M - a) 4N <0,(1 —a?) (1 + m?)) : if T/N — ¢,(0< ¢ <1),

(d) VNT (ak —a) SN (0,(1-a?) (1+ T(Ha))) ,

11—«
() VNT (aggyM - a) LNO,1-0a?),  fT/N e (0<c<),
(f) VNT (@, —a) SN (0,1—a?).

These results are already derived in the literature. (a) is due to Hahn and Kuersteiner
[2002] and Alvarez and Arellano [2003], and (b) is due to Alvarez and Arellano [2003],
(c) is derived by Hayakawa [2006] and Hsiao and Zhou [2015], (d) is derived by Hsiao and
Zhou [2015], (e) is derived by Hayakawa [2006], and (f) is derived by Hayakawa [2009a].

Note that while GMM estimators require conditions on the relative speed between N
and T, such a condition is not required for IV estimators oy, and @5,. From Theorem 5,
we find that the GMM estimator using instruments in levels becomes efficient[Hahn and
Kuersteiner, 2002] if all past variables are used as instruments in each period. However, if
only one lagged variable is used as an instrument, the GMM estimator is not efficient and
also it has the same asymptotic distribution as IV estimator &%V. However, for IV and
GMM estimators using BOD filtered instruments, both agg})M and 6215‘, become efficient,
which implies that we do not need to use many instruments to enhance efficiency.
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2.4 Monte Carlo simulation

In this section, we investigate the finite sample properties of the proposed estimators in
the context of dynamic panel data models with/without time trends.

2.4.1 Design

The data are generated as
Vit = ayir—1 + Bz + 0 + oAt + vi,
Tit = PTip—1 + TN + ETANT + v 41 + e

Note that the case with ¢ = 0 corresponds to the FE model while that with ¢ =1
corresponds to the trend model. In a matrix form, this can be written as

( Yit ) _ < a 5,0> ( Yit—1 >+ ( (1+ Bmy) )ﬁi
Tit 0 »p Tip—1 T

+80< (1+B7) )AitJr ( Vit + BOv; 1 + Beir >

X Ovi -1 + et

or
Pit = PPy 1+ Cyili + pCAAit + €y (2.52)

where Pir = (yitaxit)/7 Cp, = (1 + ,37}],7'77)/, C) = (1 -+ 57’)\’7')\)/, Eit = (Uit + /Bgvi,t—l +
Beit, Ovi1—1 + e;r) and

a fBp
@:(O p). (2.53)

Alternatively, p;;, can be written as in a component form:

P = a;+bit+(y, (2.54)
Cio = ®Cip1teEi

where
ai = I-®) 'emi—(I-2)'®I-@) "\l
b, = (I-2)'a,
202 2 2 2 2 9 2
Va?”(El't) = (1+6 4 )O—’U—i_ﬁ O¢ 60 O',U—i—ﬁa'e

B6%02 + Bo? 0?02 + o2

Data for y;; and x;; are generated from (2.54). For the sample size, we consider T =
10, 25,50,100 and N = 50,100,250. For parameter values, we consider o = 0.4,0.8,
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B=1p=05 0= -02 7, =05 7 = 0.5 vy, e, n; and A\; are independently
generated as vy ~ N(0,07), eir ~ N(0,02), i ~ N(0,07) and A; ~ N(0,03) with
02 =102=0.16, 0727 =1,5and Ji =17, We report the median bias, interquartile range
(IQR), median absolute error (MAE) and empirical size with 5% significance level based
on 2,000 replications.

2.4.2 Estimators to be compared

We consider seven estimators. The first is the FE estimator d g given in (2.26)%. The
second is the IV estimator va given in (2.27) where instruments in levels are used. The
third and fourth are the GMM estimator géM u given in (2.28) where instruments in
levels are used. For the choice of lag length of instruments, we consider ¢ = 1 and 3.
The corresponding GMM estimators are denoted as “LEV1” and “LEV3”, respectively.
The fifth estimator is the DFIV estimator 3?‘/ defined in (2.21). The last two estimators

are the GMM estimator Eg mar defined in (2.23) where backward filtered instruments
are used. For the choice of lag length of instruments, we consider £ = 1 and 3. The
corresponding GMM estimators are denoted as “BOD1” and “BOD3”, respectively. For
the computation of standard errors, we use those obtained under large N and fixed
T since they are more accurate than those obtained under large N and large T[see
Hayakawa, 2015].

2.4.3 Results

Simulation results are provided in Tables 1-4. We first consider the model with fixed
effects only. From Tables 1 and 2, we find that the FE estimator for « is severely biased
when T' = 10. However, as T' gets larger, the bias becomes small as expected since the
FE estimator is consistent when T is large. However, in terms of accuracy of inference,
the sizes are severely distorted even when T is large, say, 7' = 100. This is because
the asymptotic distribution of the FE estimator is not centered around the true value
due to the incidental parameter problem. Also, note that increase in N does not reduce
the bias since the bias of FE estimator does not depend on N. With regard to the
FE estimator of 8, the performance is better than those of a. However, it still shows
some bias and size distortions. This result implies that the FE estimator does not work
even when T is large. Also, note that a widely acceptable bias-correction method is not
available since the regressor is weakly exogenous’. With regard to the IV and GMM

TAlthough we tried the cases with (07,03%) = (1,5), (5,5), the results are very similar to those with
(07,0%) = (5,1). Hence the results of these cases are not reported to save space.

8 A bias corrected FE estimator is not compared since it is not available in the current case where the
regressors is weakly exogenous.

9If the regressors are strictly exogenous, bias-corrected FE estimators such as Bun and Carree [2005]

or Breitung and Hayakawa [2015] can be used.
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estimators, in terms of MAE, the IV estimators using instruments in levels perform
worst among the four estimators mainly due to the large dispersions. With regard to
the remaining three estimators, they perform very similarly in terms of MAE when
T = 10. However, as T' gets larger, IV and GMM estimators using new instruments
outperform the GMM estimator using instruments in levels. With regard to the choice
fo IV or GMM estimators using new instruments, it is observed that GMM estimator
tends to slightly smaller MAEs than IV estimator. In terms of accuracy of inference, IV
and GMM estimators using new instruments have almost correct empirical sizes in all
cases while the GMM estimator using instruments in levels have large size distortions
especially when T = 10 and o = 0.8. With regard to the effects of lags of instruments ¢,
we find that the efficiency of GMM estimator using instruments in levels substantially
depends on ¢. Comparing the IQRs with ¢ = 1 and 3, the reduction of dispersion with
¢ = 3 is substantial though it induces many instruments. Contrary to IV/GMM with
instruments in levels, the effects of ¢ in GMM with new instruments are minor and the
IQRs are relatively smaller than those of GMM with instruments in levels. This result is
consistent with the theoretical implication that using new instruments leads to efficient
estimation. Considering overall performance, we may conclude that the IV estimator or
GMM estimator using new instruments with £ = 1 tend to perform best in many cases.

Next, we consider the models with both fixed effects and heterogeneous time trends.
The results are provided in Tables 3 and 4. Compared with the models with fixed effects
only, the FE estimator is severely biased when T is small in this model too, and the
magnitude of bias is larger. This also can be seen in the substantial size distortions even
for alarge T = 100. This implies that the FE estimator deteriorates further if time trends
are included in the model. With regard to the IV and GMM estimators, IV estimator
using instruments in levels perform poorly compared with other estimators. However,
contrary to the previous model, other three IV and GMM estimators perform poorly
when T' = 10. Compared with the previous model with fixed effects, the dispersion is
much larger when 7" = 10. However, the performances of these estimators improve as
T gets larger. When T' = 25 or larger, three estimators perform reasonably well when
«a = 0.4 while more than T" = 50 is required when o = 0.8. For the relative performance
among the three estimators, we find that the GMM estimator using instruments in levels
perform best when T" = 10. However, for all other cases, the GMM estimator using new
instruments perform best.

2.5 Conclusion

In this chapter, we have proposed a new instrumental variable estimator for panel data
models including static and dynamic models with weakly exogenous variables and with
fixed effects and/or heterogeneous time trends. We showed that the new IV estimator
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called the DFIV estimator is consistent and has the same asymptotic distribution as the
bias-corrected fixed effects estimator, which is sometimes infeasible, when both N and
T are large. This implies that the DFIV estimator is as efficient as the fixed effects esti-
mator. Monte Carlo simulation results revealed that the DFIV and DFGMM estimators
tend to perform better than the conventional IV/GMM estimators using instruments in
levels in almost all cases.
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2.A Derivation of Fr

We derive the form of F7 and F7.. Although a brief derivation of F% is given in Arellano
[2003], a complete derivation is not provided. Hence, we fill that gap. Let us define the
following 77 x T" matrix that takes the first difference:

-1 1 0 0

0 -1 1
Multiplying D7 by (2.1) and noting that Drer = 0, we have
Dry, =DrW; + Drv;,.

where it is simply assumed that Var(v;) = ¢2Iy. Since Var(Drv;) = 02D7rD/., the
transformed error is serially correlated. To correct for the serial correlation, we use the
following transformation matrix, which is a GLS transformation:

~1/2
F4 = (DyD}) /Dy,
where (D7D/)™"/? is the upper triangular Cholesky factorization of (D7D/) " with101!
2 -1 0 0 ]
-1 2 -1
o -1 2 -1
D, D!, = .
.0
-1 2 -1
0 0o -1 2

To compute (DTD%)_l/Q, we need to derive the inverse matrix ® = (DyD%) " = {¢%,}.
Using the results by El-Mikkawy and Karawia [2006], we have

”1 fs=t=1lors=t=n
. ( SH) ifs=t<n
st ((nn_ﬁ_i; if s<t
t(n—s+ .
.1 if s>t

10 A matrix with this structure is called tridiagonal matrix.
1 Arellano [2003] does not provide the details how the upper triangular Cholesky factorization can be

computed.
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where n = T7. Next, we need to compute the Cholesky factorization to ®*. For a K x K
matrix A = {a;;} , its Cholesky factorization is given by

A =LL

where L = (¢;;) is the lower triangular matrix. Then using ¢;;, we can write the elements
of A as follows:

ailz = E%la

a1 = Loty as = 03, + 03,

asi = Uls1f11, asy = l31021 + U309, 33 = 03, + (39 + 034,

a1 = Lriln, ara = Lr1la + Liolan, e cagg =D+ o+ D

;; can be solved sequentially as follows:

i = Vai,

by = an/li, log = y/ags — 1%,
U1 = az/ln, U39 = (azz — ¥31421) /22, l33 = \/ass — 3, — 0%,
k1 = axi/tin,  li2 = (ak2 —lkilor)/aka, -+ bk = \/aKK — 0y = gy

The explicit form of F% is obtained by letting A = ®*.

Next, we consider a model with individual effects and heterogeneous time trends
given by (2.10). To remove both n; and \; from the model, we need to take second
differences. In terms of a model in matrix, this corresponds to multiplying by Dr_1Dr,
we have

D7_1Dry;, = D7_1D7W;é + Dr_1Drv;.

Since the transformed error is serially correlated, we consider the following GLS-type
transformation matrix:

- —1/2
F}. = (Dy_,DyD;Dy ) /Dy 4Dy,

where (D7_1DrD7 ’T_l)_l/ ? is the upper triangular Cholesky factorization of
(DT_lDTD’TDﬁf_l)*l. To compute F7., we need to derive the inverse matrix ®7 =
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-1 .
(Dr—1DrDyDy_ ) = {¢]} with'

6 —4 1 0
-4 6 —4

Do DDLD. . — 1 -4 6 -4
rT-1YTHrYr-1 —

Ly
-4 6 -4
0 1 -4 6

Using the results by Dow [2003], we have!?

_ as> + an s® + a8, s<t+1

) bos® +bus? +bos + by, s>t+1
where
apg = —(3+2t+n)di/c, app = 3t(1 +n)de/c, ar2 = (3+ 5t +n+ 3tn)d;/c,
bio (5 —2t+3n)e/c, by =—-3(1+n)(4—t+2n)e/c,
bio = (1+45t+12n+3tn+12n2 +3n%)e;/c, by = (1 —t)es /6,
di = (n—t+1)(n—-t+2), er =t(t+1), c=6(n+1)(n+2)(n+3), n="TIn

Using these and applying the algorithm of Cholesky factorization introduced above where
A = &7, after a lengthy calculation, we obtain the explicit expression of F7}, as in (2.11).

2.B Derivation of asymptotic variances (2.31) and (2.32)

Let us define y, 1 = (yi0, ., yi,7—1) and Var(y; ;) = Vr = UZLTI/T + 02®7 where

02 =02/(1 - a)? and &7 = {¢s} = al*1/(1 — a?). Also, let f} be the tth row of Ff,

L, be the sth to tth rows of I and B, be the sth to tth rows of B7. Then, we
obtain y;, | = fiy, ; and

*k

*k /
zii = (Yig—ts - Yit—1) = Lp_ri10)¥i—1, zf; = (U5 Uii1) = Bu—ir1Yi-1-
Using this, we have
L(t
E (Zit( )Z/th) = L(tféJrl:t)VTfta E (Zgyzttfl) = B(t7€+1:t)VTft7

L(¢ B¢
E (Zit( )Zilil) = L(t—e—'rllt)VTL/(t—f—Fl:t)’ E (Z’it( )Zg,) — B(t—f-‘rlt)VTB/(t—f-‘rlt)

12 A matrix with this structure is called pentadiagonal matrix.
13See also Chen [2013] for an alternative expression.
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Hence, (2.31) and (2.32) can be written as

T—1 -1
-1
Avar (Qg ) = 00 [Z £ VL o1 [L(t76+1:t)VTL/(t_z+1;t)] L(tzz+1:t)VTft] 7
t=1
(2.55)
T—1 . -1
Avar (agMM) = Jg [Z ft/VTB/(t_g_H;t) [B(t—£+1:t)VTB/(t_g+1;t)] B(t—£+1:t)VTft]
=2
(2.56)

Figure 1 is described based on (2.55) and (2.56).

2.C Proof of Theorem 1

We derive the explicit formula for asymptotic variances of IV and GMM estimators.
First, condier Avar (@é(]@ M). Note that under Assumption 1, y;;—1 can be written as

i
it—1= —— + &it— 2.
Yit—1 1_a+§,t1 (2.57)

where &1 = E;io v y—1—;. Also, from (A43) of Alvarez and Arellano [2003], we
have

Yir—1 = Viit—1 — ¢t (QST_W“ +1; _j; (bl%T_l) : (2.58)
Using (2.57) and (2.58), and under Assumption 1, we have
o2
E(zfy 1) = <1 _“a2) (af71 1), (2.59)
2] = Vi [ e (2.60)

where A = ag /o2, 1y is an £ dimensional column vector of ones, and V is the upper-left
¢ x ¢ matrix of V. The explicit expression of (2.60) is obtained as follows. By using
the Sherman-Morrison-Woodbury inversion formula

1

A+bb | t=A""1— {
[ ] 1+b'A b

] A"'bb’'A™!
and the decomposition of Vzl 14

v,!=cCCc
14See Amemiya (1985, p.164), Hamilton (1994, p.120) and Greene (2001, p.822).
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where

[ V1= a2 0 0 0]
—a 1 0 0

C— 0 —a 1 0 0
0 0 0 —a 1 |

we obtain

A

E(zkz!) =62 |lCC- — 2
[ (Zztzzt )] Oy 1+)\LQC/CLK

C’CLKLQC'C] . (2.61)

By substituting (2.59) and (2.61) into (2.31), we obtain (2.35). (2.36) and (2.37) are

obtained from (2.35). Next, we consider Var(agg\})M). First, note that y;;_; can be

written as

Eip—o+ - +§io] '

. (2.62)

Yii-1 = Cr—t41 [fi,t—l -
Then, using (2.58) and (2.62), we obtain
Hk * 02 th—l
E(yii1vii) = <1_Uag) Ve (1 e 1> : (2.63)

Also, from (2.57), we obtain

. L ’
Elyii-)? = FnFE [&yt—l — g Got ot wi,t—Q)]
o2 20011 1
o [ (1525 + oppBlen ey

Using the result of (A8) in Alvarez and Arellano [2003], we have

2 Tt-D(1+a) 2al-a™h
E(&o+ - +&p1)? = — - : 2.65
(G0 4o+ &) 1—a2[ 1—«a (1—a«)? ] ( )
By substituting this into (2.64), we get
ok 2 03 02
Ellyii-1)7] = 1-a2 14 (2.66)

where A; is defined in (2.43). (2.39) is obtained by substituting (2.63) and (2.66) into
(2.31).

Next, we derive the asymptotic variances of o, and a%,. Using (2.57) and (2.58)

32



and the fact that v}, is serially uncorrelated, we obtain

1 . 2 T—1
N Z E (y@t—ly;;k,tfl) = <1 —Ua2> ; v

i=1 t=1
1 T—1 T—1 T-1 4
Var (\/N Z Z yi,t—l'l);kt> = Var (Z yz-,t_wft) = Z E (yzt_l) = agai + 7 —an
i=1 t=1 t=1 t=1

Using these, we obtain the asymptotic variance of @k, as in (2.38). The asymptotic
variance of @, can be derived similarly. Using (2.63) and (2.66), and under Assumption
1, we obtain

T-1

1 N . § 0_12) T—-1 L ¢t71
N Z Z E (?/z’,tqyi,tq) = (1 — a2> Z VeCr_i1 <1 - 1> 7

i=1t=2

From these, the asymptotic variance of a%;, is obtained as (2.40).

2.D Proof of Lemma 1

First, we decompose Ty x T matrix Fr as

Fii. Fio Fi3

Fr =
O1,,xa Foo Fo3

= {fst}a (3 =1,..., Tyt =1, ...,T)

where F11 isdx d, F12 isdx T2d7 F13 is dx d, F22 is T2d X ng, and F23 is TQd x d. Note
that By and Fr have the following relationship

By = I, Frr (2.67)

33



and I% = Il Ir=Ip. Furthermore, using (2.45), W; can be written as
Wi =vrp; + 17K + i = Cr¥; + E;

where E; = (&}1, ..., &) and ¥; = (p;, k;)'.

(a): Note the following decomposition:

N N
1 1
L S WIKBLFL LW = LS WIQrW,
T 2. Wik P, 7, L NT 2 iQr 2.68)

N
1
~7 Z W, (K7B7 Fr,Lr — Qr) W;
i=1

Using Fr,LrCr = B, K7Cr = Q7Cr = 0 and (2.16), the second term of (2.68) can
be further decomposed as

N
1 H 1 — —
NT E Wl KTB FTdLT — QT Ni E = KTB FTdLT — IT) =+ ﬁ E :;RT:z

To consider the first term of right-hand side of (2.69), we derive the explicit form of

AT = K’I]‘B/TdFTdLT - IT. Using (267), FTd = LTdFTL/T and

[ 04xa Ouxt,y, L

K/TITdLT - OT2d><d ITQd OTQdXd ’ L/TdIT2dLTd = [
Oixd Odx7y;  Odxd

Ogxa  Oaxty,
OTZd xd ITQd

Od><d deTQd 0d><d
!

rLr = Oryyxd  Imy  Omyyxa |
Oaxda  Oaxtyy, I;
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we have

Ar = K}B’TdLTdFTL’TLT —Ir = K’TITdFL[dITQdLTdFTL’TLT —Ir

= (KyZr,Lr) By (L, Ir, Lr,) Fr (LyLy) — Ip

I TiF53Tr,, Fao ZiF%3T7,,Fa3
= 0T2d><d ITzdF,221T2dF22 - IT2d IT2dF/22IT2dF23
04xd 04xTyy -1

= {A4}, (4,7 =1,2,3).

Next, we derive the form of each A;;. Using

0 e 0 fr,
ITQd Foo = ) ' . ’ ’ ITzd F/22
0 favo,a+2 - fato1y
favia+1 farrde2 0 farimy
faivit,  faver, - frm
. . 0

fari,dve  faro.dre
Jav1,d+1 0 e 0

o+ frur

: : Jar1r faror
Ir,,Fo3= . IFhs = ’ ’
fd+27Td+1 fd+2,T fd+1,Td+1 fd+2,Td+1

a1 farur
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we have

Ay =TI,F5Tr, Foo

(dxTaq)
T
| Jryrfarian fri—117fdv2,d42 + frorfav,dee s 2002 faver fry—esmy
= T
Irymfasiden fro—imsfavodee + fromsi faviave o 2028 fave e fry—es1,1,

- L)

k
= fro-er1m—jr1 fareark
=1

k-1
= fro-evrm—jirfaseark + Fro- ki - je1 farkask
=1

k=1 €7 i1 S kChia T3 P ¢Ciqa
Zf:l (T—i-1) k < 24:1 WT—0-1) for FE model

(j = 1;]{7 == 1, ...,ng)
k—1 4ci o _p_1(35—£—3)(2T—3k+L—3) 2¢}, 0Ty 1(3j—k—3)
=1 L0+ (T—0—2)(T—1-3) B k(k+1)

G=1,2k=1,..Ts)
logT
~o(%7).

for trend model

T: T
A — T.F..Tr Fo: — Zzidl Javer fry—t41,1,41 Zzidl Javerfry—ev1r
13 - d¥ 23 T2d 23 = Tog Tog
(dxd) 02 faveri i fri—ei e 22020 faveri fro—er
Taq
_ Jjk| _
= %130 = Z Jarer—j+1 Ty—041,Ty+k
=1
_9 ¢4, .
s %, (j=1k=1) for FE model

- Toy 467, o¢h_ g (BkH+E—6)(T—3j—0)
(=1 " ((+1)(T—0—2)(T—=3) >

B log T’
- o),

(j=1,2;k=1,2) for trend model
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Ay = IngFlzzszdF% - IT2d

(ToqxTaq)
11 12 1,T5q
Q3o Qg3 - ang
22 yLod
0 ay e ag)
Toq,T24
0 -+ 0 ay
_ jk
= {ai}
0 ifj>k

=9 Jr-jrim-jrifaviae -1 i =k
k P
Yty fTy—er g1 favearr i<k

0 if >k
- _ 1 1 1 1 e
i e =0 (%) ity <k
(.77 k= 17 .- 7T2d)
0 if j >k
Cr_j1C2 —1=0 g;) +0 (ﬁ) ifj=k
% Ay, oy, (3f—0+3)(2T—3k+(—3)
, Ze:é?j,k?)kk ) €(€+1)(T—€—2)((T—i—3))
cT e +5—3k— 2¢T e, 1 (3j—k+3 log T e .
S gy =0 (M) i<k
[ (G, k=1,...,Taq)
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Aoz
(T2gxd)

- ITQd FIZZITQd Fa3

T: T
2028 favery fro—erimgrr 2202 favery fro—ear

2 2

Yoveq favedrofry—er1 41 D opeq favedv2 fr—e1m
1 1

Yoy favedi fry—ei e Yooy faved+1 fry—e1m

_ L)

Toa—j+1
= E faver—j+1fTy— 041, Ttk
=1
Toq—j
= Y fare T a1 Tyk + Py i1 Ty 1 s Tk
=1
Toa—j Co41%—0 _ CTy—j+1Cd+; . o
(=1 " [T—i-1)¢ Tt (j=1,....Tog; k = 1) for FE model
= Tog—j 4cfioch _y 1 (Bk+H—6)(T—3j—L—6) = 2c] ,ch_;_{(T—j+3k=9)
=1 (0+1)(T—1—2)(T—0—3) T——2)(T—=3) for trend model

(G=1,...,Togsk=1,2)

logT
o)

We now assess the first term of (2.69). Using B; = (Ey;, Eo;, E3;)" where E; is d x k,

o, 18 Thg X k, and Egs; is d X k, we have

S; = E{ATE; = S1; + S2; + S3i + Su; + S5i + Se:

where

) p— o [ p— o [ p— o [ p—
Sii = —E1;E1, Sz =E;A1282, Sz = E;;A1383, Siu = By A0Sy,

=/ —
— = =

—/ p—
Ssi = B9;Ag3E3, S = —23,83;.

We now evaluate each term. We consider the FE model and trend model separately

below.

2.D.1 FE model

From the definition of Z¢; and Assumption 3, we have

E(Sy) = —E(¢1€h)=-Tw=0(1).

38



Using a12t -0 (%) for all t, all = O (#) and Assumption 3, we have

La Lt-1p logT n logT
E(Sy) = ayy E(£q1€) = T Zri,tfl =0 T )

t=2 t=2

E(Sz) = aiE(6néir) = (IO§T> Lir1=0 <IO§“T> '

Similarly, using at221t Y= 0@1/(t+1)+0@1/(T —t)) and a5y L= — O(log T/T) for
all s # t, we have

) o QR s—1,t— 1 o QL t 1,t— 1 o s 1,t— 1
E(Sy) = ZZ Ezs&zt) = Ezt&zt Z Z £zs£zt)
5=2 1=2 t=2 s=2 t=s+1
Ty Ty—1 Ty
1 1 log T
= Z[O<t+1>+0< t)]E(&tggt)-l-O( )Z Zrtsz
t=2 5=2 t=s+1
= O (logT).

Finally, using aggl’l = O(logT/T) for all ¢, and the definition of E3;, we have

Ty Ty

E(Ss) = abs " E (£4&hr) = ZO <IO§T> Lir—+=0 <1O§1T> ;
=2 —2

E(Sei) = —E(&r&ir)=-Tin=0(1).

Thus, for the FE model, we have S; = 216:1 Sii = O(logT) for all i and obtain

N

1 , log T
EArE; = ) 2.71
NTz 1 o Op( T > (2.71)

2.D.2 Trend model

From the definition of Zy;, we have
E(Sli) = —-F (5@15?1) —FE (512542) =2l =0 (1)
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Lt-1 21 : .
Since a1y, apy  , aif and a?% are O (%) for all ¢ and k, using Assumption 3, we

have
Ty
B(S) = > |ali E (€n&h) + i B (€l
t—2
_ 0 10§T> Zrzt 40 <logT) Zrzt ,— O <IO§T> ’
E(S3) = [(%3 + a13> (£n&l) + (a%él + a%gf) E (51’25;15)]
t=
= 0 < ;{ ) iT—1+2Li7_0+Ti7-3) =0 (IO§T> .

Similarly, using ab, "' = O(1/(t + 1)) + O(1/(T — t)) and a5, """ = O(log T/T) for
all s # t, we have

Ty Ty
S4z ZZGS b 1 ézssn)
s=3 t=3
Ty Ty—1 Ty
= a;21t 1 Ezt&zt Z Z S b= 1 £zs£2t)
t=3 s=3 t=s+1
Ty—1 Ty
1 logT
_Z|: (t+1)+0< — ):| (éltE’Lt) (Og >Z Zrt St
s=3 t=s+1
=0 (logT)

Finally, using a;gl’l = O(logT/T) and aggl 2 = O(log T/T) for all t, and the definition
of E3;, we have

Ty

E(S5l) = t 11 (sztﬁle +Zat 12 EzthT)

t=2 t=2

Ty
logT logT
= FfL —t— ]-‘7, — - 9
ltXZ;O<T>( T—t—1+Ti7r_y) O(T)

E(Se:) = —E(&rir) — E(&néin)=—2Tin=0(1).
Thus, for the trend model, we have S; = 2% S;; = O(log T') for all i and obtain
N
1 p logT
E =ATE; = . 2.72
NT &= OP(T) (2.72)
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Next, we consider the second term of (2.69). Let us define H; = E,RyE;. Then, for
the FE model, using (2.17), we have

T T
| — 1
EH;) = TE<=;'LTLL.F=i> -7 Z ZE (éitégs)
t=1 s=1
[ I-1 T
= Tio+ S (Tips+ Ty, ) =0(1) (2.73)
s=1 t=s+1

where we used || ¢,y Pig—sll= 32,5 Fiall < 320571 T
trend model, using (2.17), we have

<32 ITi,]l< oo. For the

H - 22T + 1) Ejuptn B, N RETrTpE 6 (ErTpE + EiTrerE)
‘ T(T —1) T(T—-1)(T+1) T(T —1)

= Hy; + Hy; + Hs;.
Using Assumption 3 and (2.73), we have

E(Hy) = 2T((217:j—11))E

12 d T ’
E(Hy) = T(T—l)(T+1)E (;t§¢t> (Z 3@3))

=1 s=1
127 DL/t /s )
- (T _ 1) (T + 1) 521 tzl (T) (T E(Ezt&zs) =0 (1) )
6 T T T T
BHa) = oy | 2 2 sE(Eaki) + ZtE@it&;s))
. t—lTs—l S t-l;—lT t
- T-7 (Z Z (2) B(guti) + Z Z (T> E(@gés)) =0(1)

where we used 0 < ¢/7 <1 and 0 < s/T <1 for all s and ¢. Hence, for each i, we have
E(H;) = O(1) for both FE and trend models, and we obtain

1 & 1
—~ N"ERE =0, (=) 2.74
NT; [ p (T) ( )

By combining (2.71), (2.72), and (2.74), we obtain

N N
1 "K' B! 1 ' logT
NT ; W KBy, Fr,LeW; = NT ; W, QrW; + O, T )
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(b): Using Q7 (¢7, 77) = 0, we have

1 N N N N
— Z W;QTVZ' = Z E V; = Z Z E TVi.
VNT =
i= i=1 i=1 i=1

The first term converges in distribution to N(0,€2) by Assumption 4. To assess the

[I]

second term, let us define h; = —E/Ryv;. Then, for the case of FE model, using
Assumption 3, we have

1 T T A G rr
E(h;) = ?E (Z gzt) (Z v7;5> T Z E (&;vis) + T Z Z E (&,vis)
t=1 s=1 s=1 t=s+1 t=1 s=t
4T
= T Z ¢z,t—s =0 (1) (2 75)
s=1 t=s+1
T
where we used HZt:s—l—l ¢’i,t—sH ||Z ¢zl”< Z Hgbzl
trend model, we have
b — 2 (2T + 1) Ejeptpv; B 2B rrTlv; 6 (Ejer7/vi + EiTrinv;)
’ T(T —1) T(T-1)(T+1) T(T —1)

= —hy; — hy; + hs,.

Using Assumption 3 and (2.75), we have

T-1

T
2T T 1)) Z Z ¢i,tfs =0 (1) )

s=1 t=s+1

E(hy) = (2T+ 1

12
E(hy) = T(T—1)(T+1) ((Zt51t>

6 T T T
E(hSi) = T (T _ 1) (tzl ;SE(Eitvis) + tzl SzltE(gztUZS)>
6 e & ¢ T
- Ts:lt:g;rl(T >¢Zt S+(T—1) 82132;1( >¢zt s (1)

where we used 0 < t/7T <1 and 0 < s/(T —1) <1 for all s and ¢. Thus, both for FE
and trend models, F(h;) = O(1) and obtain

N
1 oo Noo N
VAT 2 HiRTVZ_\/ThN_Op< T)

42



where hy = N71 Zf\;1 h;.

(c) Noting By, K7C7 = 0, we have the following decomposition:

N N
1 1
\/ﬁ E W;K/TB/TCZFTdLTVi = \/ﬁ E E{ZK/TBgrdFTdLTVZ'
=1 =1

The first term converges in distribution to A(0,€2) by Assumption 4. To derive the
order of the second term, let us define s; = E,Arv;. Then, using (3.40), s; can be
decomposed as

Si = S1; + S2; + 83; + S4; + S5; + S¢i
where

] o | o | o
Sii = —21;Vii, S = Z2;A12va, 83 = 2;A13V3, Sy = So;Agvay,

— =/
S5i = So;A23V3i, S = —=3;V3i.

To derive the variance of s;, we need to calculate Var(sg;) and Cov(sg;,sy), (k # 1) for
k,l=1,...,6. We consider the FE and trend models separately.

2.D.3 FE model

‘We have

Var(sy;)) = Var(€;vii) = O(1).

Using ai’;*l =0 <1(’%T> for all ¢, al = O (10§T), we have

S S 2 log T)?
Var(sz) = Var ( aig_lﬁilvit> = Z (aiét_l) Var (& vit) = O <( eT) > ;

T
t=2 t=2

2
Var(szi) = Var (a%&lviT) = (a%zl),)QVC”” (EqviT) = O ((10;{;) ) :
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Similarly, using a35221t L= 0@1/(t+1)+0@1/(T —t)) and a5y L= — O(log T/T) for
all s # t, we have

Ta—1 Ty Ta—1 Ty
1,t—1 Lt— 1
Var(sy) = ZZ 5y &;sVit Z . V2 Var (&;4vi)

s=2 t=s s=2 t=s

Tq Ty—1 Ty
t—1,t— 1 1,t— 1

= Z 2Var (&,vi) + Z Z 5 2Var (&;,vi)
t=2 5s=2 t=s+1

= 0(1)+ 0 ((logT)?).

Finally, using aggl’l = O(logT/T) for all ¢, and the definition of Zs;, we have

& & (log T')?
Var(ssi) = Var (Z ag:’,l’lgitviT) = Z(ag:sl Y2Var (&vir) = O <gT> ;

t=2 t=2

Var(sg:) = Var(&rvir) =0(1).
For the covariances, we have

COU(SM,S%) = CO’U(SM‘,S&') = CO’U(SM, S4i) = COU(SM, S5i) = COU(Su,S&) = CO'U(SQi, S3i)
=C =C =C

= Cou(sgj,ss;) = Cov(sa,s6i) = Cov(ss,s4;) = Cov(sa, s5:) = Cov(sa, sei) =0,

COU(SQi, S4i) =F

T, T, Ty—1 T,
14— t—1t—1 oS 1t—1 /
aqy v ) §ivit + E E &;svit

t=2 t=2 s=2 t=s+1
T, Ty

_ 1,t1—1 to—1,t0— 1 !/

= Z E :a12 Qg9 (£ilgitgvit1vit2)
t1=21t2=2

Ty Ty—1 Ty

+Z Z Z a“l g a9y B2 B (€508 i viny )

t1=2 s=2 to=s+1

Ty Ty—1 Ty
1,t—1 t 1,t— 1 1,t—1 s—1,t— 1
- a12 (£zlgztvzt) Z CL12 Qo9 (Szlgzs zt)
t=2 s=2 t=s+1

oe T2
=0 ((1 g}T) ) +0 ((log T)Q) ,

Ty

=11 p
Cov(ssi, s5i) = %%3 (&152#&%) =0 (
t=2

(1O%TT)2) |
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logT
COU(Sgi, SGi) = a%E(Silﬁ;TUZZT) =0 < ? > ’

Ty

Cov(ssi, s6i) = at231 B (&t&TUz'QT) = O(logT).
t=2

Therefore, for FE model, we have Var(s;) = O ((logT)?), and
N N
1 , 1 (logT)?
—— ) EArv; | = — ) = =l
r< NTZZ; i TV) NT;VCLT(S) O( T

Hence, it follows that ﬁ SN EArv; =0, (log T/\/T) = 0p(1).

2.D.4 Trend model

2 2
Var(sy;) = Var( ZZEZW%S Var(&,vin) + Var(€;pviz) = O(1).

s=1t=1

Using a5y~ =0 (%) s =,2 for all t and a13 =0 (logT) we have

2 Tog
Var(se;)) = Var (ZZa]t l&ﬂ@) -0 <(IO§;‘TT)2> ’

s=1t=3

2

2 2 2
log T)?
Vartes) = Var (333 ateuvenr ) = 323 ot Var e - 0 (51
s=1 s=1

=1 t=1 =1t=1

Similarly, using aby "' = O(1/(t + 1)) + O(1/(T — t)) and a5, ™! = O(log T/T) for
all s # t, we have

T,—1 Ty Ti—1 Ty
s—1,t—1 s 1,t— 1
VCW‘(S47;) = § : E :a22 €zsvit E E : VCLT‘ (£isvit)

s=3 t=s s=3 t=s

T, T,—1 Ty
t—1,t— l s—1,t— 1

= (ag VW (&irvit) + E E (age *Var (&isvit)
t=3 s=3 t=s+1

= 0(1)+ ((logT) )
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Finally, using a';gl’s =0(logT/T),s = 1,2 for all ¢, and the definition of =3;, we have

2 Ty
Var(ss;)) = Var (Zzaégl’siitva)

s=1 t=3

2
s log T)?
- Z ag'&l VCLT‘ (§ivir,+1) = O ((gz—1)> )

s=1 t=2

2 2
Var(sgi) = Var (ZZgiTtviTs) = 0O(1).
s=1t=1

For the covariances of trend model,

Cov(sii,s2i) = Cov(sii,szi) = Cov(sii,sai) = Cov(sii,ssi) = Cov(sii,sei) = Cov(sai, S3i)
=C =C

C
= Cov(sai,ss;) = Cov(sg;, se;) = Cov(sss, sai) = Cov(sas, s5i) = Cov(sai,sei) = 0,

2 d T, T—1 Ty /
s,t—1 t—1,t—1 s 1,t—1
COU(Szi,S4z‘) = E a2 §isvz’t 5% Sztvzt+ E E Ay Ezsvit

s=11=2 t=3 s=3 t=s+1
2 Ty Ty
_ 1,t1—1 t2 1,to— 1 /
- Z Z Z 13 (€is€itgvz’tlvit2)
s=11t1=3t2=3
2 Ty Ty—1 Ty

+ Z Z Z Z apy' la T E E(&;,, &5, Vit, Vit,)

s1=1t1=3 s9=3 to=s2+1

2 Ty 2 Ty—1 Ty
t—1 t 1,t— 1 t—1 1,t— 1
= Z angQ £zs£ztvzt + Z Z Z a81 52 (51515152 zt)
s=1 t=3 s1=1 sp=2 t=s2+1
log T')?
= 0 <(gT)> +0 ((logT)?),

[\

Ty

2
~ log T')?
Cov(ssi, S5i) Z Z Zaiésﬂag?)I’SQE(Eislggt”iszl“) =0 <(gT)> ’

s1=1s9=1 t=3

2 2
logT
OOU 5327561 Z Z ai%iSZE szsl iTs2+1 ZT51+1) =0 ( T ) )

s1=1s2=1
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2 Ty
Cov(ss;, S6i) Z tls Sztngg—&—lvag—l-l) O(logT)).
t=3

Therefore, for trend model, we have var(s;) = O ((log T)?), and

SN 1 (log T)?
var <\/— ;%ATW) = NT ;var(si) =0 <T>

Hence, it follows that ﬁ Zf\il ElArv; =0, (log T/ﬁ) = o0p(1).

2.E Proof of Theorems 2 and 3

We first provide a proof of Theorem 2. Using (2.74) and Assumption 4, we have

1 Y 1 N L 1
NT ZWgQTWz -~ NT Z Z £ukir + Op <T> =P To. (2.76)
=1 i=1 t=d+1

Next, we have the following decomposition

N
\/% ;WQQTW = \/7 Z Z &vit + \/?fljv

i=1 t=d+1

where hy = N1 Zf;l h;. Hence, using Assumption 4, as N,T — oo with N/T —
K, (0 < kK < 00), we obtain

N -1 N
JNT(3 _ (L / . 1 IOy

N —1
= <]V1T ZW;QTW1> \/— Z Z Sztvzt
=1

i=1 t=d+1

1 Y N
o / . Ny
+ (NT ;:1 W.QrW z) ThN

—? N (V&Ly'h, T QT )

where h = plimy 7,00 hy. Theorem 3 can be proved by noting that f‘g and h are
consistent estimators of 'y and h with large N and T.
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2.F Proof of Theorem 4

Using Lemma 1(a), (2.76) and Assumption 4, we have

logT

N N
1 1
NT > WiK;BpFr,LyW; = NT > WiQrW; +Op< ) —P To(2.77)
=1 =1

Also, using Lemma 1(c) and Assumption 4, we have

N N Ty
1 1
——— Y WKIBLFrLivi=——=> > & +0,(1) 21 N(0,9). (2.78)
NT i=1 NT =1 t=d+1

Combining (2.77) and (2.78), we obtain the result.
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Figure 2.1: Asymptotic variance of GMM estimators with various instruments lag length
¢ (T =10)
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Table 2.1: Fixed effects model: « = 0.4, 8 =1.0
N=50, o2=1
« B
FE v GMM GMM IV _GMM GMM | FE v GMM GMM v GMM GMM
LEV LEV1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
=10
Bias | -0.113 0.003 -0.042 -0.036 0.000 -0.013 -0.035 | 0.034 0.004 -0.085 -0.039 0.000 -0.014 -0.025
IQR | 0.054 0.254 0.156 0.086 0.100 0.097 0.088 | 0.140 0579 0.361 0.223  0.302  0.275  0.252
MAE | 0.113 0.126 0.080 0.052 0.050 0.048 0.050 | 0.075 0.285 0.183 0.112 0.150 0.137  0.129
Size | 0.818 0.021 0.057 0.086 0.055 0.061  0.090 | 0.072 0.017 0.041 0.064 0.055 0.056  0.058
T =25
Bias | -0.045 0.001 -0.016 -0.011 0.000 -0.004 -0.009 | 0.021 0.007 -0.023 -0.008 -0.00L -0.003 -0.001
IQR | 0.031 0.131 0.090 0.045 0.043 0.041 0.039 | 0.084 0243 0.168 0.111 0.116 0.110  0.105
MAE | 0.045 0.065 0.045 0.024 0.021 0.020 0.020 | 0.044 0.120 0.086 0.056 0.058 0.055  0.052
Size | 0.490 0.045 0.062 0.070 0.063 0.057 0.066 | 0.077 0.035 0.055 0.066 0.064 0.067  0.062
T =50
Bias | -0.022 -0.002 -0.010 -0.004 0.000 -0.001 -0.003 | 0.014 0.000 -0.012 0.00I  0.002 0.002  0.002
IQR | 0.022 0.083 0.063 0.031 0.026 0.026 0.025 | 0.054 0.144 0.105 0.068 0.068 0.066  0.064
MAE | 0.022 0.042 0.032 0.016 0.013 0.013 0013 | 0.029 0071 0.053 0.034 0.034 0.033  0.033
Size | 0.281 0.045 0.057 0.075 0.066 0.062 0.063 | 0.073 0.044 0.056 0.056 0.062 0.061  0.056
=100
Bias | -0.011 0.001 -0.004 -0.002 0.00l 0.000 -0.001 | 0.006 0.00l -0.003 0.000 0.00I  0.002  0.001
IQR | 0.015 0.058 0.043 0.020 0.017 0.017 0.017 | 0.038 0.090 0.072 0.045 0.043 0.043  0.042
MAE | 0.011 0.029 0.022 0.010 0.008 0.008 0.008 | 0.020 0.045 0.035 0.023 0.022 0.021  0.021
Size | 0.167 0.053 0.058 0.060 0.056 0.055 0.059 | 0.070 0.049 0.050 0.056 0.057 0.058  0.055
N =100, o2 =1
« B
FE v GMM GMM IV _GMM GMM | FE v GMM GMM v GMM  GMM
LEV LEVl1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10
Bias | -0.114 0.001 -0.027 -0.021 0.001 -0.005 -0.017 | 0.038 0.009 -0.053 -0.021 0.005  0.000 -0.014
IQR | 0.039 0.177 0.130 0.070 0.070 0.069  0.066 | 0.100 0.402 0.302 0.168 0.213  0.207  0.192
MAE | 0.114 0.089 0.066 0.037 0.035 0.035 0.036 | 0.055 0.201 0.157 0.086 0.109 0.104  0.097
Size | 0.987 0.027 0.055 0.073 0.061 0.061 0.073 | 0.094 0.026 0.045 0.062 0.055 0.060  0.058
T =25
Bias | -0.044 0.002 -0.011 -0.005 0.000 -0.001 -0.004 | 0.022 0.003 -0.018 -0.003 0.001  0.00I _ 0.002
IQR | 0.022 0.090 0073 0.033 0.030 0.029 0029 | 0.057 0.169 0.135 0.077 0.079 0.076  0.075
MAE | 0.044 0.045 0.036 0.017 0.015 0.015 0014 | 0.034 0.085 0.068 0.038 0.039 0.039  0.037
Size | 0.749 0.038 0.058 0.055 0.046 0.049 0.051 | 0.083 0.040 0.055 0.053 0.060 0.060  0.059
T =50
Bias | -0.022 -0.002 -0.006 -0.003 0.000 -0.001 -0.002 | 0.013 -0.001 -0.007 0.000 0.00I  0.00I  0.002
IQR | 0.016 0.062 0051 0.024 0.018 0.018 0.018 | 0.037 0.104 0.084 0.040 0.047 0.046  0.045
MAE | 0.022 0.031 0.025 0.012 0.009 0.009 0.009 | 0.021 0051 0.041 0.025 0.023 0.023  0.023
Size | 0.461 0.050 0.060 0.058 0.063 0.062 0.064 | 0.072 0.045 0.055 0.052 0.049 0.051  0.050
=100
Bias | -0.011 0.00I -0.003 -0.001 0.000 0.000 -0.00L | 0.006 0.00L -0.002 0.000 0.000 0.000  0.000
IQR | 0.011 0.041 0034 0.016 0012 0.012 0.012 | 0.028 0.064 0.056 0.034 0.031 0.031  0.031
MAE | 0.011 0.021 0.017 0.008 0.006 0.006 0.006 | 0.015 0.032 0.027 0.017 0.016 0.016 0.015
Size | 0.266 0.056 0.054 0.053 0.050 0.051 0.053 | 0.061 0.051 0.049 0.049 0.048 0.051  0.052
N =250, o2 =1
@ B
FE v GMM GMM IV _GMM GMM | FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10
Bias | -0.115  0.001  -0.017 -0.009 0.00I -0.003 -0.008 | 0.035 0.003 -0.028 -0.011 0.003  0.000  -0.007
IQR | 0.024 0.111  0.092 0.045 0.046 0.045 0044 | 0.061 0249 0.209 0.102 0.130 0.124  0.117
MAE | 0.115 0.055 0.047 0.023 0.023 0.022 0.023 | 0.040 0.124 0.107 0.052 0.065 0.062  0.059
Size | 1.000 0.035 0.040 0.058 0.057 0.058 0.060 | 0.106 0.039 0.037 0.047 0.045 0.043  0.047
T =25
Bias | -0.044 0.000 -0.006 -0.003 0.000 -0.001 -0.002 | 0.022 -0.001 -0.008 -0.00L -0.00L -0.00L  0.000
IQR | 0.014 0.057 0048 0.022 0.018 0.018 0.018 | 0.036 0.107 0.092 0.050 0.048 0.048  0.048
MAE | 0.044 0.028 0.025 0.011 0.009 0.009 0.009 | 0.024 0.053 0.047 0.025 0.024 0.024  0.024
Size | 0.982  0.053  0.053  0.055 0.048 0.051  0.0555()0.1290  0.056  0.054  0.054  0.057  0.050  0.047
=50
Bias | -0.022 -0.001 -0.003 -0.002 0.000 -0.001 -0.001 | 0.0I12 -0.002 -0.004 -0.00L 0.000 0.000  0.001
IQR | 0.010 0.039 0035 0.015 0012 0.012 0.012 | 0.025 0065 0.058 0.032 0.029 0.029  0.029
MAE | 0.022 0.019 0.017 0.008 0.006 0.006 0.006 | 0.015 0.033 0.030 0.016 0.015 0.015  0.014
Size | 0.840 0.046 0.053 0.056 0.060 0.055 0.055 | 0.105 0.050 0.054 0.050 0.052 0.050  0.053
=100
Bias | -0.011 0.000 -0.001  0.000 0.000 0.000  0.000 | 0.006 0.000 -0.00I 0.000 0.000 0.000  0.000
IQR | 0.007 0.025 0.023 0.010 0.008 0.007 0.007 | 0.018 0.042 0.037 0.020 0.019 0.018  0.018
MAE | 0.011 0.012 0.011 0.005 0.004 0.004 0.004 | 0.010 0.021 0.019 0.010 0.009 0.009  0.009
Size | 0.549 0.050 0.050 0.052 0.059 0.063 0.061 | 0.076 0.049 0.046 0.055 0.052 0.051  0.051
Table 2.1:




Table 2.1(cont.): Fixed effects model: « =0.4, f=1.0

N=50, 02=5

a B
FE vV GMM GMM v GMM  GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10

Bias | -0.113 0.010 -0.054 -0.036 0.000 -0.013 -0.035 | 0.034 0.039 -0.112 -0.044 0.000 -0.014 -0.025
IQR 0.054 0.389 0.172 0.089  0.100  0.097 0.088 | 0.140  0.929 0.439 0.228 0.302 0.275 0.252
MAE | 0.113 0.197 0.091 0.052  0.050  0.048 0.050 | 0.075  0.467 0.223 0.118 0.150 0.137 0.129
Size 0.818 0.012 0.054 0.086  0.055  0.061 0.090 | 0.072  0.009 0.044 0.068 0.055 0.056 0.058

T =25

Bias | -0.045 0.007 -0.022 -0.011 0.000 -0.004 -0.009 | 0.021 0.014 -0.032 -0.010 -0.001 -0.003 -0.001
IQR 0.031 0.217 0.103 0.046  0.043  0.041 0.039 | 0.084 0.417 0.201 0.114 0.116 0.110 0.105
MAE | 0.045 0.108 0.053 0.024 0.021 0.020 0.020 | 0.044 0.205 0.104 0.057 0.058 0.055 0.052
Size 0.490 0.035 0.066 0.068  0.063  0.057 0.066 | 0.077  0.027 0.061 0.070 0.064 0.067 0.062

T =50

Bias | -0.022 -0.004 -0.014 -0.004 0.000 -0.001 -0.003 | 0.014 -0.003 -0.020  0.000 0.002 0.002 0.002
IQR 0.022 0.137 0.074 0.031 0.026  0.026 0.025 | 0.054 0.241 0.123 0.068 0.068 0.066 0.064
MAE | 0.022 0.067 0.037 0.016  0.013  0.013 0.013 | 0.029  0.117 0.064 0.034 0.034 0.033 0.033
Size 0.281 0.039 0.063 0.074 0.066  0.062 0.063 | 0.073  0.037 0.068 0.061 0.062 0.061 0.056

T = 100

Bias | -0.011  0.002 -0.004 -0.002 0.001 0.000 -0.001 | 0.006 0.003 -0.005 0.000 0.001 0.002 0.001
IQR 0.015 0.091 0.050 0.020 0.017  0.017 0.017 | 0.038  0.149 0.084 0.047 0.043 0.043 0.042
MAE | 0.011 0.045 0.024 0.010  0.008  0.008 0.008 | 0.020 0.075 0.042 0.023 0.022 0.021 0.021
Size 0.167 0.045 0.062 0.060  0.056  0.055 0.059 | 0.070  0.042 0.051 0.057 0.057 0.058 0.055

N =100, o2 =5

a B
FE I\% GMM GMM v GMM  GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10

Bias | -0.114 0.012 -0.040 -0.022 0.001 -0.005 -0.017 | 0.038 0.030 -0.079 -0.025 0.005 0.000  -0.014
IQR 0.039 0.291 0.164 0.072  0.070  0.069 0.066 | 0.100  0.698 0.391 0.178 0.213 0.207 0.192
MAE | 0.114 0.145 0.082 0.037  0.035  0.035 0.036 | 0.055  0.351 0.199 0.090 0.109 0.104 0.097
Size 0.987 0.016 0.050 0.073  0.061 0.061 0.073 | 0.094 0.017 0.047 0.068 0.055 0.060 0.058

T =25

Bias | -0.044 0.004 -0.016 -0.005 0.000 -0.001 -0.004 | 0.022 0.013 -0.025 -0.003 0.001 0.001 0.002
IQR 0.022 0.149 0.091 0.034 0.030  0.029 0.029 | 0.057  0.286 0.177 0.079 0.079 0.076 0.075
MAE | 0.044 0.073 0.045 0.018 0.015 0.015 0.014 | 0.034 0.141 0.090 0.039 0.039 0.039 0.037
Size 0.749 0.038 0.052 0.056  0.046  0.049 0.051 | 0.083  0.034 0.057 0.052 0.060 0.060 0.059

T =50

Bias | -0.022 -0.002 -0.007 -0.003 0.000 -0.001 -0.002 | 0.013 -0.003 -0.013  0.000 0.001 0.001 0.002
IQR 0.016 0.096 0.064 0.024 0.018 0.018 0.018 | 0.037  0.167 0.108 0.051 0.047 0.046 0.045
MAE | 0.022 0.048 0.031 0.012  0.009  0.009 0.009 | 0.021  0.084 0.054 0.025 0.023 0.023 0.023
Size 0.461 0.048 0.054 0.055 0.063  0.062 0.064 | 0.072  0.044 0.049 0.050 0.049 0.051 0.050

T = 100

Bias | -0.011 0.001 -0.003 -0.001 0.000 0.000 -0.001 | 0.006 0.001 -0.006 -0.001  0.000 0.000 0.000
IQR 0.011 0.066 0.044 0.016  0.012  0.012 0.012 | 0.028  0.107 0.072 0.035 0.031 0.031 0.031
MAE | 0.011 0.033 0.022 0.008 0.006  0.006 0.006 | 0.015  0.052 0.036 0.017 0.016 0.016 0.015
Size 0.266 0.053 0.061 0.0563  0.050  0.051 0.053 | 0.061  0.056 0.053 0.049 0.048 0.051 0.052

N =250, 02 =5

a B
FE vV GMM GMM v GMM  GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10

Bias | -0.115 0.006 -0.023 -0.009 0.001 -0.003 -0.008 | 0.035 0.010 -0.048 -0.014 0.003 0.000  -0.007
IQR 0.024 0.175 0.121 0.046  0.046  0.045 0.044 | 0.061  0.436 0.288 0.112 0.130 0.124 0.117
MAE | 0.115 0.088 0.061 0.023  0.023  0.022 0.023 | 0.040 0.219 0.147 0.056 0.065 0.062 0.059
Size 1.000 0.019 0.038 0.057  0.057  0.058 0.060 | 0.106  0.019 0.032 0.047 0.045 0.043 0.047

T =25

Bias | -0.044 0.000 -0.008 -0.003 0.000 -0.001 -0.002 | 0.022 -0.002 -0.014 -0.002 -0.001 -0.001 0.000
IQR 0.014 0.094 0.066 0.022 0.018 0.018 0.018 | 0.036  0.180 0.131 0.052 0.048 0.048 0.048
MAE | 0.044 0.047 0.034 0.011  0.009  0.009 0.009 | 0.024  0.090 0.065 0.026 0.024 0.024 0.024
Size 0.982 0.042 0.054 0.054 0.048 0.051 51 0.055 | 0.129  0.042 0.058 0.057 0.057 0.050 0.047

T =50

Bias | -0.022 -0.001 -0.006 -0.002 0.000 -0.001 -0.001 | 0.012 -0.005 -0.008 -0.001  0.000 0.000 0.001
IQR 0.010 0.059 0.049 0.015 0.012  0.012 0.012 | 0.025 0.106 0.082 0.033 0.029 0.029 0.029
MAE | 0.022 0.030 0.024 0.008  0.006  0.006 0.006 | 0.015  0.052 0.042 0.016 0.015 0.015 0.014
Size 0.840 0.042 0.053 0.055 0.060  0.055 0.055 | 0.105  0.039 0.060 0.047 0.052 0.050 0.053

T = 100

Bias | -0.011 0.001 -0.002 0.000 0.000 0.000 0.000 | 0.006 0.001 -0.002 0.000 0.000 0.000 0.000
IQR 0.007 0.040 0.032 0.010  0.008  0.007 0.007 | 0.018 0.066 0.054 0.021 0.019 0.018 0.018
MAE | 0.011 0.020 0.016 0.005 0.004  0.004 0.004 | 0.010 0.033 0.026 0.011 0.009 0.009 0.009
Size 0.549 0.051 0.058 0.051  0.059  0.063 0.061 | 0.076  0.048 0.050 0.049 0.052 0.051 0.051




Table 2.2: Fixed effects model: « = 0.8, 8 =1.0
N=50, o2=1
a B
FE IV GMM GMM Y GMM GMM | FE IV GMM GMM IV GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
=10
Bias | -0.150 0.036 -0.189 -0.109 0.004 -0.053 -0.101 | 0.006 0.034 -0.164 -0.111 0.013 -0.074 -0.122
IQR | 0.049 0.641 0.243 0.112 0.18  0.143  0.112 | 0.137 0.745  0.407 0.254  0.429  0.335  0.279
MAE | 0.150 0.320 0.191  0.110  0.094 0.079  0.102 | 0.068 0.370 0.224 0.151  0.210  0.168  0.159
Size | 0.995 0.001 0.106 0.243  0.029 0.085 0.215 | 0.062 0.005 0.038 0.097 0.031  0.057  0.094
T =25
Bias | -0.054 0.062 -0.072 -0.032 -0.002 -0.010 -0.022 | 0.021 0.046 -0.030 -0.023 0.000 -0.008 -0.016
IQR | 0.024 0.387 0.115 0.048 0.049 0.045 0.040 | 0.084 0293 0.184 0.123 0.122 0.116  0.112
MAE | 0.054 0205 0.075 0.035 0.025 0.024  0.025 | 0.043 0.150 0.095 0.062 0.061  0.058  0.057
Size | 0.908 0.012 0.067 0.142 0.057 0.064 0.124 | 0.081 0.014 0.054 0.068 0.052 0.061  0.064
T =50
Bias | -0.026 0.061 -0.034 -0.012 -0.001 -0.003 -0.007 | 0.017 0.012 -0.004 -0.003 0.002 0.001  0.001
IQR | 0.015 0289 0.075 0.029 0.023 0.022 0.021 | 0.055 0.156 0.113  0.075 0.066  0.065  0.065
MAE | 0.026 0.157 0.042 0.017 0.012  0.011  0.011 | 0.029 0.078 0.056 0.037 0.033  0.033  0.032
Size | 0.664 0.030 0.059 0.086 0.056  0.063  0.080 | 0.079 0.016 0.060 0.059 0.063  0.061  0.062
=100
Bias | -0.012 0.044 -0.015 -0.005 0.000 -0.001 -0.002 | 0.009 -0.001 0.005 0.000 0.00I  0.001  0.002
IQR | 0.010 0.207 0.048 0.019 0.013 0.012 0.012 | 0.039 0.089 0.072 0.049 0.042 0.041  0.040
MAE | 0.012 0.113 0.024 0.010 0.006  0.006  0.006 | 0.020 0.045 0.036 0.025 0.021  0.020  0.020
Size | 0.400 0.072 0.063 0.083 0.056  0.059  0.064 | 0.071 0.012 0.044 0.048 0.057 0.059  0.056
N =100, o2 =1
a B
FE IV GMM GMM IV GMM GMM | FE IV GMM GMM IV GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10
Bias | -0.150 0.041 -0.174 -0.077 0.001 -0.033 -0.068 | 0.006 0.046 -0.177 -0.097 0.009 -0.041 -0.093
IQR | 0.034 0.662 0.257 0.097 0.134  0.110  0.093 | 0.098 0.758 0.374 0.210 0.299 0.254  0.222
MAE | 0.150 0.323 0.178 0.078 0.067 0.060  0.072 | 0.050 0.381  0.204 0.126 0.151  0.126  0.126
Size | 1.000 0.001 0.088 0.186 0.044 0.068  0.165 | 0.054 0.004 0.036 0.086 0.035  0.060  0.090
T =25
Bias | -0.054 0.057 -0.064 -0.020 -0.002 -0.006 -0.013 | 0.022 0.038 -0.026 -0.011 _ 0.002 -0.001  -0.008
IQR | 0.016 0.342 0.114 0.039 0.033 0.031  0.029 | 0.055 0235 0.143 0.087 0.089  0.084  0.078
MAE | 0.054 0.178 0.069 0.024 0.017  0.016  0.017 | 0.033 0.124 0.073  0.045 0.044  0.041  0.041
Size | 0.995 0.010 0.062 0.096 0.044  0.051  0.082 | 0.083 0.018 0.041 0.065 0.057 0.056  0.059
T =50
Bias | -0.025 0.040 -0.029 -0.008 0.000 -0.001 -0.004 | 0.016 0.009 -0.004 -0.002 0.001 0.001  0.000
IQR | 0.011 0237 0.067 0.023 0.017 0.016 0.016 | 0.038 0.105 0.078 0.053 0.046 0.045  0.045
MAE | 0.025 0.126 0.037 0.013  0.008 0.008  0.008 | 0.022 0.053 0.039 0.026 0.023  0.023  0.022
Size | 0.910 0.033 0.050 0.082 0.060 0.063  0.075 | 0.085 0.021  0.046 0.058 0.052  0.055  0.052
=100
Bias | -0.012 0.020 -0.015 -0.003 0.000 -0.001 -0.001 | 0.009 0.000 0.002 -0.00L 0.000 0.000  0.000
IQR | 0.007 0.163 0.046 0.015 0.009 0.009 0.009 | 0.028 0.058 0.052 0.037 0.031 0.031  0.031
MAE | 0.012 0.083 0.024 0.008 0.004 0.004 0.004 | 0.015 0.029 0.026 0.018 0.015 0.015  0.015
Size | 0.668 0.060 0.059 0.069 0.050  0.046  0.051 | 0.075 0.021  0.054 0.050 0.051  0.052  0.052
N =250, o2 =1
a B
FE IV GMM GMM IV GMM GMM | FE IV GMM GMM IV GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10
Bias | -0.150 0.038 -0.157 -0.044 0.002 -0.016 -0.037 | 0.004 0.047 -0.161 -0.054 0.002 -0.024 -0.054
IQR | 0.022 0572 0.217 0.068 0.084 0.077 0.069 | 0.060 0.654 0271 0.145 0.179 0.168  0.155
MAE | 0.150 0.286 0.166 0.049 0.042 0.040  0.044 | 0.031 0.327 0.176  0.081  0.090 0.086  0.086
Size | 1.000 0.001 0.073 0.118 0.056  0.056  0.108 | 0.041 0.003 0.038 0.074 0.050 0.052  0.065
T =25
Bias | -0.054 0.029 -0.051 -0.011 0.000 -0.002 -0.005 | 0.021 0.019 -0.025 -0.009 -0.001 -0.003 -0.005
IQR | 0.011 0274 0.099 0.028 0.021  0.020 0.020 | 0.035 0.176  0.096 0.058 0.055 0.051  0.050
MAE | 0.054 0.140 0.060 0.015 0.011  0.010  0.010 | 0.024 0.092 0.048 0.030 0.028  0.026  0.026
Size | 1.000 0.014 0.043 0.082 0.049 0.048 0.0625p0.130 0.012 0.038 0.062 0.052  0.049  0.051
=50
Bias | -0.025 0.014 -0.023 -0.004 0.000 -0.001 -0.002 | 0.015 0.001 -0.005 -0.002 0.000 0.000  0.000
IQR | 0.007 0.182 0.062 0.017 0.011  0.010 0.010 | 0.025 0.067 0.051 0.035 0.030 0.029  0.029
MAE | 0.025 0.089 0.035 0.009 0.005 0.005 0.005 | 0.016 0.034 0.026 0.018 0.015 0.015  0.015
Size | 1.000 0.031 0.052 0.060 0.048  0.060  0.057 | 0.140 0.023  0.044 0.051  0.051  0.052  0.052
=100
Bias | -0.012 0.004 -0.013 -0.002 0.000 0.000 -0.001 | 0.009 0.001 0.001 0.001 0.000 0.001  0.000
IQR | 0.004 0.112 0.042 0.010 0.006 0.006  0.006 | 0.017 0.036  0.035 0.023 0.019 0.018  0.018
MAE | 0.012 0.053 0.022 0.005 0.003 0.003 0.003 | 0.011 0.018 0.017 0.011  0.009  0.009  0.009
Size | 0.958 0.059 0.059 0.058 0.054  0.048  0.051 | 0.099 0.025 0.044 0.050 0.056  0.055  0.056
Table 2.2:




Table 2.2(cont.): Fixed effects model: « =0.8, f=1.0
N=50, 62=5
a B
FE IV GMM GMM IV GMM GMM | FE IV GMM GMM IV GMM GMM
LEV LEVI LEV3 BOD BODl1 BOD3 LEV LEVI LEV3 BOD BOD1 BOD3
T=10
Bias | -0.150 0.054 -0.199 -0.109 0.004 -0.053 -0.101 | 0.006 0.037 -0.120 -0.115 0.013 -0.074 -0.122
IQR | 0.049 0.651 0260 0112 018 0143 0112 | 0.137 1000 0597 0.269 0429  0.335  0.279
MAE | 0.150 0.325 0202 0.110 0.094 0.079  0.102 | 0.068 0500 0.299 0.161 0210 0.168  0.159
Size | 0.995 0.000 0.079 0244 0029 0085 0215 | 0.062 0.005 0.037 0.104 0.031  0.057  0.094
T=25
Bias | -0.054 0.067 -0.077 -0.032 -0.002 -0.010 -0.022 | 0.02I 0.045 -0.032 -0.025 0.000 -0.008 -0.016
IQR | 0.024 038 0121 0.049 0.049 0045 0.040 | 0.084 0459 0287 0.131 0122 0116 0.112
MAE | 0054 0.199 0.081 0.034 0.025 0.024 0.025 | 0043 0237 0.143 0.067 0.061 0.058  0.057
Size | 0.908 0.015 0.056 0.140 0.057  0.064  0.124 | 0.081 0.007 0.053  0.075  0.052  0.061  0.064
T =50
Bias | -0.026 0.062 -0.036 -0.012 -0.001 -0.003 -0.007 | 0.017 0.019 -0.003 -0.004 0.002  0.00I _ 0.001
IQR | 0.015 0289 0075 0029 0023 0022 0021 | 0.055 0267 0184 0077 0066 0.065  0.065
MAE | 0.026 0.160 0.044 0017 0.012 0.011  0.011 | 0.029 0.134 0.093 0039 0033 0033  0.032
Size | 0.664 0.030 0.057 0.089 0.056 0.063 0.080 | 0.079 0.012 0.060 0.061 0.063 0.061  0.062
T = 100
Bias | -0.012 0.051 -0.015 -0.005 0.000 -0.001 -0.002 | 0.009 0.010 0.004 0.000  0.00l _ 0.001 _ 0.002
IQR | 0.010 0218 0.048 0.019 0013 0012 0012 | 0039 0.163 0.113 0053 0.042  0.041  0.040
MAE | 0012 0.117 0.024 0.010 0.006 0.006 0.006 | 0.020 0.081 0.057 0.026 0.021  0.020  0.020
Size | 0.400 0.065 0.058 0.074  0.056  0.059  0.064 | 0.071 0.012  0.047  0.050  0.057 _ 0.059  0.056
N =100, o2 =5
a B
FE IV. GMM GMM IV _GMM GMM | FE IV _GMM GMM IV GMM GMM
LEV LEV1I LEV3 BOD BODl1 BOD3 LEV LEVI LEV3 BOD BODl1 BOD3
T=10
Bias | -0.150 0.031 -0.189 -0.078 0.0 -0.033 -0.068 | 0.006 0.038 -0.169 -0.110 0.009 -0.041 -0.093
IQR | 0.034 0.671 0271 0097 0134 0110 0.093 | 0.098 0.907 0515 0229 0299 0254  0.222
MAE | 0.150 0.334 0195 0.080 0.067 0.060 0.072 | 0.050 0453 0270 0.140 0.151 0.126  0.126
Size | 1.000 0.001 0.085 0.188 0.044 0.068 0.165 | 0.054 0.006 0.034 0.091 0.035 0.060  0.090
T=25
Bias | -0.054 0.063 -0.071 -0.021 -0.002 -0.006 -0.013 | 0.022 0.051 -0.030 -0.017 0.002 -0.001 _ -0.008
IQR | 0.016 0.344 0122 0039 0033 0031 0029 | 0.055 0.366 0237 0.094 0089 0.084  0.078
MAE | 0054 0.184 0075 0.025 0017 0.016 0.017 | 0.033 0185 0.119 0.046 0.044 0.041  0.041
Size | 0.995 0.012 0.054 0.099 0.044  0.051  0.082 | 0.083 0.013 0.038  0.067  0.057 _ 0.056 _ 0.059
T =50
Bias | -0.025 0.046 -0.034 -0.008 0.00 -0.00L -0.004 | 0.016 0.022 -0.003 -0.004 0.00L  0.001 _ 0.000
IQR | 0.011 0245 0072 0024 0017 0016 0016 | 0.038 0.187 0138 0.057 0.046  0.045  0.045
MAE | 0.025 0.133 0.041 0.013 0.008 0.008 0.008 | 0.022 0.097 0.068 0.029 0023 0023 0022
Size | 0.910 0.032 0.043 0.080 0.060 0.063 0.075 | 0.085 0.017 0.046 0.053 0.052  0.055  0.052
T =100
Bias | -0.012 0.024 -0.016 -0.003 0.000 -0.001 -0.001 | 0.009 0.006 0.000 -0.001 0.000 _ 0.000 _ 0.000
IQR | 0.007 0.177 0.048 0015 0.009 0.009  0.009 | 0.028 0.111 008 0039 0031 0031  0.031
MAE | 0012 0091 0.025 0.008 0.004 0.004 0.004 | 0015 0056 0.043 0020 0015 0015 0015
Size | 0.668  0.057 0.050 0.069 0.050  0.046  0.051 | 0.075 0.019 0.054 0.056  0.051 _ 0.052  0.052
N =250, 02 =5
a B
FE IV GMM GMM IV GMM GMM | FE IV _GMM GMM IV GMM GMM
LEV LEVI LEV3 BOD BODl1 BOD3 LEV LEVI LEV3 BOD BOD1 BOD3
T=10
Bias | -0.150 0.039 -0.192 -0.047 0.002 -0.016 -0.037 | 0.004 0.065 -0.192 -0.064 0.002 -0.024 -0.054
IQR | 0.022 0.580 0248 0.069 0084 0077 0069 | 0.060 0.742 0395 0.166 0.179  0.168  0.155
MAE | 0.150 0.286 0.197 0.051 0.042  0.040  0.044 | 0.031 0.378 0.230 0.091 0.090  0.086  0.086
Size | 1.000 0.001 0.065 0.125 0.056 0.056  0.108 | 0.041 0.006 0.032 0.080 0.050 0.052  0.065
T=25
Bias | -0.054 0.034 -0.068 -0.011 0.00 -0.002 -0.005 | 0.02I 0.030 -0.036 -0.010 -0.001 -0.003 -0.005
IQR | 0.011 0286 0.117 0028 0021 0020 0020 | 0.035 0253 0162 0064 0055 0.051  0.050
MAE | 0.054 0.151 0075 0016 0.011 0.010 0.010 | 0.024 0.133 0.084 0032 0028 0026  0.026
Size | 1.000  0.013 0.040 0.086 0.049  0.048 530.062 | 0.130 0.010 0.031  0.063 0.052  0.049  0.051
T =50
Bias | -0.025 0.017 -0.030 -0.004 0.00 -0.00L -0.002 | 0.015 0.006 -0.010 -0.002 0.000  0.000  0.000
IQR | 0.007 0.190 0.072 0017 0011 0010 0010 | 0.025 0.123 0.090 0.039 0030 0.029  0.029
MAE | 0.025 0.096 0.039 0.009 0.005 0.005 0.005 | 0.016 0.062 0.045 0.020 0015 0015 0015
Size | 1.000 0.031 0.045 0.060 0.048 0.060  0.057 | 0.140 0.021 0.035 0.059 0.051  0.052  0.052
T = 100
Bias | -0.012 0.006 -0.016 -0.001 0.000 0.000 -0.001 | 0.009 0.004 0.00I _ 0.000 0.000 _ 0.001 _ 0.000
IQR | 0.004 0.118 0045 0010 0.006 0.006 0.006 | 0.017 0.064 0.061 0.025 0019 0.018 0.018
MAE | 0012 0057 0.025 0.005 0.003 0.003 0.003 | 0011 0.032 0031 0012 0009 0.009  0.009
Size | 0.958 0.057 0.058 0.060 0.054  0.048  0.051 | 0.099 0.026 0.045 0.052  0.056  0.055  0.056




Table 2.3: Trend model: a = 0.4, 5 = 1.0,

— 2 2
N=50, op=1, oy =1

a B
FE % GMM GMM v GMM  GMM FE I\% GMM GMM v GMM  GMM
LEV LEVl LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10

Bias | -0.247 -0.025 -0.071 -0.113 -0.024 -0.129 -0.231 | 0.009 -0.034 -0.175 -0.178 -0.139 -0.167 -0.170
IQR 0.062 0.636 0.173 0.123 0.510 0.261 0.193 | 0.160  3.425 0.757 0.465 2.720 0.963 0.613
MAE | 0.247 0.321 0.099 0.115 0.259 0.160 0.231 | 0.080 1.724 0.386 0.260 1.389 0.500 0.331
Size 1.000 0.007 0.083 0.242 0.014 0.117 0.369 | 0.063  0.003 0.054 0.079 0.003 0.038 0.066

T =25

Bias | -0.092 0.022 -0.031 -0.035 -0.002 -0.020 -0.041 | 0.034 0.075 -0.079 -0.052 0.010 -0.022 -0.031
IQR 0.032 0.737 0.096 0.057 0.092 0.076 0.063 | 0.089  2.306 0.316 0.182 0.336 0.266 0.201
MAE | 0.092 0.367 0.053 0.039 0.046 0.041 0.045 | 0.049 1.162 0.165 0.096 0.168 0.133 0.102
Size 0.958 0.001 0.067 0.123 0.052 0.073 0.140 | 0.094  0.001 0.051 0.064 0.050 0.056 0.059

T =50

Bias | -0.045 0.046 -0.017 -0.014 0.001 -0.005 -0.012 | 0.024 0.118 -0.035 -0.012 0.001 -0.002 -0.003
IQR 0.022 0.740 0.072 0.037 0.040 0.038 0.035 | 0.057 1.811 0.180 0.094 0.113 0.099 0.091
MAE | 0.045 0.377 0.037 0.020 0.020 0.019 0.019 | 0.033  0.907 0.089 0.047 0.057 0.050 0.046
Size 0.758 0.001 0.078 0.090 0.051 0.055 0.086 | 0.095 0.003 0.065 0.055 0.060 0.056 0.058

T = 100

Bias | -0.021  0.077 -0.008 -0.006 0.000 -0.002 -0.005 | 0.012 0.169 -0.016 -0.003 0.001 0.001 0.001
IQR 0.015 0.666 0.052 0.022 0.022 0.021 0.021 | 0.040  1.359 0.112 0.058 0.059 0.056 0.054
MAE | 0.021 0.344 0.026 0.012 0.011 0.010 0.011 0.021  0.717 0.057 0.029 0.029 0.028 0.027
Size 0.456 0.007 0.060 0.071 0.055 0.055 0.063 | 0.082  0.007 0.060 0.050 0.056 0.050 0.056

N =100, 02=1, o2 =1

a B
FE vV GMM GMM v GMM  GMM FE vV GMM GMM v GMM  GMM
LEV LEVl LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10

Bias | -0.245 -0.038 -0.054 -0.077 -0.009 -0.087 -0.168 | 0.013 -0.145 -0.182 -0.190 -0.024 -0.179 -0.198
IQR 0.045 0.605 0.141 0.104 0.373 0.214 0.160 | 0.120  3.100 0.674 0.455 2.103 0.855 0.565
MAE | 0.245 0.303 0.079 0.081 0.186 0.124 0.169 | 0.061  1.551 0.351 0.253 1.056 0.457 0.321
Size 1.000 0.004 0.061 0.165 0.013 0.077 0.275 | 0.056  0.003 0.040 0.079 0.004 0.040 0.070

T =25

Bias | -0.090 0.025 -0.026 -0.023 0.001 -0.010 -0.024 | 0.035 0.129 -0.069 -0.040 0.010 -0.008 -0.026
IQR 0.023 0.707 0.085 0.047 0.063 0.056 0.050 | 0.060  2.173 0.284 0.151 0.235 0.195 0.163
MAE | 0.090 0.344 0.047 0.029 0.032 0.029 0.031 0.040 1.076 0.154 0.081 0.118 0.099 0.081
Size 0.999 0.002 0.058 0.083 0.051 0.053 0.095 | 0.114  0.001 0.055 0.059 0.044 0.052 0.057

T =50

Bias | -0.044 0.061 -0.014 -0.008 0.001 -0.002 -0.006 | 0.023 0.144 -0.033 -0.010 0.000 -0.002 -0.002
IQR 0.016 0.689 0.060 0.029 0.029 0.027 0.026 | 0.038  1.690 0.152 0.075 0.083 0.077 0.073
MAE | 0.044 0.357 0.034 0.016 0.014 0.013 0.014 | 0.026  0.870 0.084 0.038 0.042 0.039 0.036
Size 0.956 0.001 0.050 0.083 0.058 0.060 0.074 | 0.113  0.001 0.046 0.052 0.060 0.052 0.054

T =100

Bias | -0.022 0.085 -0.008 -0.003 0.000 -0.001 -0.002 | 0.012 0.187 -0.014 -0.003  0.000 0.000 0.000
IQR 0.011 0.668 0.048 0.018 0.015 0.015 0.014 | 0.029  1.393 0.102 0.043 0.042 0.039 0.039
MAE | 0.022 0.344 0.024 0.009 0.008 0.007 0.007 | 0.017  0.707 0.050 0.021 0.021 0.019 0.019
Size 0.750 0.003 0.059 0.061 0.058 0.055 0.064 | 0.097  0.002 0.054 0.052 0.058 0.055 0.054

N =250, 02=1, o2 =1

a B
FE I\Y% GMM GMM v GMM  GMM FE I\% GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10

Bias | -0.247 -0.019 -0.035 -0.048 -0.002 -0.045 -0.099 | 0.011 -0.059 -0.144 -0.167 -0.060 -0.150 -0.188
IQR 0.027 0.488 0.115 0.084 0.225 0.161 0.134 | 0.073  2.367 0.577 0.417 1.323 0.756 0.531
MAE | 0.247 0.245 0.063 0.055 0.113 0.083 0.104 | 0.037 1.179 0.298 0.237 0.664 0.388 0.296
Size 1.000 0.003 0.040 0.113 0.020 0.065 0.198 | 0.050 0.001 0.035 0.069 0.010 0.025 0.059

T=25

Bias | -0.090 0.015 -0.017 -0.013 0.001 -0.004 -0.011 | 0.034 0.073 -0.053 -0.028 0.006 -0.002 -0.014
IQR 0.014 0.571 0.071 0.037 0.039 0.036 0.035 | 0.039  1.775 0.247 0.123 0.149 0.129 0.119
MAE | 0.090 0.288 0.037 0.020 0.020 0.019 0.020 | 0.034 0.896 0.125 0.064 0.075 0.064 0.061
Size 1.000 0.001 0.060 0.091 0.050 0.054 0.07754 0.221  0.001 0.053 0.066 0.051 0.052 0.053

T =50

Bias | -0.044 0.041 -0.010 -0.005 -0.001 -0.002 -0.004 | 0.022 0.106 -0.024 -0.006 0.000 -0.001 -0.002
IQR 0.010 0.645 0.054 0.019 0.018 0.018 0.017 | 0.026  1.544 0.140 0.053 0.052 0.050 0.047
MAE | 0.044 0.322 0.027 0.010 0.009 0.009 0.009 | 0.022 0.789 0.069 0.027 0.026 0.025 0.024
Size 1.000 0.001 0.059 0.058 0.052 0.050 0.0563 | 0.217  0.001 0.057 0.051 0.046 0.050 0.049

T =100

Bias | -0.021 0.071  -0.007 -0.001  0.000 0.000  -0.001 | 0.012 0.150 -0.013 -0.001  0.001 0.000 0.001
IQR 0.007 0.675 0.040 0.012 0.010 0.009 0.009 | 0.018  1.404 0.085 0.028 0.025 0.024 0.025
MAE | 0.021 0.341 0.021 0.006 0.005 0.005 0.005 | 0.013  0.700 0.045 0.014 0.013 0.012 0.012
Size 0.987 0.003 0.063 0.063 0.052 0.054 0.058 | 0.152  0.003 0.058 0.050 0.051 0.048 0.048

Table 2.3:




Table 2.3(cont.): Trend model: ae = 0.4, g = 1.0,

N=50, 62=5 03=1
o B
FE v GMM GMM v GMM GMM | FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10
Bias | -0.247 -0.007 -0.106 -0.115 -0.024 -0.129 -0.231 | 0.009 0.054 -0.196 -0.190 -0.139 -0.167 -0.170
IQR | 0.062 0.632 0207 0125 0.510 0.261  0.193 | 0.160 3.398  0.782  0.472 2.720 0963  0.613
MAE | 0.247 0.320 0.124 0.116 0.259  0.160 0.231 | 0.080 1.665 0.417 0.269 1.389  0.500  0.331
Size | 1.000 0.005 0.084 0249 0.014 0.117  0.369 | 0.063 0.002 0.054 0.077 0.003 0.038  0.066
T =25
Bias | -0.092 0.025 -0.033 -0.036 -0.002 -0.020 -0.041 | 0.034 0.084 -0.079 -0.055 0.010 -0.022 -0.031
IQR | 0.032 0717 0.103 0.057 0.092 0.076  0.063 | 0.089 2.242 0.330 0.191 0.336  0.266  0.201
MAE | 0.092 0.362 0.055 0.040 0.046 0.041  0.045 | 0.049 1.120 0.170  0.102 0.168  0.133  0.102
Size | 0.958  0.001 0.067 0.120 0.052  0.073  0.140 | 0.094 0.001  0.053 0.067 0.050 0.056  0.059
T = 50
Bias | -0.045 0.046 -0.017 -0.014 0.001 -0.005 -0.012 | 0.024 0.128 -0.039 -0.014 0.001 -0.002 -0.003
IQR | 0.022 0733 0075 0.038 0.040 0.038 0.035 | 0.057 1.801 0.180  0.098 0.113  0.099  0.091
MAE | 0.045 0.372 0.038 0.021 0.020 0.019 0.019 | 0.033 0.910 0.092 0.050 0.057 0.050  0.046
Size | 0.758  0.002 0.081 0.094 0.051  0.055 0.086 | 0.095 0.002 0.066 0.055 0.060 0.056  0.058
T = 100
Bias | -0.021 0.078 -0.009 -0.006 0.000 -0.002 -0.005 | 0.012 0.168 -0.018 -0.004 0.001 0.001  0.001
IQR | 0.015 0656 0053 0.023 0.022 0.021  0.021 | 0.040 1.349 0.111  0.058 0.059  0.056  0.054
MAE | 0.021 0.343 0.026 0.012 0.011 0.010 0.011 | 0.021 0.706  0.058  0.030  0.029  0.028  0.027
Size | 0.456  0.007 0.058 0.072 0.055 0.055 0.063 | 0.082 0.007 0.062 0.054 0.056 0.050  0.056
N =100, 62 =5, 03 =1
o B
FE v GMM GMM v GMM GMM | FE v GMM GMM v GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T=10
Bias | -0.245 -0.023 -0.078 -0.081 -0.009 -0.087 -0.168 | 0.013 -0.101 -0.228 -0.195 -0.024 -0.179 -0.198
IQR | 0.045 0632 0171 0108 0.373 0.214  0.160 | 0.120 3.055 0.716 0.466  2.103  0.855  0.565
MAE | 0.245 0.320 0.100 0.083 0.186  0.124  0.169 | 0.061 1.500 0.385 0.261 1.056  0.457  0.321
Size | 1.000 0.002 0.067 0.173 0.013 0.077  0.275 | 0.056 0.003  0.038 0.090 0.004 0.040  0.070
T =25
Bias | -0.090 0.029 -0.030 -0.025 0.001 -0.010 -0.024 | 0.035 0.111 -0.079 -0.050 0.010 -0.008 -0.026
IQR | 0.023 0705 0.095 0.049 0.063 0.056  0.050 | 0.060 2.207 0.295 0.167 0.235 0.195  0.163
MAE | 0.090 0.354 0.052 0.031 0.032 0.029 0.031 | 0.040 1.086 0.164 0.089 0.118 0.099  0.081
Size | 0.999  0.002 0.062 0.092 0051 0.053 0.095 | 0.114 0.001 0.057 0.061 0.044 0.052  0.057
=50
Bias | -0.044 0.060 -0.016 -0.009 0.001 -0.002 -0.006 | 0.023 0.151 -0.035 -0.012 0.000 -0.002 -0.002
IQR | 0.016 0.682 0.064 0031 0.029 0.027 0.026 | 0.038 1.682 0.157 0.082 0.083  0.077  0.073
MAE | 0.044 0.350 0.035 0.016 0.014 0.013 0.014 | 0.026 0.844 0.083 0.041 0.042 0.039  0.036
Size | 0.956  0.002 0.050 0.079 0.058  0.060 0.074 | 0.113 0.001 0.045 0.055 0.060 0.052  0.054
T = 100
Bias | -0.022 0.083 -0.009 -0.003 0.000 -0.001 -0.002 | 0.012 0.182 -0.016 -0.003 0.000 0.000  0.000
IQR | 0.011 0676 0049 0.018 0.015 0.015 0.014 | 0.029 1.394 0.102 0.044 0.042 0.039  0.039
MAE | 0.022 0.344 0.025 0.009 0.008 0.007 0.007 | 0.017 0.703 0.051 0.022 0.021  0.019  0.019
Size | 0.750  0.003 0.062 0.060 0.058  0.055 0.064 | 0.097 0.002 0.052 0.051 0.058 0.055  0.054
N =250, 02=5, 03 =1
o B
FE v GMM GMM v GMM GMM | FE v GMM GMM vV GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10
Bias | -0.247 -0.009 -0.057 -0.053 -0.002 -0.045 -0.099 | 0.011 0.012 -0.205 -0.199 -0.060 -0.150 -0.188
IQR | 0.027 0534 0145 0.090 0.225 0.161  0.134 | 0.073 2.544  0.670  0.423  1.323  0.756  0.531
MAE | 0.247 0.267 0.084 0.059 0.113 0.083 0.104 | 0.037 1.266 0.354 0.261 0.664 0.388  0.296
Size | 1.000  0.001 0.048 0.123 0.020 0.065 0.198 | 0.050 0.001 0.035 0.075 0.010 0.025  0.059
T =25
Bias | -0.090 0.024 -0.023 -0.015 0.001 -0.004 -0.011 | 0.034 0.094 -0.072 -0.038 0.006 -0.002 -0.014
IQR | 0.014 0572 0083 0.039 0.039 0.036 0.035 | 0.039 1.775 0.265 0.142 0.149  0.129  0.119
MAE | 0.090 0.288 0.043 0.022 0.020 0.019 0.020 | 0.034 0.889  0.143 0.076  0.075  0.064  0.061
Size | 1.000  0.001 0.063 0.096 0.050 0.05455 0.077 | 0.221  0.001  0.053  0.067 0.051  0.052  0.053
T = 50
Bias | -0.044 0.043 -0.012 -0.005 -0.001 -0.002 -0.004 | 0.022 0.112 -0.030 -0.008 0.000 -0.001 -0.002
IQR | 0.010 0.643 0.058 0.021 0.018 0.018 0.017 | 0.026 1.536  0.147  0.058 0.052  0.050  0.047
MAE | 0.044 0.320 0.031 0011 0.009 0.009 0.009 | 0.022 0.778 0.077 0.030 0.026  0.025  0.024
Size | 1.000  0.001 0.060 0.061 0.052 0.050  0.053 | 0.217 0.002 0.056  0.058 0.046  0.050  0.049
T = 100
Bias | -0.021 0.073 -0.008 -0.001 0.000 0.000 -0.001 | 0.012 0.147 -0.016 -0.001 0.001  0.000  0.001
IQR | 0.007 0682 0043 0.012 0.010 0.009 0.009 | 0.018 1.412 0.091 0.030 0.025 0.024  0.025
MAE | 0.021 0.342 0.022 0.006 0.005 0.005 0.005 | 0.013 0.702 0.047 0.015 0.013  0.012  0.012
Size | 0.987  0.003 0.059 0.063 0.052 0.054 0.058 | 0.152 0.003 0.056 0.052 0.051 0.048  0.048




Table 2.4: Trend model: a = 0.8, 5 = 1.0,

N=50, 62=1, 03 =1
o B
FE v GMM GMM v GMM  GMM FE I\ GMM GMM v GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10
Bias | -0.365 -0.091 -0.390 -0.301 -0.184 -0.370 -0.488 [ -0.099 0.125 -0.234 -0.379 -0.559 -0.406 -0.355
IQR | 0.063 1.181 0.322 0.171 1.251  0.369  0.249 | 0.153  3.577 0.805 0.467 3.756  0.885  0.583
MAE | 0.365 0.569 0.390 0.301  0.671  0.373  0.48% | 0.109 1.801 0.434 0.386 1.968  0.529  0.405
Size | 1.000 0.004 0275 0.682 0.010 0.303 0.782 | 0.162 0.002 0.050 0.207 0.004 0.067  0.138
T =25
Bias | -0.122 0.008 -0.084 -0.085 0.001 -0.086 -0.106 | 0.013  0.077 -0.131 -0.133 0.028 -0.156 -0.131
IQR | 0.029 0662 0110 0.065 0.399 0.113  0.077 | 0.086 2.043 0.320 0.191 1.011  0.316  0.222
MAE | 0.122 0.330 0.085 0.085 0.198 0.091 0.106 | 0.044 1.024 0.179 0.142 0.507 0.195  0.145
Size | 1.000 0.001  0.120 0422 0.002 0.168 0.492 | 0.071 0.002 0.064 0.159 0.004 0.107  0.135
T = 50
Bias | -0.054 0.022 -0.037 -0.036 0.002 -0.025 -0.036 | 0.024 0.115 -0.070 -0.055 0.002 -0.037 -0.039
IQR | 0.017 0577 0.068 0.039 0.080 0.051  0.039 | 0.057 1.129 0.165 0.108 0.187 0.132  0.106
MAE | 0.054 0.288 0.041 0.036 0.040 0.032 0.037 | 0.032 0582 0.091 0.066 0.094 0.070  0.060
Size | 0.995 0.001 0.111 0272 0.034 0.093 0.256 | 0.094 0.007 0.079 0.122 0.036  0.065  0.090
T = 100
Bias | -0.025 0.059 -0.019 -0.015> 0.000 -0.006 -0.011 | 0.016 0.113 -0.029 -0.018 0.000 -0.004 -0.006
IQR | 0.010 0447 0.044 0.023 0.027 0.023  0.020 | 0.039 0.699 0.090 0.059 0.065 0.057  0.056
MAE | 0.025 0.225 0.025 0017 0013 0.012 0.013 | 0.023 0372 0.048 0.032 0.033 0.029  0.028
Size | 0.918 0.006 0.088 0.157 0.049 0.072  0.138 | 0.092 0.007 0.074 0.075 0.057 0.067  0.067
N =100, 62 =1, 0% =
o B
FE v GMM GMM v GMM GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T=10
Bias | -0.362 -0.091 -0.352 -0.250 -0.187 -0.315 -0.428 | -0.098 -0.002 -0.318 -0.446 -0.577 -0.498 -0.435
IQR | 0.046 1.174 0316 0.166  1.203  0.324  0.227 | 0.118 3.279  0.756  0.444 3.752  0.847  0.570
MAE | 0.362 0.567 0.352 0.250 0.623  0.320 0.428 | 0.100 1.640 0.442 0.446 1.928  0.578  0.451
Size | 1.000 0.000 0.236 0.572 0.007 0.254 0.735 | 0.245 0.000 0.052 0.275 0.001  0.086  0.172
T =25
Bias | -0.122 -0.009 -0.073 -0.075 0.003 -0.073 -0.091 | 0.014 0.109 -0.141 -0.149 0.025 -0.148 -0.156
IQR | 0.020 0735 0.103 0.060 0.280 0.113  0.074 | 0.060 1.923 0.304 0.172 0.755 0.295  0.195
MAE | 0.122 0.367 0.076 0.075 0.140 0.079  0.091 | 0.032 0971 0.174 0.151 0.375  0.181  0.159
Size | 1.000 0.000 0.103 0.350 0.004 0.149  0.413 | 0.065 0.003 0.074 0.195 0.004 0.099  0.169
T = 50
Bias | -0.054 0.042 -0.034 -0.032 0.000 -0.015 -0.028 | 0.023 0.122 -0.072 -0.059 0.004 -0.022 -0.039
IQR | 0.012 0592 0060 0.036 0.060 0.043 0.034 | 0.039 1.145 0.145 0.096  0.140  0.108  0.091
MAE | 0.054 0.299 0.039 0032 0.030 0.024 0.028 | 0.026 0575 0.090 0.066 0.070  0.056  0.052
Size | 1.000 0.001 0.077 0231 0050 0.071  0.210 | 0.116 0.004 0.073 0.137  0.052  0.057  0.101
=100
Bias | -0.025 0.055 -0.016 -0.011 0.000 -0.003 -0.007 | 0.015 0.104 -0.026 -0.016 -0.001 -0.003 -0.006
IQR | 0.007 0431 0.041 0.020 0.018 0.017 0.015 | 0.029 0.651 0.080 0.046  0.045 0.042  0.040
MAE | 0.025 0.215 0.022 0.013 0.009 0.009 0.009 | 0.018 0.348 0.042 0.026 0.023  0.021  0.020
Size | 0.998 0.003 0.064 0.114 0.051 0.063 0.092 | 0.126 0.009 0.069 0.074 0.062 0.062  0.062
N =250, 62 =1, 0% =
o B
FE v GMM GMM v GMM GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T=10
Bias | -0.365 -0.070 -0.322 -0.211 -0.159 -0.258 -0.354 | -0.100 -0.032 -0.405 -0.484 -0.504 -0.566 -0.535
IQR | 0.029 0952 0296 0.154 1.178 0.317  0.212 | 0.070 2.496 0.659  0.426  3.560  0.817  0.531
MAE | 0.365 0.475 0.322 0211 0.607 0.270  0.354 | 0.100 1.249 0.463 0.484 1.858  0.607  0.536
Size | 1.000 0.002 0.235 0.499 0.007 0.211  0.620 | 0.483  0.002 0.071  0.340  0.002  0.105  0.259
T =25
Bias | -0.121 -0.011 -0.059 -0.062 -0.004 -0.059 -0.076 | 0.013  0.076  -0.144 -0.154 0.001  -0.137 -0.159
IQR | 0.013 0713 0.093 0.059 0.176  0.099  0.066 | 0.038 1.746  0.258 0.176  0.469  0.257  0.174
MAE | 0.121  0.355 0.063 0.062 0.088 0.065 0.076 | 0.021 0.866 0.165 0.155 0.235 0.161  0.160
Size | 1.000 0.001 0.088 0.307 0.015 0.128  0.3535¢ 0.071 0.003 0.071 0.241  0.015  0.097  0.224
=50
Bias | -0.054 0.034 -0.027 -0.024 -0.001 -0.009 -0.018 [ 0.022 0.095 -0.056 -0.051 -0.001 -0.017 -0.031
IQR | 0.008 0570 0.055 0.030 0.035 0.030 0.026 | 0.025 1.094 0.129 0.081 0.085 0.074  0.064
MAE | 0.054 0.288 0.033 0.025 0017 0.016 0.019 | 0.022 0561 0.073 0.056 0.043 0.038  0.038
Size | 1.000 0.001 0.079 0.167 0.043 0.060 0.146 | 0.215 0.005 0.067 0.139  0.046  0.055  0.090
=100
Bias | -0.025 0.051 -0.014 -0.007 0.000 -0.001 -0.003 | 0.015 0.096 -0.024 -0.011 0.001 -0.001 -0.003
IQR | 0.005 0458 0.035 0.015 0.012 0.010 0.010 | 0.018 0.735 0.067 0.035 0.029  0.028  0.027
MAE | 0.025 0.240 0.020 0.009 0.006 0.005 0.006 | 0.015 0.388 0.038 0.019 0.015 0.014 0.014
Size | 1.000 0.001 0.064 0.092 0.059 0.050 0.071 | 0.217 0.007 0.060 0.065 0.050  0.048  0.054




Table 2.4(cont.): Trend model: a = 0.8, = 1.0,

N=50, 62=5 03=1
o B
FE v GMM GMM v GMM  GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10
Bias | -0.365 -0.057 -0.407 -0.302 -0.184 -0.370 -0.488 | -0.099 0.106 -0.146 -0.376 -0.559 -0.406 -0.355
IQR | 0.063 1.170 0.335 0.173 1.251  0.369  0.249 | 0.153 3.291 0.832 0.475 3.756  0.885  0.583
MAE | 0.365 0.580 0.408 0.302 0.671  0.373  0.48% | 0.109 1.639  0.421  0.383 1.968  0.529  0.405
Size | 1.000 0.004 0.280 0.683 0.010 0.303 0.782 | 0.162 0.001  0.042 0.198 0.004 0.067  0.138
T =25
Bias | -0.122 0.006 -0.103 -0.087 0.001 -0.086 -0.106 | 0.013  0.097 -0.100 -0.137 0.028 -0.156 -0.131
IQR | 0.029 0644 0.122 0.065 0.399 0.113  0.077 | 0.086 1.972 0.363 0.191 1.011  0.316  0.222
MAE | 0.122 0.323 0.103 0.087 0.198 0.091  0.106 | 0.044 0985 0.192 0.146 0.507 0.195  0.145
Size | 1.000 0.001 0.134 0431 0.002 0.168 0.492 | 0.071 0.002 0.050 0.165 0.004 0.107  0.135
T =50
Bias | -0.054 0.022 -0.044 -0.037 0.002 -0.025 -0.036 | 0.024 0.112 -0.075 -0.061 0.002 -0.037 -0.039
IQR | 0.017 0568 0.070 0.040 0.080 0.051  0.039 | 0.057 1.165 0.177 0.109 0.187 0.132  0.106
MAE | 0.054 0.284 0.046 0.037 0.040 0.032 0.037 | 0.032 0593 0.102 0.072 0.094 0.070  0.060
Size | 0.995 0.001 0.112 0279 0.034 0.093 0.256 | 0.094 0.006 0.073 0.115 0.036  0.065  0.090
T = 100
Bias | -0.025 0.063 -0.020 -0.015> 0.000 -0.006 -0.011 | 0.016 0.115 -0.032 -0.021 0.000 -0.004 -0.006
IQR | 0.010 0440 0.046 0.023 0.027 0.023  0.020 | 0.039 0.689 0.093 0.061 0.065 0.057  0.056
MAE | 0.025 0.224 0.026 0017 0.013 0.012 0.013 | 0.023 0.361 0.051 0.034 0.033 0.029  0.028
Size | 0.918 0.006 0.095 0.155 0.049 0.072  0.138 | 0.092 0.008 0.074 0.073  0.057 0.067  0.067
N =100, 62=5, 03 =1
o B
FE v GMM GMM v GMM  GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10
Bias | -0.362 -0.079 -0.380 -0.249 -0.187 -0.315 -0.428 | -0.098 -0.064 -0.212 -0.441 -0.577 -0.498 -0.435
IQR | 0.046 1.105 0.332 0.164 1.203 0.324  0.227 | 0.118 3.218 0.821  0.449 3.752  0.847  0.570
MAE | 0.362 0.567 0.380 0.249 0.623  0.320  0.428 | 0.100 1.608 0.432 0.444 1.928 0578  0.451
Size | 1.000 0.000 0.237 0.569  0.007 0.254 0.735 | 0.245 0.000 0.032 0.275 0.001  0.086  0.172
T =25
Bias | -0.122 -0.007 -0.093 -0.077 0.003 -0.073 -0.091 | 0.014 0.100 -0.135 -0.159 0.025 -0.148 -0.156
IQR | 0.020 0707 0.118 0.062 0.280 0.113  0.074 | 0.060 1.870  0.337  0.180 0.755  0.295  0.195
MAE | 0.122 0.353 0.094 0.077 0.140 0.079  0.091 | 0.032 0955 0.188 0.161 0.375 0.181  0.159
Size | 1.000 0.000 0.118 0.372 0.004 0.149  0.413 | 0.065 0.002 0.062 0.203 0.004 0.099  0.169
=50
Bias | -0.054 0.043 -0.040 -0.033 0.000 -0.015 -0.028 | 0.023 0.117 -0.081 -0.068 0.004 -0.022 -0.039
IQR | 0.012 0583 0065 0.037 0.060 0.043 0.034 | 0.039 1.156 0.163 0.104 0.140  0.108  0.091
MAE | 0.054 0.296 0.043 0.034 0.030 0.024 0.028 | 0.026 0.582 0.099 0.073 0.070  0.056  0.052
Size | 1.000 0.001 0.085 0250 0.050 0.071  0.210 | 0.116 0.004 0.069 0.153 0.052  0.057  0.101
T = 100
Bias | -0.025 0.054 -0.018 -0.012 0.000 -0.003 -0.007 | 0.015 0.106 -0.030 -0.020 -0.001 -0.003 -0.006
IQR | 0.007 0430 0.043 0.021 0.018 0.017 0.015 | 0.029 0.653 0.084 0.050 0.045 0.042  0.040
MAE | 0.025 0.219 0.024 0.013 0.009 0.009 0.009 | 0.018 0.347 0.045 0.029 0.023  0.021  0.020
Size | 0.998 0.003 0.068 0.115 0.051  0.063 0.092 | 0.126 0.009 0.064 0.077 0.062 0.062  0.062
N =250, 02=5, 03 =1
o B
FE v GMM GMM v GMM GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10
Bias | -0.365 -0.065 -0.361 -0.213 -0.159 -0.258 -0.354 | -0.100 -0.028 -0.311 -0.508 -0.504 -0.566 -0.535
IQR | 0.029 0949 0318 0.153 1.178 0.317  0.212 | 0.070 2.545 0.770  0.426  3.560  0.817  0.531
MAE | 0.365 0.469 0.361 0213 0.607 0.270  0.354 | 0.100 1.269 0.455 0.509 1.858  0.607  0.536
Size | 1.000 0.002 0.228 0.500 0.007 0.211  0.620 | 0.483  0.001  0.042 0.351  0.002 0.105  0.259
T =25
Bias | -0.121  0.003 -0.080 -0.068 -0.004 -0.059 -0.076 | 0.013  0.088 -0.175 -0.175 0.001 -0.137 -0.159
IQR | 0.013 0692 0111 0.061 0.176  0.099  0.066 | 0.038 1.698 0.314 0.180 0.469  0.257  0.174
MAE | 0.121  0.346  0.082 0.068 0.088  0.065 0.076 | 0.021 0.845 0.197 0.175 0.235 0.161  0.160
Size | 1.000 0.000 0.082 0.335 0.015 0.12857 0.353 | 0.071  0.002 0.070 0.261  0.015  0.097  0.224
T = 50
Bias | -0.054 0.039 -0.037 -0.028 -0.001 -0.009 -0.018 [ 0.022 0.099 -0.079 -0.064 -0.001 -0.017 -0.031
IQR | 0.008 0572 0.065 0.033 0.035 0.030 0.026 | 0.025 1.121  0.152  0.092 0.085 0.074  0.064
MAE | 0.054 0.287 0.042 0.028 0.017 0.016 0.019 | 0.022 0564 0.091 0.067 0.043 0.038  0.038
Size | 1.000 0.001 0.079 0.185 0.043 0.060 0.146 | 0.215 0.005 0.066 0.151  0.046  0.055  0.090
T = 100
Bias | -0.025 0.050 -0.018 -0.008 0.000 -0.001 -0.003 | 0.015 0.096 -0.030 -0.013 0.001 -0.001 -0.003
IQR | 0.005 0457 0.040 0.017 0.012 0.010 0.010 | 0.018 0.739 0.075 0.042 0.029  0.028  0.027
MAE | 0.025 0.239 0.024 0010 0.006 0.005 0.006 | 0.015 0.386 0.044 0.023 0.015 0.014 0.014
Size | 1.000 0.001 0.061 0.104 0.059 0.050  0.071 | 0.217  0.007 0.058 0.076  0.050  0.048  0.054




Chapter 3

Further Results on the Weak
Instruments Problem of the
System GMM Estimator in
Dynamic Panel Data Models

In this chapter, we investigate the weak instruments problem of GMM estimator for
dynamic panel data models. Bun and Windmeijer [2010] demonstrates that the system
GMM estimator combining models in first-differences and levels suffers from the weak
instruments problem when the variance ratio of individual effects to the disturbances is
large, which is mainly due to the model in levels. In this chapter, we alternatively con-
sider first-difference and level models transformed by forward GLS transformation, and
demonstrate that this transformation yields a higher concentration parameter compared
with original models. This indicates that this transformation yields stronger instru-
ments. Monte Carlo simulation results reveal that the system GMM estimator for the
transformed model, called the forward system GMM estimator, performs better than
the conventional system GMM estimator for models in first-differences and levels, and
the performance of the new system GMM estimator is reasonably well even when the
variance ratio is large.

'This is a joint work with Kazuhiko Hayakawa.
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3.1 Introduction

Dynamic panel data models have been used in a wide range of economic applications,
including labor economics, macro economics, finance and so on. Since the standard fixed
effects estimator is inconsistent when 7' is small and N is large where 7" and N denote
the sample sizes of time series and cross section[Nickell, 1981], alternative estimation
methods have been proposed. Among others, an instrumental variables approach have
been discussed extensively since the work of Anderson and Hsiao [1981]. Thereafter, the
generalized method of moments (GMM) estimators have been proposed by Holtz-Eakin
et al. [1988], Arellano and Bond [1991], Arellano and Bover [1995], Ahn and Schmidt
[1995], Blundell and Bond [1998] and so on. Holtz-Eakin et al. [1988] and Arellano and
Bond [1991] suggest to remove the fixed effect from the model by taking first-differences
and estimate those first difference model, denoted as DIF model, using lagged level
variables as instruments. Arellano and Bover [1995] suggest to consider level models,
denoted as LEV model, and suggest to lagged first-differenced variable as instruments.
They also suggest to consider a system model(SYS model) by combining DIF and LEV
models, and the corresponding GMM estimator is known as the system GMM estimator,
which is now a standard GMM estimator used in empirical studies. Blundell and Bond
[1998] and Blundell et al. [2000] investigate the weak instruments problem of these GMM
estimators and demonstrated that the GMM estimator for DIF models suffers from the
weak instruments problem when the persistency of data is strong and/or the variance
ratio of fixed effects to the error is large?. They also demonstrate that the the moment
condition for LEV models with first-differenced instruments remain informative even
when persistency is strong by showing that the reduced form coefficient has non zero
probability limit. Bun and Windmeijer [2010] investigate the weak instruments problem
in more detail by deriving the concentration parameter which is a formal measure of
strength of instruments. They consider DIF and LEV models and demonstrate that the
the weak instruments problem arises for both models when persistency is strong and/or
the variance ratio of fixed effects to the errors is large. What is important in their result
is that while the concentration parameter for DIF model remain positive even when the
variance ratio tends to infinity, that for LEV model converges to zero. This implies that
the weak instruments problem associated with the large variance ratio is more evident
for LEV models than DIF models.

In this chapter, we further investigate the weak instruments problem associated with
GMM estimation of dynamic panel data models. Although Bun and Windmeijer [2010]
consider DIF and LEV models, we consider alternative models. Specifically, as an alter-
native to DIF model, we consider models in forward orthogonal deviations(FOD model)
suggested by Arellano and Bover [1995], which is obtained by upper triangular GLS

2For finite sample properties of these GMM estimators, see Bun and Kiviet [2006], Hayakawa [2007,
2010].
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transformation to DIF models®. Also, as an alternative to the LEV model, we consider
a model introduced by Hayakawa [2010, 2015] where upper triangular GLS transforma-
tion is applied to LEV models. We call this transformed model the forward random
effect (FRE) model since the OLS estimator of that transformed model becomes the
random effect model. In this chapter, we investigate these two alternative FOD and
FRE models and derive their concentration parameters. Since it is difficult to derive
the concentration parameter in panel regression model, which can be seen as a system,
following Blundell and Bond [1998], Blundell et al. [2000], Bun and Windmeijer [2010],
we consider a cross-section regression at each period. Consequently, we demonstrate
that these two alternative FOD and FRE models yields larger or the same concentration
parameters than DIF and LEV models for all periods despite the same instruments are
used. Also, it is shown that the concentration parameter for LEV models tends to zero
as the variance ratio of fixed effects to the errors gets larger, whereas this is not the case
for FRE model; the concentration parameter for the FRE model remains positive even if
the variance ratio gets larger. Thus, the upper triangular GLS transformation mitigates
the weak instruments problem associated with the large variance ratio for FRE models.
This property affects the behavior of the system GMM estimator. Since the system
GMM estimator can be written as a weight sum of GMM estimators for DIF and LEV
models, it could suffer from the weak instruments problem when the variance ratio is
large, which is due to LEV models. However, if the FRE model is used instead of original
LEV model in the system, the corresponding system GMM estimator, which is called
the forward system GMM estimator, is less affected by the variance ratio. We confirm
these properties by extensive Monte Carlo simulation and show that the original system
GMM estimator for DIF and LEV models are vulnerable to the variance ratio while it is
not the case for the forward system GMM estimator for FOD and FRE models. Monte
Carlo simulation is carried out to investigate the finite sample behavior of several GMM
estimators. Consequently, we find that the forward system GMM estimator combining
FOD and FRE models is affected little by the variance ratio and tends to perform best
in terms of bias and accuracy of inference.

The rest of chapter is organized as follows. In section 2, we introduce the model and
GMM estimators, In section 3, we derive the concentration parameter for four models. In
section 4, we conduct a Monte Carlo simulation to investigate the finite sample properties
of the GMM estimator and finally in section 5, we conclude. Throughout the paper, we
use the notation T; =T — j.

3Note that the GMM estimators for DIF and FOD models are numerically equivalent if all past
variables are used as instruments[Arellano and Bover, 1995]. For further comparison of DIF and FOD
models, see Hayakawa [2009b] and Hsiao and Zhou [2015].
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3.2 Model and GMM estimator

We consider an AR(1) dynamic panel data model with fixed effects given by
Yit = QYip—1 + 1 + Vi, (i=1,2,...,N;t=1,2,...,7T) (3.1)

where |a|< 1, vy ~ 4id(0,02), n; ~ iid(O,Ufl) and v;; and 7; are uncorrelated. Further,
we assume that the initial conditions satisfy
Yio = SR/ +wi, (i=1,..,N)
1—«a

where w;g = Z;io al v; —;. With this initial condition, y;; becomes a covariance station-
ary process. These assumptions are used to simplify the theoretical derivation. Indeed,
some of them are not necessary for consistency of GMM estimators. For example, we
can allow for heteroskedasticity for vy such that Var(vy) = crizt. For more empirically
relevant model, see Section 3.4. In a matrix form, (3.1) can be written as

Yi = ay; 1 +nitr + Vi, (i=1,..,N) (3.2)

where y; = (yi1, -, ¥ir)’, ¥i—1 = Wio, - yir—1)'s tr = (1,...,1) and v; = (vi1, ..., vi7)’".

First, we introduce two GMM estimators considered by Bun and Windmeijer [2010]
and then introduce alternative GMM estimators.

3.2.1 First difference (DIF) Model

The first-difference model is given by
Ayt :aAth_l + Awvjy, (’l = 1,...,N;t:2,...,T) (33)

where Ay = yit — Yig—1, AYis—1 = Yii—1 — Yi—2 and Avy = vy — v;—1. Since
Yis, (s = 0,...,t — 2) are uncorrelated with Awv;, but correlated with Ay; 1, they can
be used as instruments. Specifically, we have moment conditions E(z7Av;) = 0 for
t=2,..,T where z5) = (y;4—1-0,-,yit—2) , (¢ =1,...,t — 1)%. Note that £ denotes the
number of instruments used in each period. For example, if £ =t — 1, all past variables
are used as instruments while if £ = min{3,¢— 1}, most recent three-lagged variables are
used in each period at the maximum.

In a matrix form, taking the first-differences is equivalent to multiplying the matrix

41f the model (3.1) contains a global constant such that y;: = p + ayst—1 + 17: + vie, Han and Kim
[2014] suggest to include a constant term in the instruments such that z5 = (1,yit—1-¢, -, Yit—2) -
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Dy to (3.2) where 77 x T matrix Dy is defined as
-1 1 0 0
0 -1 1
Dr =
0 -1 1
The first-difference model (3.3) can be written in a matrix form as follows:

Ay, = aAy; 1 + Avy, (i=1,..,N)

where Ay’t = DTYZ = (Ayi27 '-'aAyiT),a Ayi7—1 = DTYi,fl = (Ayil) "'7Ayi,Tfl)/7 and
Av; = Dpv; = (Avja, ..., Avyr). The moment conditions can be written as

E(ZP'Av;) =0

-1
where ZP = diag(z%/,...,z5"). The GMM estimator using (Zf\il ZiD'ZlD) as the
weighting matrix is given by

aD _ (Zf\; AY;,—lzzp) (sz\il ZiD/ZiD) B (sz\; Zil)/Ayi> . (3.4)

<Zz]i1 AY;,—1ZZD> (Zfil ZiD/Z’iD>_1 <Zz]\;1 ZiD,AYi,—l)

-1
Similarly, the GMM estimator using (Zf\il ZZD/DTD/TZZD) as the weighting matrix
is given by

-1
o (ZNiayzP) (oY zPoemyzl) (XX, zPAy;) s
o = .

—1
N N N
(TN, Ay, 2P) (S, 2P DeDyzP) (S, 2P Ay, )

where D7D/, is a matrix with 2’s on the main diagonal, —1’s on the first sub-diagonal
and 0’s otherwise. Since Var(ZP'Av;) = 02E(ZP'DrD%ZP), aP is an asymptotically
efficient one-step GMM estimator.

3.2.2 Level (LEV) model
We consider model in levels
Yit = QUi t—1 + Uit, (i=1,.,N;t=2,..T) (3.6)

where u;; = 1; + vig. Under the assumption of mean-stationarity, since Ay, (s =
1,...,t — 1) are uncorrelated with wu; = 7; + vit, but correlated with y;;—1, they can
be used as instruments. Specifically, we have moment conditions E(ziLtuit) = 0 where
zh = (Ayiyo, -, Ayie1) ,(0=1,..,t—1).
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In a matrix form, the model (3.6) can be written as
Vi=ay, i+, (i=1,..,N) (37)

where y; = Lry; = (yi2, - %) ¥i—1 = Lry, 1 = Wi, ¥ir-1), 0 = Lyw; =
(w2, ..., uip)" and Ly = (07, Ip ) with 07 = (0,...,0). The moment conditions can be
written as

E(ZFw) =0

-1
where ZF = diag(zk,...,z%). The GMM estimator using (Zfil ZiL’ZZ-L) as the
weighting matrix is given by

L (St (shozi) (st .

1
N . N N .
(Zi:l yg,—lziL> <Zi:1 ZzL/ZiL) (Zizl ZiLlyl}—1>

Note that different from first difference model, there is no asymptotically efficient one-
step GMM estimator.

The GMM estimators &” and &% are considered in Bun and Windmeijer [2010].

Next, we consider alternative models that are variants of DIF and LEV models..

3.2.3 Forward orthogonal deviation (FOD) Model

In DIF model, since Var(Dpv;) = O'BDTD/T, the error in DIF model is serially corre-
lated. To correct for the serial correlation, we use the following transformation matrix,
which is a GLS transformation in DIF model:

Fr = (D;D}) "’ Dy,

-1

where (DTD})A/ % is the upper triangular Cholesky factorization of (D7D/)~". The

specific form of Fr, (11 x T) is given by the following:®

1 1 1 1 1
% O I =773 —77 TT—1 T—1 ~ T-1
0 1 1 -t 1 __1
Ty T2 =) T—2 T2
Fp = h P : : : :
1 1
: 0 0 0 1 —3 -3
O 2] L0 o 0 - 0 1 -1 |

Note that F/.Fp = Ip — vyt /T and FpF7, = I, Multiplying Fr to (3.2), we have

yi =ay; 1 +Vi, (t=1,..,N) (3.9)

5This form is derived in Arellano and Bover [1995].
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* _ * * / * _ _ * * / * R
where yi = Fry; = (471, ¥ir-1)s Y1 = Fryi 1 = W0, - ¥ir0), vi = Frvi =
* * /
(vil,...,vi’T_l) and

s, C Yigrr o Uir I I N
Yit t | Yit T_¢ ) Yit—1 t |Yit—1 T_1¢ )
ot = o |y, Vil Ui o — -t
N Tt TV T

The tth row of (3.9) can be written as
Yir = QY41 + Vi, (i=1,...N; t=1,..,T —1). (3.10)

Note that if Var(vi) = 02 and Cov(vit,vis) = 0 for s # t, then Var(v},) = o2 and
Cov(v},v),) = 0 for t # s. Note also that a pooled OLS estimator of (3.10) becomes
identical to the fixed effects estimator.

Since yis, (s = 0,...,t — 1) are uncorrelated with v};, but correlated with Y;i_1, they
can be used as instruments. Specifically, we have moment conditions F(zl;v}) = 0 for
t =1,..,T — 1 where z] = (yi7t_g,--~,yiyt,1)/,(€ = 1,..,t). In a matrix form, the

moment conditions can be written as
E(Z{'vi)=0 (3.11)

-1
where Z!" = diag(zl}, ...,z ). The GMM estimator using (Zf\il Zf’Zf) as the
weighting matrix is given by

—1
N * N N *

o (ZNviazn) (shiziel) (Sl

o = . (3.12)

(SN, vi2h) (S zizd) (S 2y )

Note that since Var(ZI'v¥) = 02E(ZI"ZI), @ is an asymptotically efficient one-step

GMM estimator when v;; is iid.

3.2.4 Forward random effect (FRE) model

The FOD model above is obtained by upper GLS transformation for DIF models to
account for serial correlation in Avy. The same strategy can be applied to LEV models.
Since Var(w;) = ojenty, + ool = 053, 1 where Zyqy = reqey + Iy and r =
0727 /o2, the error term in LEV model 1; is serially correlated . To correct for this serial
correlation, we can use the GLS principle by multiplying 2;}/12 to the model (3.7),
which is used to obtain so-called the random effects estimator. However, although an
alternative expression of 2;11/ % is derived by Wansbeek and Kapteyn [1982, 1983], it
cannot be used in this context, because it is not upper triangular and past variables
cannot be used as instruments. Alternatively, we can use an upper triangular form of
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2;}/12 derived in Hayakawa [2010, 2015]. The specific form of 2;}/12, (Th x T) is given
by

—1/2
Ry, = zu’T/l

g Ti-1+1 |-2+1
= dlag 1 ) - 10 17
i+ Ty -1+ 2+ 1+
—1 n

r —1 —1
e T (3.13)
0 1 -1 O
Ty —2+1 T1—2+1
0 0 1
X
-1
1 @
00 o 1 |
By multiplying Rp, given by (3.13) to the model (3.7), we have
yi =ay; | +uf (i=1,..,N) (3.14)

Where yj_ = RTle - (yz27 . 7sz)/ yz -1 = RTIYZ -1 — (y117' 7y1T 1)/ + - RTlﬁi =
(uig, ...,ujT)/ . Note that due to the upper triangular nature of Ry, ut is composed
with future errors w;s,(s = t+ 1,...,7) and past errors u;s, (s = 1,...,t — 1) are not
included. This structure is particularly important when estimating with past variables

as instruments.

The tth row of (3.14) can be written as®

yh = oyl tul,  (i=1,.,N; t=2,.T) (3.15)
where
Yit+1+ -tV . .
y:g _ dt(yit_%#> (t=1,.,.N; t=2,..,T—1)
dryir (i=1,...,N; t=T),
it . dy <yi,t—1_%) (i=1,.,.N;t=2,..,T—1)
L= I
o dryir1 (i=1,.,N; t=T),
= e B kbl (=10 £ =2, T )
1
dru;r (i=1,..,N; t=T),

6See Hayakawa [2015]
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where
T—t+1 d, 1
—1 y f— 1 =
T—t+1+1 r(T —t+ 1) T¢T_t+1+%¢T_t+1

Vi1 + 0+ U7
U;'t_ = dt (Uit — .

T—t+1

Note that if Var(vi) = o2 and Cov(vi, vis) = 0 for s # t, then Var(uj,) = o2 and
Cov(uj;,uj) = 0 for t # s. Since a pooled OLS estimator of (3.15) becomes identical
to random effect estimator, we call the model (3.15) the forward random effect model.
Under the assumption of mean-stationarity, since Ay;s, (s = 1,...,¢t — 1) are uncorrelated
with u;, but correlated with y; ;—1, they can be used as instruments. Specifically, we have
moment conditions E(zfu}) = 0 where 2 = (Ayis—o,- -+, Ayiz—1) , (0 =1,...,t = 1).

In a matrix form, the moment conditions can be written as
E(ZFul) =0

-1
where ZI' = diag(z%,...,z[). The GMM estimator using (Zf\il Zf’Zﬁ) as the
weighting matrix is given by

(St ) (a2 o

—1
N N N
(S yiazf) (o, z0z8) - (S, 20y

~R

Note that the GMM estimator &' is infeasible since the transformation matrix R
contains unknown parameter. A feasible estimator that allows for heteroskedasticity in
v;+ 18 considered in Section 3.4.

3.2.5 Unified model

To provide a systematic analysis, we reformulate the above four models (3.3),(3.6),
(3.9) and (3.15) in a unified model. For t = 2,...,T, let (Yit,Yii—1,Uit, 2;z) denote
(Ayit, Ayi -1, Ay, zfg) for DIF model, (¥it, ¥it—1, Wit, Zt) for LEV model,
(yzt_l,yit_g,u;t_l,zft_l) for FOD model, and (yit,yivt_l, 7 zl}) for FRE model, re-
spectively. The cross section regression for the unified model at the tth period is given
by

Yit = OY; t—1 + Vi, (i=1,..,N) (3.17)
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with the moment condition F(z; ;) = 0. In a matrix form, we have E(z;ﬁl) = 0. The
GMM estimators (3.4), (3.8), (3.12) and (3.16) can be written as

(CX 72 (SN, 22) (SY257)

(C7z) (22 22) (S Z5.)

o =

Note that, using the fact that (Zf\i 1 Z;Z) is a block-diagonal matrix, o can be rewritten
as

a = Zt 2~/ 1Zt(z Zt Zt}’t Zwtat
Zt:Q ?2—1Zt(ztzt) Zth 1 t=2

where y, 1 = (Y141, -, YN ,t—1)’, Z; = (Z1t, -, zne)" and yy = (G1e, -, UNE)'
S P N2
a, = Y{t—lzt(ztzt) 1Zth
= = == =7
y;—lzt(ztzt)_ltht—l

is a cross-section 2SLS estimator at period ¢, and

Vi1 Zi(Z,2) 23

—14t t -1

wp = _tlff,~ . (3.18)
Yoo Vio1Zt(Z,24) 2,y 4

Thus, we can interpret that the GMM estimator & is weighted average of cross-section

two-stage least squares (2SLS) estimator at each period with weight wy.

3.3 Concentration Parameter

We now assess the strength of instruments in the above four models by deriving the
concentration parameter(CP). Since it is difficult to derive the CPs in panel regression
model, we consider a cross-section regression at tth period. The same strategy is used
in Bun and Windmeijer [2010] as a measure to strength of instrument.

The two-stage cross section regression for the unified model at the tth period is given
by

Yit = OYit—1 + Ui, (i=1,..,N),

Yit—1 = T 1Zit + Tt
. SURSUENNEE R
Then, using 7 = [E (zitzét)] E(zit¥it—1) and Var(ry) = E [(yzt 1— tm) }, the
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expected concentration parameter is given by
" ~ ~ e \1=1 e~
B (2uZy ) T B E (Zu¥iz—1) [E (Zazy)] " E(Zalii—1)

Ch Var(ry) - ~9 = ~ ! = = \1=L (ot~ '
i E(51) = B @fia) [E @) B (@)

The following Theorem 1 is the concentration parameter for DIF and LEV models
at tth period.

Theorem 6. The concentration parameter for cross-section regression of DIF model
denoted by CPP and LEV model denoted by CPF at period t are given by

B (1 —a)?[1+7r(—1)] B

ORP = 1—a?)+r(1+a)[(l+1)— (¢ —1)a]’ t=2..1), (3.19)
B (1-a)% B

opL - a0 =27 (3.20)

This Theorem extends the analysis of Bun and Windmeijer [2010] in such a way that
a particular choice of lag length of instruments £ is allowed.
The following Theorem 2 is the concentration parameter for FOD and FRE models.

Theorem 7. The concentration parameter for cross-section regression of FOD model,
denoted by CPF, and FRE model, denoted by CP[F, at period t are given by

P v (1= a)’[L+7(L—1) )
s (W2 r+e(l—7)] (1—-a?)+@1r(l+a)[(0+1)— ((—1)a]’ (t=2,..T)

(3.21)
et (t=2,...,T - 1)
r 2 - g ey

CPR — [(1;3)4—%}(1+a)[Z—&-l—(é—l)a]_g(l_a)z .

| Uels (t=T) :

(%-&-r)(1+o¢)[€+1—(e_1)a]_(1_a)2€
where
/ T—t+1
aPr_i41 1—ao? 1 » ,

g=1-—T ;= = 1—af = 2

Vi1 T—t+1 0= T4 ¥ (T—t+1)2 jz;( o)t r(T—tB 3)

From these theorems, we have several remarks. First, we find that C PP = CP}" and
CP}l = CPF for t = T regardless of r. We also find that CPP = CP} for all t when
r = 1, which is consistent with Bun and Windmeijer [2010]. Second, as documented
in Bun and Windmeijer [2010], one of the most important implications for DIF and
LEV models is the asymmetric effect of r. In DIF model, even if 7 gets larger C PP
does not converges to zero. Hence even if r is large, the DIF model keeps the strength
of instruments to some extent. However, this is not the case for LEV model. From
(3.20), it is found that as r gets larger, C P} tends to zero, which indicates that the
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instruments are very weak when r is large. This led Bun and Windmeijer [2010] to
conclude that the system GMM estimator which is a linear combination of DIF and
LEV model suffers from the weak instruments problem when r is large. However, for
FRE models, from (3.22), we find that the CP/ does not tend to zero even when r
gets larger, and the FRE model keeps the strength of instruments to some extent even
when r is large. Thus, the FRE model is robust to large r compared with the LEV
model in terms of strength of instruments and expected to perform better in practice.
The reason behind this results lies in the behavior of E(y}fit_l) that appears in the
denominator of the concentration parameter. In LEV models, we have y; ;—1 = y; ;1 and
E@_1) = EW;, ) =[r/(1—a)*+1/(1—a?)]o? diverges as r gets larger(with o7 being
fixed). However, for the FRE model, since y; ;—1 = y;;_l and E@?,t_l) = E[(y:t_l)Q] has
the form given in (3.60), E @ﬁt_l) does not diverge even when r gets larger. This result
can also be explained intuitively in terms of goodness of fit in the first stage regression.
To see this, let us define the population R? in the first stage regression as follows

_ Var(mzy)  mE (zuzy) m E (Zitliy—1) [E (%ﬁ;t)}*l E (Zt¥it—1)

R2 = — = —
P Var(fis1) Var(Jit—1) E (ZGii1) [E @Zizy)] " E @aig) + Var(ri)

Then, the concentration parameter can be written as CP;, = R2/(1 — R3). Hence, a
better goodness of fit leads to stronger instruments. Figure 1 depicts the scatter plot for
the first stage regression of LEV and FRE models with (¢,7) = (4,6) for a = 0.2,0.8
and 7 = 1,5. From this figure, we can see that the FRE model has substantially better
fit than the DIF model especially when r is large.

Next, we compare the magnitude of four concentration parameters. However, since
the analytical form of concentration parameters are complicated, we draw some fig-
ures for CPP, CPF, CPF and CP}F. Figures 2-8 depict the concentration parame-
ters (3.19), (3.20), (3.21) and (3.22) and weight (3.18) for & = 0.0,0.1,0.2...,0.9,0.95,
r=0.2,04,....5, and T = 6”. From Figures 2 to 5, we find that the CPs become smaller
as a approaches one or the variance ratio r gets larger. This tendency is well known in
the literature[e.g. Blundell and Bond, 1998, Bun and Windmeijer, 2010]. Also, we can
confirm the tendency visually that C' P/ — 0 as r increases while it is not case for C PP,
CPF and CPE. When t = T, or 7 = 1, the CPs of DIF and FOD models, and LEV
and FRE models are identical. However, for other cases, we find that the CPs of FOD
and FRE models are larger than those of DIF and LEV models, respectively. To see
this more precisely, we provide Figures 6 to 8 that depicts the CPs and weights at each
period t. From these, we find that the CPs of FOD and FRE models are larger than
those of DIF and LEV models for all periods except for the last period where the CPs
are identical. This means that the instruments of FOD and FRE models are stronger
than those of DIF and LEV model. Also, comparing the shape of CPs and weights, it

"In a supplement, figures with 7' = 12 are provided.
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is observed that the tendency of CPs and weights is very similar. For example, when
r =5 and o = 0.2, the CP of FOD model becomes largest around ¢t = 3 or t = 4
and becomes smallest when ¢ = 1. This pattern also applies to the weight. The weight
becomes largest when ¢ = 4 and becomes smallest when ¢ = 1. This means that the
GMM estimator is constructed in such a way that cross-sectional 2SLS estimator with
strong instruments is assigned with a large weight and that with a weak instruments are
assigned with a small weight. Note that such a pattern generally applies for other (but
not all) cases.

The above analysis is based on cross section regression at each period and limited to
a simple AR(1) model. Although it is desirable to consider in a panel regression models
with covariates besides the lagged dependent variable, it is not trivial to derive the
concentration parameter in such a general context®. Therefore, we conduct an extensive

Monte Carlo simulation to investigate the performance of GMM estimators.

3.4 GMM estimators for models with covariates

In this section, we introduce the GMM estimators for dynamic panel data models with
covariates, which are used in Monte Carlo study in the next section.

Let us consider the following dynamic panel data model with covariates®:
Yit = QY1+ X B+ ni + vig = W6 + i + vy (t=1,..N;t=1,..,T)(3.24)

where Wi = (yig-1,x};) and § = (a,8')’. We assume that |a|< 1, 7; ~ iid(0,07)
and the errors satisfy E(v;y) = 0, Var(vy) = 0% and are serially and cross-sectionally
uncorrelated. The covariate x;; can be either strictly exogenous, weakly exogenous or
endogenous. Here, we assume that x;; is endogenous in the sense that F(x;v;s) # 0
for t > s and E(x;v;s) = 0 for t < s'0. Also, we assume that E(y;n;) and E(x;n;)
are constant over time when considering the GMM estimator for LEV, FRE and system
models!!,

Let us consider the unified model which is an extension of (3.17) to the current
setting:

Uit = Wiy + s, (i=1,...,N;t=2,..,T) (3.25)

where instruments z;; that satisfy the moment condition E(z;u;;) = 0 are available. In

8Even for panel AR(1) model, we cannot derive the concentration parameter as in Rothenberg [1984]
since the error variance in the first stage regression is time-varying.

9If time effects are included, we can remove them by taking deviations from cross-sectional averages.

101¢ is straightforward to modify the following discussion if covariates are strictly or weakly exogenous.

HWith this assumption, the fixed effects are removed by taking first differences, and first-differenced
variables can be used as instruments in LEV, FRE and system models containing LEV and FRE models.
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a matrix form, (3.25) can be written as
V, =W+, (i=1,...N) (3.26)

where ?Z = ('gjig,...,ﬂi;p)’, Wz = (VT/’Z'Q,...,V~VZ'T)/, and u; = (ﬂig,...,ﬂiT)/. The moment
~/ __ ~ . — ~

condition can be written in a matrix form as E(Z;1;) = 0 where Z; = diag(zZ}y, ..., Zip).

The one- and two-step GMM estimators for the model (3.26) utilizing the moment

condition E(z;ﬁl) = 0 can be defined as
~ _ -1 _
distep = (ANVNAN) (AN Vy'by), (3.27)
~ _ -1 _
628t€p = ( /]VQNlAN) ( INQNle) (328)
~ ~ ~/ __ = =/ = ~
where Ay = SN ZW;, by = SN 75, Oy = YN Zwu,Z; and W = 3, —
Wialstep-
All the GMM estimator considered in this chapter can be obtained by specifying a
form for (y;, W;,Z;, Vy).
The GMM estimator for DIF model, denoted as “DIF”, is obtained by letting

N
(yi,Wi,Zi,vN) - (Ayi,AWi,ZiD,Zz;DTD’TZ) (3.29)
i=1
where Ay, = Dry;, AW,; = DrW,, ZiD = diag(zg’, ...,ZZ»DT,), and
2 = (Yito 1ty ooos Yide2y Tit 1y ooy Tip—2)
The GMM estimator for LEV model, denoted as “LEV?”, is obtained by letting
~ = . N o ner
(yi,wi,z,-,VN) - (yi,wi,zf,Zzi zi> (3.30)
i=1

where y; = Lry;, W, = LW, ZlL = diag(ziLQ’7 ey Zz'LT/)’ and
ZZ'ZZ = (AYit—t, s AYit—1, DZip oy Dz 1)
The GMM estimator for FOD model, denoted as “FOD”, is obtained by letting

N
>~ YAT. 7 * * 2 :NF/NF
=1

where yi = Fry,, Wi = FrW,, ZI' = diag(zf/, ..., zf}_l), and
2l = (Yit—ty oo, Yida1s Tit—ty oy Tt 1)

For FRE model, we need to compute the covariance matrix of 1; to transform the
LEV model. If the error term vy is iid over ¢ and t, the covariance matrix of u; is
given by 3,1, and the upper-triangular Cholesky factorization of ¥, 7, is given by
(3.13). However, in practice, v;; might be heteroskedastic such that Var(vy) = o2.

In order to allow for such a heteroskedastic case, we propose an estimator for 072] and
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=2 _ ar—15N 2 : 2
oy = N7" > ;. 03 Since all off-diagonal elements of 3, 1, are o;, we can estimate it

consistently by

~2
% Z > o

5=2 =2 57t

~ o o~

where 0y = & ZZ 1 WisUit is the (s,t) element of 77 x T matrix N~ 1 Zz L0, u; =
(Ui, ..., uir)’, and Wiy = Y iy wi, (i=1,...,N;t=2,..,T). A consistent estimator for
5?2 is then given by 67 = N~} Zf\i LU~ 8%. Using these, we have a consistent estimator
for 3, 1, given by f]u’Tl = 8727LT1 vy, + diag (53, ...,0%). The upper triangular Cholesky
factorization for f];lTl can be obtained numerically in practice.

Then, the GMM estimator for FRE model, denoted as “FRE”, is obtained by letting

N
. o~ ~ o =+ ~RI~R
(yi,Wi,Zi,VN) = (yzﬂ»)wi azﬁazzz Zz)
=1

o-1/2 4+ 1/2
where y yZ = ZuT/l v, W; = EuT{l Wi, EuT/l is the upper triangular Cholesky factor-
ization of Eu 1 Lt = = diag(z¥, ..., gﬁ) and z = (AYit—y s AYit—1, AT 4 g, oo, Az 1)

For the purpose of comparison, we also consider the FRE model where model is trans-
formed by using the true parameter values for 03] and o?,(t = 2,...,T). Such a GMM
estimator for FRE model is denoted as “FRE*”.

Yet another way to compute GMM estimator for FRE models is to use \Afu N =

~ —1/2
-1 ZZ L U;u; as a consistent estimator for 3, 1, and transform the model by V /

instead of Ry, or Eu,Tl where Vu7 ]\é denotes the upper triangular factorization of Vu7 N-
Note that this is exactly the same approach proposed by Keane and Runkle [1992]. The
GMM estimator for this alternative FRE model, denoted as “KR”, is obtained by letting

N
~ 05 ~RI~R
(ATANE (y,,w zl) 7, Zz-)
i=1
where ?I {7;%2%, W V;\?W
The system GMM estimator combining DIF and LEV models, denoted as “SYS(DIF
& LEV)”, is obtained by letting

(yiawiyii,VN) = ( L WPL zPL diag (ZZ DTD}ZZ ’ZZLU L1>>
=1 i=1

where yPL = (Ay},¥}), WPE = (AW], W) ZPL = diag(ZP, ZF") ZF' = diag(zhy, ..., 25})
and ZZ-LZl = diag(Ayi 1, Azip—1).
The system GMM estimator combining FOD and LEV models, denoted as “SYS(FOD
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& LEV)”, is obtained by letting

(yivwhzz‘;VN) = ( Lwht zft Z~FL/~FL>
=1
where yI'l = (y¥,y,), WHL = (W7, W;)’ ZFL = diag(ZF', ZFY).
The system GMM estimator combining FOD and FRE models, denoted as “SYS(FOD
& FRE)”, is obtained by letting

(ylvwz,zl,VN> — ( FR WFR ZFR ZNFR/~FR>
=1

where y['ft = (yf’,?j/) WFR (WY, VV;H)’ and ZfR = diag(Zf,Zle) and ZZR1 -

ZZLI. We call this system GMM estimator as the forward system GMM estimator since
the forward GLS transformation is used for both DIF and LEV models. For the purpose
of comparison, we also compute an infeasible version where the true parameter values
are used, which is denoted as “SYS(FOD & FRE*)”

The system GMM estimator combining FOD and alternative FRE models, denoted
as “SYS(FOD & KR)” is obtained by letting

N
o~ o~ ~SKR/I~SKR
(Yl7WZ7Z’L7VN> - (y?KRwaKR,ZZ'SKR,ZZi Zl )
i=1

* S w ot
where yisKR (yl’,yj/) WFKR (W W,

L1
7

)" and Z7ER = diag(Z, Z*) and ZI! =

3.5 Monte Carlo Simulation

In this section, we investigate the finite sample of the GMM estimator discussed in
the previous sections. First, we investigate an pure AR(1) model and then consider a
dynamic panel data models with an endogenous variable, which is practically relevant.

3.5.1 AR(1) model
First, we consider an AR(1) model. The data are generated as
Yit = QYit—1 + i + Vs, (t: 177TaZ = 17"aN) (332>

where vy ~ iidN'(0,02) and 1n; ~ iidN(0,07). The initial conditions are generated from
stationary distribution

Yio = % + €40 (3.33)

73



where e;o ~ #idN(0,02/(1 — «?)). This specification is the same as the one used in
theoretical analysis. For parameter values, we consider o = 0.2,0.5,0.8, a% =0.2,1,5
and 02 = 1. For the sample size, we consider T = 6,12 and N = 200. We report
median(“Median”), interquartile range(“IQR”), and median absolute error(MAE) at
each period'?, The number of replications is 5,000. We compare six estimators. Among
them, four estimators are a” given by (3.4), a’ given by (3.8), af given by (3.12)
and aft given by (3.16), and these are denoted as “DIF”, “LEV”, “FOD” and“FRE*”,
respectively'®. Another two estimators are the system GMM estimator combining DIF
and LEV models, and FOD and FRE models, and defined as

o (SNayPyzb) (S zPrzbt) T (S, zPhyPr)
a (SN yPuzPt) (SX,zPvzbt)” (S, zPrypr)
o (SN (Sazrrl) T (S, 2y
L (S (S, ) (s, zryes)

where y P = Ay} yi), y'hy = (Ayi 1,y 1), 270 = diag(Z7 . Z7), y [ = (v1.y)',
yif = (y;ﬁ’_l,y;fl_l)/, and ZI'® = diag(Z!", Z). These are denoted as “SYS(DIF &
LEV)” and “SYS(FOD & FRE)” in tables, respectively. We set the instruments lag
length ¢ = 3.

The simulation results are reported in Tables 1 to 3. To save space, we only provide
the results with 7 = 6!4. Major implications from the theoretical analysis are (i) the
instruments become weaker as o approaches one and/or the variance ratio r increases,
(ii) the instruments for FOD and FRE models are stronger than those for DIF and LEV
models, (iii) the instruments for LEV model is substantially weak compared with those
for FRE model when the variance ratio r is large. Monte Carlo simulation results are
consistent with these implications. With regard to (i), from the tables, we observe that

MAE increases as a approaches one and/or the variance ratio, or o2, increases for each

77’
period in most of the cases, which is consistent with the theoretical implication. With
regard to the point (ii), from the tables, we find that, in terms of MAE, the 2SLS for
FOD model outperforms that for DIF model in almost all cases(except for the last period

where two 2SLS estimators are identical). With regard to the 2SLS estimators for LEV

12Since the number of parameter and instruments are identical at ¢ = 1, i.e., just-identified, the
moments of 2SLS estimator do not exist and some outliers appeared during the replications. Hence, we
use a robust measure such as median.

13wk in “PRE*” and “SYS(FOD & FRE*)” indicates that it uses the true parameter value for the
computation of Rz, and hence it is infeasible. Also, note that in DIF model inefficient weighting matrix
is used.

The simulation results with 7' = 12 are provided in a supplementary appendix. The results with
T = 12 are qualitatively similar to those of T' = 6.
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and FRE models, we find that the 25LS for FRE model tends to have smaller bias than
that for LEV models. However, in terms of dispersion, the results are mixed: in some
cases, the 2SLS for FRE model has smaller IQR while in other cases, the 2SLS for LEV
has smaller IQR. This is also the case for the GMM estimator where 2SLS estimators
are aggregated. This is because the 2SLS estimator for LEV model shrinks to one and
tends to have smaller dispersion as the variance ratio r gets larger!®. However, since
the bias of GMM estimator for FRE model is smaller than that for LEV estimator, the
GMM estimator for FRE model outperforms that for LEV estimator in terms of MAE.
Finally, with regard to the point (iii), we find that the 2SLS estimator for FRE model
substantially perform better than that for LEV model. In terms of bias, although the
2SLS for LEV model has an upward bias for all periods, that for FRE model has upward
bias for some periods and downward bias in other periods, and this structure makes
the GMM estimator for FRE model less biased compared with LEV model. Thus, the
Monte Carlo simulation results are consistent with the theoretical implications derived
in Section 3.3.

3.5.2 Model with an endogenous variable

In the previous subsection, we considered a simple AR(1) model without covariates and
also considered an infeasible estimator for FRE model. However, in practice, we usually
include covariates besides the lagged dependent variable and also, the covariance matrix
used in the FRE model is unknown. Therefore, in this subsection, we extend the AR(1)
model to include an endogenous variable, consider feasible estimator for FRE model and
investigate whether results similar to those in the AR(1) case are obtained.

We consider the following model:

Yit = QY1+ Bxi + mi + vit, (’L =1,...N;t=-49,-48,...,—1,0,1, ..., T),
Tit = prig—1+ TN + 0vit + e,
where 7; ~ iid(0,0'%) and ey ~ iid(0,02). For the error term vy, we allow for het-
eroskedasticity both in cross-section and time-series and generated as v;z ~ N(0,02),
where o2 is generated as 0% = §;7;, in which &; ~ U[0.5,1.5] and 7z = 0.5+ (t—1) /(T —1)
fort =1...,T and 7 = 0.5 for t = —49,....,—1,0. The data are generated as according

3 The intuition behind this behavior is as follows. The 2SLS estimator tends to have a similar mean to
the inconsistent OLS estimator as instruments gets weaker[Han and Schmidt, 2001]. Since the probability
limit of the OLS estimator for LEV model yi+ = ayi,t—1 + 7 + vi, denoted by @revors is given by
plimy_,  drevors = a+ (1 — a)%, it follows that as r — oo, plimy_, . @revors — 1. Thus,

1+«
the 2SLS estimator shrinks to one as r gets larger.
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to the following VAR(1) model:

( Yit ) _ ( a 5P> < Yit—1 )+ ( (1 4+ B)n; ) n ( (14 0B)vit + Bei )
Tit 0 »p Tip—1 TN; Ovit + e

with the initial conditions:

—1
i— l—a —5p 1 i

<y, o0 ) =< “ BP_) <( +67) >+£i—507 and
Ti,—50 0 IL—p TN; ’

100 J
=Y ( g Bp ) ( (1 + 0B8)vij + Beij > ’ (3.34)

= 0 Ov;j + e

where vy ~ N'(0,07_49) and e;; ~ iidN'(0,02) (j =0, ..., 100).
For the parameter values, we consider a = 0.2,0.8, p =0.2,0.8, 8 =1—aq, 6§ = —0.1,

and 7 = 0.25. For the values of 0727 and o2, we follow the approach of Bun and Sarafidis
[2013]:

2 c252VR
0-77 = T7
2 _ SNR+1- c?
o = T?
© - (1- 0‘2)((?l J—r jQp))(l — ap) (1+86)* + p° - rie Ti)(ozlij 59) ,
2 = (1+ap)s?
Ce = (1—a2)(1-p2)(1—ap)’ and
2 = Prtl-p
(1 - Oé)(l — p)’

where 62 = ngﬁ 2T JE(2), VR stands for the ‘variance ratio’ and SNR
stands for the ‘signal-to-noise ratio> SNR = (Var(yu|n:) — 02)/02'5. We consider
VR = {10,50} and SNR = {3,8}. The values of o, for each design is provided in the
table.

Estimators compared here are provided in Section 4. For the lag length of instru-
ments, we set £ = 3. Simulation results of two-step GMM estimators are provided in
Tables 4 to 6!7. To save space, we only report the results with o = 0.2,0.8, p = 0.8, and
SNR = 3. Also, the results for estimators using ‘7“ N are omitted since the performance
of those estimators are very similar to those using f)u;rl. Complete results are provided
in a supplementary appendix.

Note that 32 = 1 in the current setup.
For the empirical size, we use corrected standard errors by Windmeijer [2005].
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From the table, we find that most of the estimators tend to work well when o =
0.2 and VR = 10. This result is consistent with the theoretical implication since in
such cases, the instruments are sufficiently strong. However, it is not the case when
a = 0.8 and/or VR = 50. In these cases, since instruments tend to be weak, the GMM
estimators tend to work poorly. When a = 0.2 and V R = 50, the LEV, SYS(DIF & LEV)
and SYS(FOD & LEV), all contain LEV model, are biased and empirical size is more
distorted than other estimators. However, the FRE and SYS(FOR & FRE) perform well.
This result is consistent with the theoretical implication that the LEV model is more
vulnerable to the large variance ratio than the FRE model. If « is increased from 0.2 to
0.8, we find that the performance of DIF and FOD model gets worsened: both bias and
SD gets larger and empirical sizes are more distorted. Among the estimators, SYS(FOD
& FRE) tends to perform best in terms of bias and accuracy of inference. With regard
to the effect of 7', most of the implications for the case T' = 6 apply to the case with
T = 12, and overall performance improves as T gets larger. When T' = 12, SYS(FOD &
FRE) tends to perform best among the estimators. Also, with regard to the effect of p
and SN R, in view of the results provided in a supplement, we find that the performance
of all estimators improves if p is decreased from 0.8 to 0.2 and SNR is increased from
3 to 8. We now investigate the effect of transformation matrix associated with FRE
and SYS(FOD & FRE) models. We compute two estimators for these models: one is
using f]ujl = G%LTI vy + diag (3, ...,0%) where estimated parameter values are used
while the other is X, r, = 0'72]LT1 Ly, + diag(c3, ...,0%) where the true parameter values
for 03], a% S ey O'% are used.'® Estimators using the true covariance matrix is denoted as
“FRE*” and “SYS(FOD & FRE*)”. Comparing the estimators with/without “*”, we
find that “FRE” and “SYS(FOD & FRE)” tend to have a large dispersion and RMSE
than those with using true covariance matrix. This comes from estimation uncertainty
associated with estimation of covariances matrix, and not negligible when N = 100.
However, as N gets larger, this estimation uncertainty disappears and in fact, when
N = 500, estimators using estimated covariance matrix and true one perform very
similarly.

Summarizing the simulation results, we find that the LEV model or system model
containing it tend to perform poorly when V R is large, which is consistent with the the-
oretical implication, while the FRE model or system model containing it is less affected
by the variance ratio and SYS(FOD & FRE) tends to perform best in terms of bias and
accuracy of inference. Thus, while the simulation design is somewhat limited, SYS(FOD
& FRE) can be an alternative to SYS(DIF & LEV) or SYS(FOD & LEV) estimators.

8 As an initial estimate for § for the computation of residual, we use the double filter IV estimator
proposed by Breitung, Hayakawa, and Qi [2016] since it is less biased and more efficient than other
estimators.

7



3.6 Conclusion

In this chapter, we investigated the weak instruments problem of the system GMM
estimator in dynamic panel data models. We showed that the the FOD and FRE models
have a higher concentration parameter than DIF and LEV model despite the same
instruments are used.

We investigated the finite sample performance of various GMM estimators and found
that the system GMM estimator combining FOD and FRE models performs well even
when the variance ratio of individual effects to the errors is large despite the conventional
system GMM estimators do not.
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Appendix

3.A Proof of Theorems 1 and 2

First, we provide some expressions that are useful to derive the results. Variables y; 1,

y;t_l and y;,Ltq can be written as!®
Yit—1 = i+ wi—1, (t=2,..,T),
y;‘k,t—l = Ct<wtwi,t—1 — f)itT); (t = 1, ceny T — 1), (3.35)
o beyii—1 + ki1 = bee(hpwig—1 — Ve + qups)  (0=2,...,T —(%)3@
L=l keyit—1 = kepti + krw; g1 (t=T)

where p; = n;/(1 — a), wiy = Z(;io it i,

. OT—tVit + -+ + d1U; 71 T—t
v = Tl = N2 T (=1, T —1)(3.37
VitT T _¢ t T—t—l—l ( )( )
T—t+1 T—1t
by = VTt DT 1) (t=2,...,T —1),

¢u1¢+1+%MﬂT—t+3’

1

kt: )

rT—t+1+4,/T—t+1
1

he = (Ye+aq), “= LTy (t=2,..,T—1).

3.A.1 Derivation for DIF model

The concentration parameter for DIF model at period t can be written as

DAy, 1) D,DN\17L B (2D Ay
CPtD — L (Zit Ay%ffl) [E (Zzt Zt )] L (th Ay@tfl) , (t — 2’ ...,TQB.38)

FE [(Aym_l)Q] —F (ZgAyz‘,t—l)/ [E (zgzg’)] -1 E (ZgAyin_l)

Although we can use the same approach as Bun and Windmeijer [2010] for the derivation
of CPP, we provide another derivation different from them.

19Gee Alvarez and Arellano [2003] and Hayakawa [2015].
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Let us define

1 0
1 Yit—1—¢
D . .
ig = ZZt = c. . : = Hyge) .
Ayi,t—l 0 1 0 yi,t—?
0 11 Yit—1

Then, we have

E (2;72;') =

E(2l2)  E (2] Ayii) 15 (vOy O g —pp | T D
it %i it SYi, —HE (yOyO) i = TP =
B (amra) Elapn] |~ 07) N

and

FDll D12

— . -1.
(E(2R28")] L [E (yE”yE“’)} Al Py t=| T, ;rm ] (3.39)

2

Now, consider a partitioned matrix A given by

A
A:[ 1 al?] (3.40)
A1 422

where A11 is m X m, ajg is m X 1 and ago is a scaler. Then, the inverse formula for
partitioned matrix is given by

/ -1,/ -1 -1 12/ 22

Al [ Ay ap ]_1 _ [ A7l + Ajfapblal, Al —Ajlagsb ] _ [ Al al2 ]
where b = agy — aj, A 'a12. Hence we have

aloAjltale = azg — b= ax — (a**)7. (3.41)
By putting A = T'? in (3.40) and using (3.41), we have

E (Ayi7t_1z£/) E (zngz/)_l E (ngym_l) =F [(Ayi,t_l)z] - (7D22)_1. (3.42)
It is easy to show that the first term is given by

202
Bl(Ayi1)"] = 775 (3.43)
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For the derivation of P22, by substituting

1 0
1
il
0 1 0
0 ~1 1|
1 1 o2 o2
E< () (ﬁ)/) _ -1 _ Iz & @), o= n__
Vi Vi o2\t 24 o2u,®, " e o(l-a)?
[ 1 —a 0 0 ]
—a 1+a? o
—1 .
;! = .
—a 14+a® -«
| 0 0 -« I
into (3.39), we obtain
1 o?
Oy a%—i—a%(ﬁ—l—i—f_‘—g)

Hence, substituting (3.43) and (3.44) into (3.42), we obtain
F (Ayi7t,1z£') FE (zithgl)fl FE (ngyi’t,l)

_ (1—a)*[1+r—1) (3.45)

(-0 {(1-r)(1-a)P+r(1-a)[(+1)~ (¢~ 1)a]}

The concentration parameter (3.19) is obtained by substituting (3.43) and (3.45) into
(3.38).

3.A.2 Derivation for LEV model

The concentration parameter for LEV model at period ¢ can be written as

E (zhyii)' [E (ahzl)] " E (ahyii)
E(yztfl) ) (ZZ’Ltyi,t—l)/ E (ZiLtZiLt’)]fl E (zhyii—1)

CPl = . (t=2,..,T).(3.46)
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To derive the numerator of (3.46), let us define

-1 1 0
. 1 1 Yit—1—£
(3 1 1 y%,th
I 0 1 ] Yit—1
Then, we have
Ekaky — | Elizd) - —F (5iAyi)
et —E (yit-121;) E(y?; 1)

~ 5 () B

-1t
_ Tl
~ %2, 7%2

and

o 1 o y ¢ -1 . B B I\Lll ﬂL12
[E (ZiLtZz'Lt/)] =D [E (yz( )yg )/ﬂ D' = (FL) L= [ qL1z gLz |-

If we put A = 'l in (3.40) and use (3.41), we have
—1 —
E (yirzi) E (z2l)  E (2iyii1) = Eyi,—1) — (") 7" (3.47)

The first term is given by

E(y}s1) = oy (1 _1a2 T _ra)g> : (3.48)

For the second term, by using (3.44) and

1 e =1
D_l == . : )
0 -1
we have
1-a?)+4(1-a)
SE22 ( )02 . (3.49)

v

Hence, substituting (3.48) and (3.49) into (3.47), we have

o0

B (zhyii) [E (2hal))] " B (2hyier) = T+ a)[(+1)—((—1)a]

(3.50)
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The concentration parameter (3.20) is obtained by substituting (3.48) and (3.50) into
(3.46).

3.A.3 Derivation for FOD model

The concentration parameter for FOD model at period ¢ can be written as

/ —
E(afy;, ) [ (22 B (zf;y:t_l)

crPF = . (t=1,..,T-1)
E[(th—l)Q] - ( ztyzt 1) Zgzgl 'E (Zﬁyé‘,t_l)
E(th 1Y ;kt 2) [ (Z it— 1Z1,t 1)} 1E<Z5t71y2t72>
- 7 =) : (3.51)
E[(y;k,t—z)z] - ( ztyzt 2) [E (Z it—1% th/—lﬂ E (th—ly;t—2>
(t=2,..7).

Note that the range of time index ¢ in FOD model is different from other three models.
First, consider the numerator of (3.51). Note that, for DIF and FOD models, we have

O/—l
E(zRAyi—) = o : (t=2,..,T) (3.52)
it i,t—1 1 +a : ) 3 ey ) .
1
ol-1
2

* g .
E(zhyi, ) = e _“aQ : , (t=1,..,T—1). (3.53)

1

Hence, we have

E(zft_lyzt_z) = AE(28 Ayiy 1), (t=2,..,7) (3.54)

where A; = —c;—1%¢—1/(1 — «). Using (3.54) and noting that z/;, =z, the numerator
of (3.51) can be written as

E (th—lth—Q)/ [E (Zf}qu{_l)]_l E (th—ly;t—z)
= A2E (2B Ayiy 1) [E (2B22) 7 E (2D Ay, 1),  (t=2(3.99)

Also, from (3.35), we have

Bl 0 = o2, [wt 1( 1a2> + (1¢j;)2], (t=2,..7) (3.56)

where ¢; is defined in (3.37) and ;1 and ¢;_1 are defined in (3.23). The concentration
parameter (3.21) is obtained by substituting (3.55) and (3.56) into (3.51).
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3.A.4 Derivation for FRE model

The concentration parameter for FRE model at period t is given by
/
R, + R_RN\1—1 R, +
E (Zityi,t—1> [E (Zitzit/)] E (Zityi,t—l)
!/ 9
+2 + -1 +
E(yi,t—l) - B (Zgyi,t—l) [E (Zgzgl)] E (Zgyz‘,tq)

As in the derivation FOD model, we utilize the results of LEV model. Since

CPE =

) affl
o
B(zwe) = 2| ¢ |0 0=2..7),
1
) af—l
O- .
E<Zgy:—tfl> - tl -:O[ : 9 (t:27 7T>
1
where
btctht (t = 2, ,T — ].)
B; = ,
ky (t="T)
we have
E (Zﬁyit,1> = BE (zhyir—1), (t=2,...T). (3.58)

Then, using (3.58) and noting that z5 = z%, the numerator of (3.57) can be written as

/ _
E (2l (B (af2)] " B (alivfi))

-1 (3.59)
= B?E (ziLtyi,t_l)/ [E (ziLtziLt')] E (ziLtyi,t_l) . (t
=2,...7).
Also, from (3.36), we have
o2bic? M 4oty (t=2,...,T—1)
v 1—a? 1—a)? et
El(yf, 1) = ( ) (3.60)

ook (ﬁ + ﬁ) (t=T)
h2 <Pt+r+
aobict <1;2 - (1%;)2) (t=2,..,T—1)

= 2 k¢ 1 o
Oyt <1_02 + (1—a)2\/T—t+1+i\/T_t+i> ( )

The concentration parameter (3.22) is obtained by substituting (3.59) and (3.60) into
(3.57).
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Table 3.1: Table 3.1 Simulation results for AR(1) model : T'=6, N =200 , a = 0.2,

07=02,1,5
T=6N=200, a=02, ¢2=02
t 1 2 3 4 5 [ GMM 1 2 3 4 5 [ GMM
DIF FOD

Median | 0.203 0.195 0.181 0.174 0.168 | 0.177 | 0.200 0.201 0.196 0.194 0.168 | 0.192
IQR | 0.184 0.188 0.177 0.173 0.170 | 0.077 | 0.121 0.127 0.129 0.138 0.170 | 0.062
MAE | 0.091 0.094 0.090 0.089 0.090 | 0.041 | 0.060 0.064 0.065 0.069 0.090 | 0.031

LEV FRE*

Median | 0.203 0.201 0.207 0.206 0.207 | 0.206 | 0.204 0.198 0.203 0.202 0.207 | 0.204
IQR | 0161 0.136 0.127 0.119 0.117 | 0.060 | 0.158 0.133 0.128 0.122 0.117 | 0.059
MAE | 0.081 0.068 0.063 0.060 0.059 | 0.031 | 0.079 0.067 0.064 0.061 0.059 | 0.030

SYS(DIF & LEV) SYS(FOD & FRE¥)

Median | 0.202 0.199 0.195 0.193 0.190 [ 0.194 | 0.202 0.200 0.199 0.198 0.195 | 0.199
IQR | 0.147 0.127 0.114 0.106 0.103 | 0.060 | 0.101 0.099 0.093 0.096 0.100 | 0.054
MAE | 0.073 0.064 0.057 0.053 0.051 | 0.030 | 0.051 0.050 0.046 0.048 0.050 | 0.027

T=6, N=200, «a=02, 02 =1
[ 1 2 3 4 5 | GMM 1 2 3 4 5 | GMM
DIF FOD

Median | 0.201 0.191 0.177 0.169 0.164 [ 0.170 [ 0.200 0.201 0.195 0.193 0.164 | 0.191
IQR | 0257 0.219 0.196 0.187 0.178 | 0.087 | 0.170 0.148 0.145 0.147 0.178 | 0.072
MAE | 0128 0.110 0.100 0.097 0.096 | 0.048 | 0.085 0.075 0.072 0.073 0.096 | 0.037

LEV FRE*

Median | 0.203 0.208 0.218 0.227 0.231 | 0.224 [ 0.204 0.198 0.200 0.198 0.231 | 0.207
IQR | 0208 0.171 0.158 0.149 0.147 | 0.081 | 0.169 0.145 0.144 0.149 0.147 | 0.068
MAE | 0103 0.086 0.081 0.079 0.078 | 0.044 | 0.085 0.073 0.072 0.074 0.078 | 0.035

SYS(DIF & LEV) SYS(FOD & FRE¥)

Median | 0.204 0.204 0.203 0.205 0.205 | 0.204 | 0.201 0.201 0.197 0.196 0.205 | 0.200
IQR | 0190 0.150 0.130 0.123 0.118 | 0.070 | 0.125 0.111 0.100 0.110 0.118 | 0.064
MAE | 0.095 0.075 0.065 0.061 0.059 | 0.035 | 0.063 0.055 0.050 0.055 0.059 | 0.032

T=6N=200, a=02, 02 =5
t 1 2 3 4 5 [ GMM 1 2 3 4 5 [ GMM
DIF FOD

Median | 0.197 0.186 0.173 0.167 0.162 | 0.163 | 0.202 0.204 0.195 0.193 0.162 | 0.187
IQR | 04838 0.247 0208 0.191 0.178 | 0.093 | 0.318 0.166 0.154 0.151 0.178 | 0.081
MAE | 0238 0.124 0.107 0.099 0.098 | 0.055 | 0.159 0.083 0.076 0.075 0.098 | 0.041

LEV FRE*

Median | 0.205 0.250 0.284 0.315 0.334 | 0.305 | 0.204 0.198 0.197 0.183 0.334 | 0.211
IQR | 0371 0277 0237 0215 0.202 | 0.139 | 0.175 0.153 0.151 0.171 0.202 | 0.080
MAE | 0.176  0.147 0.144 0.150 0.158 | 0.109 | 0.087 0.077 0.076 0.087 0.158 | 0.040

SYS(DIF & LEV) SYS(FOD & FRE¥)

Median | 0.209 0.232 0.247 0.263 0.275 | 0.260 | 0.202 0.200 0.194 0.186 0.234 [ 0.200
IQR | 0336 0214 0.181 0.169 0.159 | 0.109 | 0.156 0.117 0.106 0.119 0.150 | 0.076
MAE | 0164 0.111 0.100 0.099 0.101 | 0.068 | 0.078 0.059 0.053 0.060 0.080 | 0.038
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Table 3.2: Table 3.2 Simulation results for AR(1) model : 7' =6, N = 200 , a = 0.5,

07=021,5
T =6, N=200, a =05, g2 =02
t 1 2 3 4 5 | GMM 1 2 3 4 5 | GMM
DIF FOD

Median | 0.504 0.484 0.457 0.437 0.429 [ 0.445 | 0.500 0.499 0.491 0.483 0.429 | 0.485
IQR | 0293 0.287 0264 0253 0.252 | 0.099 | 0.140 0.151 0.161 0.186 0.252 | 0.077
MAE | 0.145 0.144 0.140 0.136 0.142 | 0.064 | 0.070 0.076 0.081 0.095 0.142 | 0.039

LEV FRE*

Median | 0.504 0.503 0.509 0.510 0.510 [ 0.508 | 0.504 0.497 0.503 0.505 0.510 | 0.503
IQR | 0182 0.141 0.128 0.114 0.112 | 0.064 | 0.194 0.155 0.139 0.124 0.112 | 0.062
MAE | 0.091 0.070 0.064 0.058 0.056 | 0.033 | 0.097 0.077 0.069 0.063 0.056 | 0.032

SYS(DIF & LEV) SYS(FOD & FRE¥)

Median | 0.502 0.494 0.492 0.490 0.488 [ 0.492 | 0.500 0.497 0.496 0.497 0.495 | 0.498
IQR | 0.180 0.137 0.118 0.107 0.102 | 0.063 | 0.121 0.114 0.107 0.107 0.100 | 0.059
MAE | 0.090 0.069 0.059 0.053 0.051 | 0.031 | 0.060 0.057 0.054 0.053 0.050 | 0.030

T=6, N=200, a=05, c2=1
[ 1 2 3 4 5 [ GMM 1 2 3 4 5 | GMM
DIF FOD

Median | 0.499 0470 0439 0422 0414 | 0419 | 0.501 0.499 0487 0479 0.414 [ 0477
IQR | 0466 0.365 0.313 0.282 0.272 | 0.119 | 0.227 0.192 0.191 0.208 0.272 | 0.096
MAE | 0229 0.186 0.166 0.155 0.155 | 0.087 | 0.113 0.096 0.096 0.106 0.155 | 0.050

LEV FRE*

Median | 0.505 0.517 0.530 0.538 0.545 | 0.535 | 0.506 0.495 0.499 0.502 0.545 [ 0.514
IQR | 0.241 0.178 0.155 0.138 0.135 | 0.088 | 0.223 0.187 0.177 0.173  0.135 | 0.079
MAE | 0117 0.090 0.083 0.079 0.079 | 0.052 | 0.112 0.093 0.089 0.086 0.079 | 0.041

SYS(DIF & LEV) SYS(FOD & FRE¥)

Median | 0.503 0.506 0.510 0.515 0.517 | 0.514 | 0.500 0.494 0.490 0.492 0.517 [ 0.501
IQR | 0.238 0.171 0.143 0.127 0.124 | 0.083 | 0.165 0.141 0.130 0.135 0.124 | 0.076
MAE | 0116 0.085 0.073 0.065 0.063 | 0.043 | 0.083 0.071 0.065 0.068 0.063 | 0.038

T=6N=200, a=05, 2 =5
i 1 2 3 4 5 [ GMM 1 2 3 4 5 [ GMM
DIF FOD

Median | 0.436 0.457 0.431 0.417 0.409 [ 0.401 | 0.500 0.499 0.486 0.476 0.409 | 0.469
IQR | 0933 0.418 0.336 0.294 0.278 | 0.132 | 0458 0.221 0.201 0.217 0.278 | 0.109
MAE | 0459 0.216 0.182 0.165 0.159 | 0.103 | 0.229 0.110 0.102 0.110 0.159 | 0.059

LEV FRE*

Median | 0.534 0.591 0.629 0.653 0.672 [ 0.643 | 0.506 0.492 0.491 0.472 0.672 | 0.529
IQR | 0409 0251 0.199 0.165 0.149 | 0.125 | 0.237 0.206 0.211 0.239  0.149 | 0.100
MAE | 0190 0.153 0.153 0.166 0.177 | 0.144 | 0.118 0.103 0.106 0.124  0.177 | 0.055

SYS(DIF & LEV) SYS(FOD & FRE¥)

Median | 0.522 0.566 0.593 0.615 0.628 [ 0.609 | 0.500 0.494 0.484 0.471 0.583 [ 0.505
IQR | 0376 0.232 0.187 0.157 0.146 | 0.121 | 0.212 0.153 0.145 0.161 0.154 | 0.095
MAE | 0179 0.132 0.127 0.131 0.136 | 0.113 | 0.106 0.078 0.074 0.084 0.105 | 0.048
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Table 3.3: Table 3.3 Simulation results for AR(1) model : 7' =6, N =200 , a = 0.8,

07=02,1,5
T=6 N=200, a =08, 2 =02
t 1 2 3 4 5 [ GMM 1 2 3 4 5 [ GMM
DIF FOD

Median | 0.800 0.695 0.610 0.560 0.531 [ 0.576 | 0.800 0.790 0.764 0.715 0.531 | 0.747
IQR | 0.683 0.591 0.502 0.458 0.434 | 0.176 | 0.227 0.251 0.269 0.329 0.434 | 0.127
MAE | 0330 0.316 0.314 0.312 0.316 | 0.224 | 0.114 0.126  0.138 0.181 0.316 | 0.074

LEV FRE*

Median | 0.805 0.807 0.814 0.819 0.817 [ 0.816 | 0.806 0.798 0.807 0.815 0.817 | 0.811
IQR | 0204 0.140 0.119 0.106 0.098 | 0.061 | 0.271 0.182 0.148 0.123 0.098 | 0.062
MAE | 0101 0.071 0.061 0.055 0.052 | 0.034 | 0.136 0.091 0.074 0.063 0.052 | 0.033

SYS(DIF & LEV) SYS(FOD & FRE¥)

Median | 0.793  0.790 0.796 0.799 0.795 [ 0.797 | 0.794 0.789 0.793 0.802 0.803 | 0.799
IQR | 0216 0.146 0.119 0.101 0.096 | 0.064 | 0.184 0.154 0.133 0.114 0.095 | 0.063
MAE | 0103 0.071 0.059 0.051 0.047 | 0.032 | 0.091 0.077 0.067 0.057 0.048 | 0.032

T=6, N=200, «a=08, 02 =1
[ 1 2 3 4 5 | GMM 1 2 3 4 5 | GMM
DIF FOD

Median | 0.652 0.553 0.507 0.472 0.458 [ 0.460 | 0.799 0.778 0.738 0.679 0.458 | 0.697
IQR | 1.218 0.776 0.592 0.517 0.465 | 0.227 | 0.445 0.353 0.341 0.386 0.465 | 0.172
MAE | 0618 0452 0404 0.393 0.380 | 0.340 | 0.222 0.177 0.181 0.222 0.380 | 0.117

LEV FRE*

Median | 0.836 0.845 0.860 0.867 0.870 | 0.863 | 0.808 0.792 0.806 0.834 0.870 | 0.843
IQR | 0.244 0.156 0.117 0.103 0.091 | 0.065 | 0.394 0.279 0.237 0.184 0.091 | 0.072
MAE | 0126 0.089 0.082 0.079 0.078 | 0.066 | 0.197 0.140 0.119 0.095 0.078 | 0.052

SYS(DIF & LEV) SYS(FOD & FRE¥)

Median | 0.812 0.827 0.840 0.847 0.849 [ 0.846 | 0.785 0.775 0.777 0.804 0.849 [ 0.820
IQR | 0264 0.155 0.118 0.102 0.091 | 0.070 | 0.287 0.230 0.194 0.164 0.091 | 0.079
MAE | 0.118 0.084 0.073 0.068 0.064 | 0.055 | 0.143 0.115 0.098 0.082 0.064 | 0.044

T=6N=200, a=08, o2 =5
t 1 2 3 4 5 [ GMM 1 2 3 4 5 [ GMM
DIF FOD

Median | 0.217 0.450 0.449 0.428 0.433 [ 0.403 | 0.748 0.765 0.725 0.665 0.433 | 0.659
IQR | 1.865 0.865 0.631 0.542 0.474 | 0.247 | 0.944 0425 0.377 0409 0474 | 0.200
MAE | 1.082 0.547 0.456 0.430 0.404 | 0.397 | 0.471 0215 0.200 0.237 0.404 | 0.151

LEV FRE*

Median | 0.919 0.930 0.939 0.945 0.947 [ 0.940 [ 0.806 0.768 0.763 0.796 0.947 | 0.891
IQR | 0237 0.128 0.092 0.078 0.067 | 0.055 | 0.487 0.383 0.357 0.326 0.067 | 0.077
MAE | 0.161 0.138 0.142 0.146 0.147 | 0.140 | 0.240 0.193 0.184 0.163  0.147 | 0.094

SYS(DIF & LEV) SYS(FOD & FRE¥)

Median | 0.908 0.919 0.929 0.936 0.938 [ 0.932 | 0.771 0.756 0.731 0.741 0.921 [ 0.850
IQR | 0217 0.121 0.089 0.075 0.066 | 0.056 | 0.391 0.282 0.251 0.243 0.071 | 0.097
MAE | 0.153 0.130 0.131 0.136 0.138 | 0.132 | 0.198 0.145 0.134 0.131 0.122 | 0.067
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Figure 3.1: Scatter plot of the first stage regression for LEV and FRE models at (¢,T) =

(4,6)
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Figure 3.2: CP for cross section at (¢,7") = (4, 6)
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Figure 3.3: CP for cross section at (¢,7') = (6,6)
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Figure 3.5: CP for cross section at (¢,7) = (6,6)
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Chapter 4

Higher-Order Bias-Corrected
Estimation of Heterogeneous
Dynamic Panel Data Models

In this chapter, we propose a bias-corrected mean-group estimator for dynamic heteroge-
neous panel data models. Specifically, we propose to use the second-order bias-corrected
estimator by Kiviet and Phillips [2012]when constructing the mean-group estimator.
Monte Carlo simulation is conducted and it is confirmed that the proposed estimator
has smaller bias than the conentional and first-order bias-corrected mean-group estima-
tors when the length of panel data is not so large.
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4.1 Introduction

Panel data analysis has become a standard approach in empirical economic studies
thanks to the availability of many panel data sets, and several panel data models have
been proposed in the literature. Among those models, we focus on the dynamic panel
data models. While linear dynamic panel data models are most widely used, the choice
of estimation method changes depending on the sample size of panel data. When the
length of panel data, denoted as T, is small and the number of cross-sectional units,
denoted as N, is large, we usually allow for cross-sectional heterogeneity in the intercept
while other coeflicients are assumed to be homogeneous. Such a model is typically es-
timated by the generalized method of moments (GMM) estimators Arellano and Bond
[1991]; Arellano and Bover [1995]; Blundell and Bond [1998]. However, when 7T is
large,@Qarticlekiviet2012higher, title=Higher-order asymptotic expansions of the least-
squares estimation bias in first-order dynamic regression models, author=Kiviet, Jan F
and Phillips, Garry DA, journal=Computational Statistics & Data Analysis, volume=>56,
number=11, pages=3705-3729, year=2012, publisher=Elsevier it is possible to allow for
cross-sectional heterogeneity both in the intercept and coefficients. Pesaran and Smith
[1995] demonstrate that the GMM estimators assuming homogeneous coefficients become
inconsistent if the coefficients are in fact heterogeneous. As a solution to this problem,
they proposed the mean-group (MG) estimator where estimated coefficients obtained
from time-series regression are averaged over cross-sectional units.

While this MG estimator is consistent when T is large, it is biased in finite samples
since OLS estimator of each cross-section is biased. To address this problem, Pesaran
and Zhao [1999] proposed to use the first-order bias-corrected estimator by Kiviet and
Phillips [1993] which accounts for the bias up to O(T~!). Pesaran and Zhao [1999]
confirmed through extensive Monte Carlo simulation that this bias-correction is effective
in reducing the bias of MG estimator. However, unfortunately, this bias-correction is
not always effective especially when persistency is strong. To address this problem, this
chapter proposes to use the second-order bias-corrected estimator by Kiviet and Phillips
[2012] which accounts for the bias up to O(T2). We conduct Monte Carlo simulation to
investigate the effectiveness of second-order bias-correction. Consequently, it is shown
that second-order bias-correction successfully reduce the bias of MG estimator compared
with naive and first-order bias-corrected estimator.

This chapter is organized as following. In the next section, we introduce the model
and MG estimator. In Section 3, first-order and second-order bias-corrected estimators
are introduced. In Section 4, Monte Carlo simulation is carried out to investigate the
performance of estimators. Finally, in Section 5, we conclude.
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4.2 Model and mean-group estimator

Let us consider a dynamic heterogeneous panel data model as follows:
Yit = i + Aivit—1 + BiXit + it (i=1,..,N;t=1,..,T) (4.1)

where i denotes the index of cross-section unit, and ¢ denotes the time period. x;; is a

k x 1 vector of strictly exogenous variable. We assume that the error term ey is serially
2

and cross-sectionally uncorrelated with zero mean and variance o;. The joint process

{yit, xit} is assumed to be stable and has started a long time ago. We assume that the
parameters \; and 3, are random and can be characterized as

Ai=A+nu, B; =B+ 1y,

where 71; and 71y, are assumed to have zero means and following covariance matrix:

Q=

Var(X;))  Cov(N\i, B;)
Cov(B;,Ni)  Var(B;)

The long-run coefficient is defined as

ezE(oi):E(fiAi).

To estimate parameters, rewrite the model (4.1) as follows:

!
Yit = O; Wit + €t

where wi; = (1,9;4-1,%},)/, and 8; = (a;, Ai, B;). The mean group estimator of § based
on OLS estimator is defined as

N

. 1

dorLs,mac = N E doLs.i (4.2)
P

~ R ~ ~/ ! -1 .
where dors,i = (aOLS,ia /\OLS,i,ﬁOLS,i) = (W;W,;)" Wiy, withy; = (yi1, ..., yir)" and
W, = (wj1,...,w;r)". The mean group estimator of long-run coefficient 0 is:
N
1 Bors.i

5OLS,MG = — —_—. (4.3)
N ; 1—-2Xows;i

In the time-series literature, it is well known that 30 Ls,i is biased in finite samples.
This problem applies to the MG estimator as well since taking an average over cross-
sectional units has no effect on the bias. Hence, to reduce the bias of MG estimator
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of  and 60, we need to reduce the bias of estimates for each 7. In the next section, we
consider two approaches to reduce the bias.

4.3 Bias-corrected estimators

As mentioned above, the OLS estimator of dynamic regression model is biased in finite
samples and several approaches to reduce the bias have been proposed. We now introduce
two approaches.

4.3.1 First-order bias-correction

Pesaran and Zhao [1999] applies one of the bias-reduction methods, namely, first-order
bias-corrected estimator by Kiviet and Phillips [1993], which accounts for the bias up
to O(T‘l), to address the finite sample bias problem of the MG estimator. Specifically,
the first-order bias-corrected MG estimator is defined as

~ 1 L
dpormc = Y Opcu (4.4)

where 3301@ is the bias-corrected estimator by Kiviet and Phillips (1993), which is
defined as

. o~ v A ~(1)
0Bci; = (aBC1,i,)\BC1,i,ﬁBc1,i> =doLsi — by,

~(1) ~1) 1) ~On’
bé,i = (b() bE\,z??an') ’

a,1?

- G¥D)! (z”ci(ﬁ)*le1 + tr[Z'CZ(D) ey + zaze’l(ﬁ)*leltr(cc’C)el) :

D = Z7Z+5%(CClee,, Z= [yof‘ + CXiBors., X] , (4.5)
9 (yi — W¢30Ls,i)'(yi - WiSOLS,z’)
- 4.
F = F(lorsi), C=C(lowsi), (4.7)
_ _ [0 0 0 0|
1 1 0 0
i;‘ Noo10
F(\) = i , C(\) =
)\T*l : :
- RV D Y
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and e; = (1,0,...,0)’. The first-order bias-corrected estimators for long-run coefficient
can be obtained as

N

7 B Bpcui

BCLMG = Z T (4.8)
— BC1,i

4.3.2 Second-order bias-correction

Recently, Kiviet and Phillips [2012] derived the finite sample bias of OLS estimator of
dynamic regression models up to O(7~2), which is more accurate than that of Kiviet and
Phillips [1993]. This chapter suggests to use this second-order bias-corrected estimator
to further reduce the bias of MG estimator. This extension is particularly important
since it is often the case that the time-series length of panel data is only moderate.

The second-order bias corrected mean group estimator is defined as

N

~ 1 AL

dpo2,mac = N E dpC2,i (4.9)
=1

where 330272‘ is the bias-corrected estimator by Kiviet and Phillips (2012) defined as

—~ ~ ~(2)
dpc2i = dorsi—bs,

50 - (.6
= —82[tr(QZ CZ)q, + QZ CZq,] + 5*{[-2q11tr(GG'C) + 2q11tr(QZ GG'CZ)

+2¢11tr(QZ GG'C'Z)] — 2q1tr(QZ GG'ZQZ CZ) (4.10)
—qutr(QZ CZ)tr(QZ GG'Z) + 4¢,Z GG'CZq, + 24,Z GG'C'Zq,
—4q,Z' GG'ZQZ CZq, — 2d,Z' GG'ZQZ'C'Zq, — d,Z GGZq,tr(QZ CZ)
~2¢4Z' CZaytr(QZ GG'Z)|qy — [q1tr(QZ GG'Z) + ¢4 Z GGZq,]QZ CZq,
—9[q1tr(QZ CZ) + o, Z CZq,|QZ GG'Zq, + 2¢11QZ [GG'C + CGG/
+GG'CZq; — 2¢1QZ GG'ZQZ'[C + C')Zq, — 2¢11QZ CZQZ GG'Zq,}
+55{[8¢%,tr(GG/'GG/C — 2¢2,tr(GG'GG)tr(QZ CZ)
—4¢2,tr(GG'C)tr(QZ GG'Z) — 12q11 (4, Z GG'Zq, )tr(GG'C)
~8q11(d}Z CZaq, )tr(GG'GG)|qy — 2¢},tr(GG'GG')QZ CZq,
—8¢2,tr(GG'C)QZ GG'Zq,} — 531243, tr(GG/C)tr(GG'GG)qy]

~

, C and D are defined as (4.5), (4.6) and (4.7), respectively,

g
=
)
=
N>

~—1 ~—1
Q=D , q,=D e, qgi=¢D e, G=A'orsi)(Ir,0);
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0 --- 0 1 AL
and w is variance of start-up value y;0 ~ N (o, w? o; ) The second-order bias-corrected
estimators of long-run coefficients can be obtained by

~ 5302
Opc2mc = Z - )\BC; : (4.11)
Z

4.3.3 Bias-correction of the Long-run coefficient

Since the estimates of long-run coefficients based on bias-corrected estimator does not
always yield desirable performance as demonstrated by Pesaran and Zhao [1999], they
proposed a direct bias-correction of long-run coefficient. Specifically, they proposed the
following bias-corrected estimator for long-run coefficient?:

N

. 1 ~ ~(1)

Oppcrve = <OOLS,Z' - b9,¢> : (4.12)
=1

~ 1

Oppc2yme = Z (90LSz by 3) (4.13)
=1

where for h = 1,2

~(h) (1 — /):OLS,i —/l;(Ah2> (b(ﬁh) + GOLSZbE\I)) + Cov ()‘OLSzw@OLSz) + BOLSZVar ()\OLS,>

by, =
(1-—XOLSZ Bg?)

4.4 Monte Carlo Simulation

In this section, we investigate to what extent the higher-order bias-correction is effective
to reduce the bias of the MG estimator.

'In the simulation study in the next section, we simply set w = 0.
2Although they proposed two types of direct bias correction methods, we only consider DBC} in
their notation since it performs better than DBC5.
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4.4.1 Design

We use the same design as Pesaran and Zhao (1997). Specifically, y;; and z;; are gener-

ated as
Yit = i + Nir—1+ (1 — N0zt + i, (i=1,.,N,t=1,..,T)
i = (1 —p)+pxii—1 + ui

where «;, p; and long-run coefficient 6; are independently generated as a; ~ N(1,1),
wi ~ N(1,1) and 6; ~ N(1,1). Note that 5 = E[(1 — \)#;] = (1 — A). The idiosyncratic

term e and w;; are independently generated as e;; ~ N (0, 1), u;z ~ N(O, agﬂ-) where?

, (02— 2+ N1 - pH) (1 - M)

g p—

v 21— N1+ M)

with 02 = 2,8. For the sample sizes, we consider T' = 15,20, 25,50 and N = 20, 100. For
parameter values, we consider A = 0.4,0.8, p = 0.6,0.95 and 02 = 2, 8. For the estimation

of XA and 3, we consider three estimators, the standard MG estimator (4.2), denoted as
“OLS”, and two bias-corrected estimators (4.4) and (4.9), which are denoted as “KP1”
and “KP2”, respectively. For the long-run coefficient 6, we consider five estimators. The
first three estimators are (4.3), (4.8), and (4.11), which are denoted as “OLS”, “KP1”
and “KP2”, respectively. The last two are direct-bias-corrected estimators (4.12) and
(4.13), which are denoted as “DBC1” and “DBC2”, respectively. The first 50 periods
are discarded to reduce the effect of initial conditions. The median bias (BIAS) and
median absolute error (MAE) based on 20,000 replications are reported.

4.4.2 Result

The simulation results are provided in Tables 1 to Table 4. Theoretical result implies
that the bias of KP1 for A and 8 should be smaller than that of OLS, and the bias of
KP2 should be smaller than that of KP1. From the tables, we can confirm that this
is the case. For A and 5, KP2 has the smallest bias in almost all cases while OLS
is most biased. This reduction in bias is also reflected in MAE. Indeed, KP2 has the
smallest MAE in almost all cases among the three estimators. However, for the long-run
coefficient #, this result does not readily apply. In some cases, the estimate for 6 based
on KP2 is more biased than that based on KP1. Moreover, the estimates for # based
on bias-corrected estimators are sometimes severely biased. Note that this result is also
reported in Pesaran and Zhao [1999]. As a solution to this problem, we consider DBC1
and DBC2. From the tables, it is observed that DBC2 which is based on second-order
bias-corrected estimator has the smallest bias in many cases. These results suggest that

3For the derivation of o7, ;, see Pesaran and Zhao (1999).

100



second-order bias-correction is useful in reducing the bias of MG estimators.

4.5 Conclusion

In this chapter, we considered estimation of heterogeneous dynamic panel data models
by means of MG estimator. Since MG estimator is biased in finite samples, we proposed
to use second-order bias-corrected estimator by Kiviet and Phillips [2012] as a bias-
reduction method. Monte Carlo simulation results revealed that the second-order bias-
correction is useful in reducing the bias especially when T is not large.
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