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INTRODUCTION

The values of the density and the viscosity of liquid foods are important for designing
various apparatuses. These values vary with the temperature and the concentration of
solid components and so on. If the equations of these values regarding the temperature
and the concentration can be obtained, the equations will be useful for various calcu-
lation of designing and so on, using a electronic computer. In this paper, we studied the
equations in function of the temperature and the concentration on the density and
viscosity of sugar, salt and these mixed skim milk solutions.

THE EQUATIONS FOR DENSITY
1. Data of density

In the previous paper?, we have studied the flow behavior of sugar, salt and skim
milk solutions. In these experiments, the density of the fluids has been measured at
various temperatures and concentrations by using a. pycnometer. We use these values in
this study.

The samples for these studies were prepared commercially in Japan. The sugar, salt
and skim milk are used by Mitsui Seito Co., Naikai Engyo Co. and Yukijirushi Nyugyo
Co., respectively. The main components of the skim milk are; protein: 35.0 wt%, lipid:
1.0 wt%, non-fibrous carbohydrate: 52.0 wt%, ash: 8.0 wt% and water: 4.0 wt%.

The sample solutions used in this study were prepared in the desired concentrations
from the solid matters, under vigorous agitation by stirring for 30 minutes at 30°C.
The solution obtained was degassed with a laboratory vacuum drier for 20~30 minutes
at 110 mmHg and 30°C. The values of the concentration of the prepared samples were
determined by measuring the weight of the degassed solutions. The density was measured
in a constant temperature water bath at a set temperature.

The values of the density of water at the temperatures of 0~100°C can be obtained
from the tables in handbook®. However, the values of the density of sugar and salt
solutions can be obtained only at 22°C and at 20, 25°C respectively in handbooks*®.

The data of the density p (g/cm?®) vs. the temperature #(°C) of the water are plotted
in Fig. 1. The relationships between the density p and the concentration S(wt%) of the
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2. Equations of density

The values of density of gases can be obtained usually from the equation of an ideal
gas low. However, the values of liquids can not be usually obtained using simply the
theoretical equation, and must be obtained from the tables or the figures. In this sence,
we may make the simple equation as follows:
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y=a+bx+cx’tdxd (1)
y=a+bx+cx? (2)
y=a-+bx (3)
y=ax’+¢ ()
y=a(x+c¢) (5)
y=10%+¢ (6)
Table 1. Calculated parameters and standard deviations of Eq. (1) for the data of density.
p=a+bT+cT* +dT? (g/cm?®)
Samples (wt%) T (°K) a b c d aX10*
.
Water 3 273.2 ~373.2 0.853 9.69 X 10°* —8.06 X 10~7 -2.78x10"° 4.00
Sugar (10) 283.2 ~323.2 0.804 2.80 X 1072 -9.94 X 10~¢ 1.05 x 10-® 3.52
Sugar (20) 283.2~323.2 0.914 5.67 X 10°* 2.80 X 10~¢ -9.50x 10~? 3.66
Sugar (30) 283.2 ~323.2 0.995 9.82 X 10°* -9.60X 1077 —-2.94x 10"° 1.98
Salt (5) 283.2 ~323.2 0.921 1.38x 1072 —-4.32X 10°¢ 3.17x 10~° 1.74
Salt (10) 283.2 ~323.2 0.857 1.81x 1073 -3.82Xx 10" 343x10°° 2.95
Salt (15) 283.2 ~323.2 1.25 -1.81 X103 8.75x 10"¢ —-143X10"8 1.73
Salt (24) 283.2~3232 1.14 7.97 x 10 —-2.30X 10~¢ 246 x 107! 1.77
Skim milk (5) 283.2~323.2 0.875 8.09 X 10* 1.16 X 107 -4.20x 10~° 0.901
Skim milk (10) 283.2 ~323.2 0.819 1.84 x 10~3 —-4.01X 10"¢ 940X 10°'°  1.04
Skim milk (15) 283.2~323.2 1.03 1.97 X 10-* 591x 1077 -3.34x 10~° 1.96
Skim milk (20.5) 303.2 ~333.2 0.635 3.32x 1073 —6.67 X 10-¢ 1.62x 10~? 0.581
Skim milk (25.3) 303.2 ~333.2 0.914 1.01 x 10-3 248X 1077 -5.38X 10"* 1.29
p=a+bS+cS*+dS® (g/cm3)

Samples (°C) S (Wt%) a b c d oX10*
Sugar (22)3) 0~100 0999 379X 10-? 1.60X 10~ 147X 10"% 178
Salt (20)3) 0~24 0.998 2.09 X 10°3 1.16 X 107% 3.79 X 1077 0.277
Salt (25)4) 0~ 26 0.997 7.02 X 10°3 1.25x 10°% 3.73x 1077 0.261
Sugar (10) 0~ 30 1.00 2.67 X 1073 1.15x 10°* -2.00x 10°¢ 0.0197
Sugar (20) 0~ 30 0.998 3.15x 1073 7.03X 10"* —1.08 X 10-¢ 0.0348
Sugar (30) 0~ 30 0.996 3.21x 1073 6.64 X 10°° —-1.09x 10~°¢ 0.139
Sugar (40) 0~30" 0.992 3.15x 103 747X 10°° —-1.33x10"¢ 0.0367
Sugar (50) 0~ 30 0.988 3.53x 1073 2.96 X 10~5 —-279Xx 1077 0.0888
Salt (10) 0~ 24 1.00 7.41 x 103 —8.89x 10-¢ 8.34 x 1077 3.89
Salt (20) 0~24 0.998. 6.69 X 103 5.89x 10-* -9.69 X 1077 4.52
Salt (30) 0~ 24 0.996 6.75 X 1072 4.39x10°° 6.51 X 10°7 2.38
Salt (40) 0~24 0.992 6.50 X 103 6.12X 10°° -1.09X 107 2.59
Salt (50) 0~24 0.988 6.76 X 103 1.01x 10°° 4.87 X 1077 3.11
Skim milk (10) 0~15 1.00 3.28x 1072 8.81x 10~° -3.21Xx 10" 0.0143
Skim milk (20) 0~15 0.998 3.30x 1073 7.26 X 10~° —-2.52x 107 0.0983
Skim milk (30) 0~ 253 0.996 3.56 X 1073 1.66 X 10~° -1.23x 107 2.39
Skim milk (40) 0~ 253 0.992 343 x 1072 2.73%x10°% —3.58 X 1077 5.30
Skim milk (50) 0~ 253 0.988 345x 1073 2.36 X 10~* —-2.85x 1077 6.53




The values of o X 10* for the equations p vs. T

Density and Viscosity of Sugar, Salt and Skim milk Solutions

Table 2. Standard deviations of Eqs. (2)~(8) for the data of density.

137

Samples (Wt%) Eq.(2) Eq.(3) Eq.(4) Eq.(6) Eq.(7) Eq.(8)
Water> 3.57 29.2 29.0 29.7 29.9 40.7
Sugar (10) 7.34 3.55 3.55 3.57 3.58 4.51
Sugar (20) 7.01 10.1 10.0 10.1 10.2 12.0
sugar (30) 2.71 6.16 6.06 6.23 6.29 8.50
Salt (5) 2.50 2.95 2.93 3.03 3.04 4.82
Salt (10) 2.92 6.11 6.06 6.20 6.22 8.24
Salt (15) 7.03 8.58 8.50 8.66 8.74 11.2
Salt (24) 1.66 2.28 2.22 1.44 2.46 5.28
Skim milk (5) 2.05 6.74 6.74 6.81 6.80 8.33
Skim milk (10) 1.50 6.13 6.12 6.23 1.22 8.07
Skim milk (15) 1.04 5.82 5.80 5.90 5.93 7.94
Skim milk (20.5) 1.36 5.52 5.48 5.62 5.68 6.94
Skim milk (25.3) 4.18 3.79 3.74 3.86 3.89 5.34
The values of ¢ x 10* for the equations p vs. S.
Samples (°C) Eq.(2) Eq.(3) Eq.(4) Eq.(5) Eq.(6) Eq.(7)
Sugar (22)¥ 3.64 149 32,0 145 7.99 48.4
Salt (20)3) 1.25 12.6 4.57 13.0 0.905 1.20
Salt (25)4) 1.48 15.7 5.51 15.6 1.30 1.31
Sugar (10 13.4 28.4 8.98 28.3 11.0 21.2
Sugar (20) 7.27 22.9 3.38 22.9 5.20 14.9
Sugar (30) 7.15 18.9 3.92 189 5.68 11.5
Sugar (40) 8.94 17.5 6.09 17.5 7.82 11.1
Sugar (50) 1.79 17.1 1.29 17.3 4.14 8.89
Salt (10) 4.71 13.9 7.17 13.8 4.13 7.80
Salt (20) 5.46 16.1 5.35 16.0 5.65 5.71
Salt (30) 3.26 13.3 3.16 13.2 37.5 4.54
Salt (40) 4.39 14.5 3.35 14.4 4.77 491
Salt (50) 3.51 17.5 6.69 17.5 3.64 3.86
Skim milk (10) 2.68 4.81 1.88 4.81 2.27 3.45
Skim milk (20) 2.01 4.48 1.23 4.48 1.59 3.00
Skim niilk (30) 2.44 7.98 3.07 7.98 2.58 3.84
Skim milk (40) 5.51 10.4 5.85 10.4 5.58 6.90
Skim milk (50) 6.63 10.5 7.08 10.5 6.76 7.53

y — 10az+b
y=a exp(b/x)

where, y is the density p(g/cm?®), x is the temperature T(°K) or the concentration of solid

matters S(wt%), and a, b, ¢ and d are the parameters which can be obtained from the

data. However, Eq. (8) of the Arrhenius type equation is not efficient for the relation-

ships of p vs. S, because the denominator x has a value of zero. Eq.(5) can not be used

for the relationships of p vs. T, because this equation can not express the increasing of the
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positive value of y with the increasing of x. The parameters a, b, ¢ and d can be determin-
ed from the experimental results of p vs. 7 or of p vs. S. Egs. (1)~(3) have been used for
some solutions®, but not for sugar, salt and skim milk solutions. The parameters in
Egs. (1)~(3) and (8) are able to be solved by a linear least square method from the data,
but the parameters in Eqs. (4)~(7) are not able to be solved.

Therefore, we calculated the parameters by a non-linear least square method using a
digital electronic computer (The Computation Center of Hiroshima Univ., HITAC 8700—
OS7). The subroutine program of a non-linear least square method employed herein
has been descrived in detail elswhere®.

The following standard deviation ¢ was minimized.

N
o= (2 Gus—yadtW/N )" ®

where, yops and y., are the observed and the calculated values of y, N is the number of
experimental points and W; is the weighing coefficient.

The values of the parameters in Eqs.(1)~(8) can be obtained from the data in Figs. 1~
4. The values of the standard deviation for Eq. (1) were the smallest in all the results for
Eq. (1)~(8). The values of the parameters in Eq.(1) and the standard deviation are listed
in Table 1. Excellent equations could not be obtained for the relationships between the
parameters and the concentrations or the temperatures in Table 1. Excellent relation-
ships were obtained for the two parameters equations of Eqgs. (3), (7) and (8). The values
of standard deviation for Eqs. (2)~(8) are listed in Table 2.

In Table 2, the values of the standard deviation for the two parameters equations are
not much larger than the values of the other equations. For our narrow experimental
region, the simplest equation of Eq. (3) is most usefull. The results show as follows:

For sugar solution (7=283.2~323.2°K, S=0~30 wt%):

0 =—3.49X10"T+4.26 X10°S+1.098 (10

0=2.11X107

For salt solution (7=283.2~323.2°K, S=0~24 wt%):

p=—4.11X10"T+7.46 X103S+1.118 (1)
0=1.99 X107

For skim milk solution (7=283.2~323.2°K, S=0~25.3 wt%):
p=—3.39X10™*T+3.88X103S+1.09 (12)
c=1.39X107°

The following equation can be tried out, by using the non-linear least square method.
o=dl"+bS™ + ¢ (13)

where, n and m are the added parameters. The results used Eq.(13) are shown as follow:
For sugar solution:

p=—3.48X10"*T""+3. 11 X 10738+ 1. 100 19
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g =9.72x10™*

For salt solution:
0= —4.21 X107 T*"4+6.36 X1028+%+1.120 15
g=1.37Tx1073

For skim milk solution:
0=—3.27TX 10T "+ 3.40 X 10735 **+ 1. 099 (16)
0=1.04x107°
where, the conditions are similar to those of Egs. (10)~(13). The values of the standard
deviations of these equations are not much smaller than the values of the former
equations of Egs. (10)~(12), these are same to the type of Eq. (13) setted n=1.0 and m=
1.0. Therefore, the former equations of Eqs. (10)~(12) are approximately useful. The
broken lines in Figs. 2~4 are respectively the calculated results of =10 and 50°C for
Egs. (10)~(12). The solid corves in Figs. 1 and 2 are the calculated results for Eq. (1).

If the experimental regions of temperature and concentration are expanded, we can
not use anymore Eqs. (10)~(12). We must use more complicated equations such as Eq.
(1) show, with the solid curves in Figs. 1 and 2.

The relationships between the density and the concentration, temperature and weight
fraction of the mixed solutions as shown in Figs. 5 and 6 are very complicated. There-
fore, we considered that the density of the mixed solutions should be obtained from the

following equation.
Y= kaXat ks Xpg+048XaXs 1

where, y is the density p (g/cm®) and X, and X j are the weight fractions of the solid
matters A and B in the solutions, respectively. &k, and kg (g/cm?®) are the values of the
oensity of the solutions of solid matters A and B for the concentration of §;=Sa +Ss
(Wt%), respectively. The values of parameter §,5 can be obtained from the relationships
of p vs. X, and Xg. The relationships of Figs. 5 and 6 make the linear approximation,

then, we can give § , =0 in our experimental region.

THE EQUATIONS FOR VISCOSITY
1. Data of viscosity

In the previous papers®?, we have studied the flow behavior of sugar, salt and skim
milk solutions. In these experiments, the viscosity of the fluids has been measured at
various temperatures and concentrations by using a capillary tube viscometer. We use
these values in this study.

The values of the viscosity of water at the temperatures of 0~100°C can be obtained
from the tables in handbook and so on®*”. The values of the viscosity of sugar solution
can be obtained at 20, 40 and 60 wt% in handbook and so on3” _but the values of under
20 wt% can not be obtained. In the previous paper?, we measured the viscosity of 10, 20
and 30 wt% sugar solutions at 10~50°C. The values of the salt solution can be obtained
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from O to 80°C for concentrations under 20 wt% in handbook®, but the values of upper
20 wt% can not be obtained at the temperature region. In the previous paper?, we
measured the viscosity of 5, 10, 15 and 24 wt% salt solutions at 10~50°C, and in the
previous papers?, we measured the viscosity of 5.0~25.3 wt% skim milk solutions at
10 or 39~50 or 60°C.

The data of the viscosity u (g/cm-sec) vs. the temperature #(°C) of the water are
plotted in Fig.7. The relationships between the viscosity u and the concentration S (wt%)
of sugar, salt and skim milk solutions are plotted in Figs. 8~ 10, respectively. In Figs. 8~
10, our observed values are shown with the literature values.

The relationships between the viscosity u and the weight fraction X(—) of sugar-skim
milk, salt-skim milk and salt-sugar solutions have been plotted in the previous paper?. As
these results are not used in this study, we omit their figures.

2. Equations of viscosity

The relationships between the viscosity and the temperature have been expressed using
the Andrade or Arrhenius type equation as used in the previous papers’?. This equation
is the same as Eq. (8). In Eq. (8), y is the viscosity u (g/cm-sec) and x is the temperature
TCK). However, Eq. (8) of the Andrade type equation has not a high accuracy on the

relationships of u vs. T in water. Literature reference® shows that the following
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calculated value for Eq. (18):

equations must be used in water for the wide region of temperature.

v=a exp(b/T") (18)

where, a, b and n are the parameters.

The values of the parameters in Eq. (18) can be obtained from the literature data and
from our data in Figs. 7~10. The values of the parameters which fixed n=3 and the
standard deviations which fixed n=3, 2 and 1 in Eq. (18) are listed in Table 3.

The parameters which fixed n=1, 2 and 3 in Eq. (18) are able to be obtained by a linear
least square method. As the program used non-linear least square method have been
made, then, we used this program.

For the wide region data, the values of the standard deviation which fixed n=3 are the
smallest. However, for the narrow experimental region, these results can not be obtained
cleary. The Andrade equation which fixed n=1 in Eq. (18) is apploximately useful. The
equations regarding the temperature and the concentration of the viscosity which fixed
n=1in Eq. (18) were shown in the previous paper?.

The results which fixed n=3 in Eq. (18) by used the data in Figs. 8~10 are shown as
follow:
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Table 3. Calculated parameters which fixed n=3.0 and standard deviations which fixed n=3.0.
2.0, and 1.0 in Eq. (18).

w=aexp (b/T"

. n=3.0 0 X 10?

Samples (Wt%) 1C0 a b n=3.0 n=2.0  n=1.0
Watar3,7) 0 ~100 895X 10™*  6.10X 107 0.378  1.56 3.08
Sugar3.7) (20) 0 ~85 1.20X 107 7.04X 10~ 0.528  3.11 6.01
Sugar3,7) (40) 0 ~100 1.65X 107  9.17X 107 10.7 15.5 25.1
Sugar3,7) (60) 0 ~100 468X 107™* 150X 10° 168 268 2310
Salt4) (5) 0 ~80 1.06 X 107 5.84 X 107 0.376  1.48 2.93
Salt4) (10) 0 ~80 1.24X 107 568X 10’ 0.489  1.61 3.17
Salt4) (15) 0 ~80 1.38X 107 571X 107 0.690  1.69 3.42
salt4) (20) 0 ~80 1.54X10™* 582X 107 0.662  1.81 3.88
Sugar2) (10) 10 ~50 1.03X 107 6.47X 107 0.364  0.838 1.50
Sugar2) (20) 10 ~50 132X 107  6.81X 107 2.87 1.87 0.993
Sugar2) (30) 10 ~50 1.54 X 107  7.64 X 10’ 2.29 0.602 1.54
Salt2) (5) 10 ~50 1.13X107° 566X 107 1.44 1.69 2.02
Salt2) (10) 10 ~50 1.30X 107 557X 107 0.688  0.239 0.484
Salt2) (15) 10 ~50 1.35X 107 580X 10’ 0.462  0.686 1.24
Sait2) (24) 10 ~50 1.82X10°* 578X 107 2.05 2.27 2.74
Skim milk2) (5) 10 ~50 1.04X 107 6.50X 10 1.49 2.13 2.82
Skim milk2) (10) 10 ~50 1.01X 107  7.33X 107 1.09 1.77 2.70
Skim milk2) (15) 10 ~50 9.41X10™* 840X 10’ 2.63 4.22 17.5
Skim milk1) (5) 30 ~60 1.50X 107 541X 10’ 1.42 4.05 1.82
Skim milk1) (10.4) 30 ~60 1.39X107*  6.55%X 107 2.35 2.57 2.82
Skim milk1) (17.0) 30 ~60 1.24X 107 7.81X 10’ 1.36 1.74 2.18
Skim milk1) (20.5) 30 ~60 232X107®  6.71%X 107 2.31 2.25 2.34
Skim milk1) (25.3) 30 ~60 276 X 107*  7.14 X 10 0.838  0.0780  0.849

For sugar solution 37 (7=283.2~323.2°K, S=0~40 wt%):

a=10 4.58x10 735115305

5=19.90 X 10*S"*'+6. 10 X 107

For salt solution>¥ (7=283.2~323.2°K, S=0~24 wt%):

~341.33 _
a = 10359x10 35 2.00

=5.79 X107

For skim milk solution? (7=283.2~323.2°K, S=0~ 15 wt%):

a=9.77TX10™*

b=3.09 X10°S"%°+6. 10 X 107

For skim milk solution? (7=303.2~333.2° K, §=0~25.3 wt%):

a= 10283x107%0-94-3.12

b=16.62x10"
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The curves in Figs. 8~ 10 are the calculated results used above parameters, respective-
ly. The curves in Figs. 7 are the calculated results which fixed n=3 in Eq. (18).

In Fig. 8, the calculated results for the higher concentrations do not agree well with the
observed values. The values of the viscosity on the higher concentrations of sugar
solutions are very complicated as shown on the higher standard deviations in Table 3.
For the sugar solutions, the calculated results can be obtained well only under 30 wt%.

In Fig. 10, the solid curves do not agree well with the broken curves. The values of
the viscosity on the higher concentrations of skim milk solutions are very complicated
too. The calculated results do not agree with the observed values for the lower concentra-
tions too. For skim milk solutions, the previous equations? which fixed n=1 in Eq.
(18) are more useful.

The relationships between the viscosity and the weight fraction of the mixed solutions
can be expressed using the following equation which we obtained in the previous paper?.

For sugar, salt and skim milk mixed solutions (7=283.2~323.2°K, §;=Ss + Sy + Sm =
0~15 wt%) :

n= (ks Xs+hyXn+kuXyw (1—3.4X 103 Xs Xu— 8.4 X 107° Xy Xy
—4.2X 103 X Xy+ 1.67 X 102X Xy Xo) +2. 7T X103 Xs Xy + 7. 1
X102 Xy Xu+ 3.8 X 10 Xs Xy—1.26 X 1072 Xs Xy X

where, kg, kn and ky are the values of the viscosity of the solutions of solid matters S,
N and M (sugar, salt and skim milk) for the concentration of S;=Ss:+ Sy +Sm (wt%),

respectively.

SUMMARY.

The values of the density and the viscosity are important for designing and controlling
various apparatuses. In this paper, we studied the equations regarding the temperature
and the concentration of the density and the viscosity of sugar, salt and skim milk
solutions.

For the density, the following equations were approximately obtained.

p=alT+bS+c  (gem®)

For sugar solution (7=283.2~323.2°K, §=0~30 wt%):
a=—3.49X107*, 5=4.26X107°, ¢=1.098

For salt solution (7=283.2~323.2°K, S=0~24 wt%):
a=—4.11X10"*, p=7.46X107°, ¢=1.118

For skim milk solution (7=283.2~323.2°K, S=0~25.3wt%):

a=—3.39x10", 5=3.88X107°, ¢=1.09

For the mixed solutions:
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0 =ksXs+ kv Xnt kuXu

where, X(—) is weight fractions of the solid matters in the solutions and kg, kn and ky
(g/cm?) are the values of the density of the solutions of solid matters S, N and M (sugar,
salt and skim milk) for the concentration of §;=Sg + Sy + Sy (Wt%), respectively.

For the viscosity, the following equations were approximately obtained at 7=283.2~
323.2 °K.

nr=a exp(b/T") (g/cm e sec)

For sugar solution (S=0~30 wt%):

a = 10%s8x10 “351.15 3,05

b=09.90 X 10*8"%+6. 10 X 107
n=3

For salt solution (S=0~24 wt%):

a=10 3.59x10 35133 —3.00

b=5.79 X107
n=3
For skim milk solution (§=0~ 15 wt%):
The previous results®? used Andrade
equation are more useful.
For the mixed solutions (S;=0~15 wt%):
The previous results? can be used.

NOTATIONS
a, b, c, nand m .: constants in equations
N : number of experimental points (—)
S : concentration of fluids (wt%)
Tand ¢t : temperature of fluids (°K) and (°C)
X : weight fraction of solid matters in fluids (-)
b independent valiable of Tor S
y dependent valiable of p or-u
u viscosity of fluids (g/cm-sec)
P density of fluids (g/cm?)
o : standard deviation (g/cm?) or (g/cm-sec)
Subscripts;
t . total value

M, N, and S : skim milk, salt and sugar
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