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Reconstruction of Proofs as “Authentic Mathematical Activities”:
Reflection on the Concept

Yusuke Uegatani and Masataka Koyama

This paper aims to reflect on the concept of “authentic mathematical activities” and attempts to
understand mathematicians’ activities based on a comparative analysis of books from the field of mathematics.
We included Masahiko Saito’s Sugaku no kiso: shugo, su, iso (The Basics of Mathematics: Sets, Numbers, and
Topology) and Kazuo Matsusaka’s Shugo, iso nyumon (Introduction to Sets and Topology) in this study,
focusing on the difference between the two authors’ descriptions of the definition of continuous mapping and
proofs of the equivalence of conditions. We found that (1) things that the latter work thoroughly proved were

boldly omitted in the former work on the grounds that they are “trivial” and (2) some cases have been observed
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where the latter work has used abundant set theory expressions to clearly prove things, whereas in the former
work, these are proven without directly using such expressions and with the adoption of intermediate concepts.
In accordance with these differences, we infer that detailing proofs is not writing in universal, ideal, impersonal
sentences but rather ones that include human and implicit messages for an assumed target audience. This occurs
regardless of whether one is proving an as yet unknown theorem or constructing new proofs regarding known
theorems while consulting known proofs (reconstructing proofs) . In this paper, we highlight the authenticity
of the reconstruction of known proofs while considering a specific audience, which constitutes a suggestion to
mathematics education. This is a new perspective that has not received sufficient attention in previous
mathematics education research.

Keywords : Mathematics Education, Authentic Mathematical Activities, Proofs, Mathematicians’ Thinking



1. BEOHE

FRIZBTD2EFZOZRICONWTE 2 D
WZiZbbAA, HEFEHE L TORFOFW
EZDHDETYH, HEICBWTIEREEENE
ERBFINEE 2 EB T2 2 L 1E, BWTFEE
MRICEB W TR OBEERPED 1 DTH D,
LWL NnG, 29 THDHNWZIT, Weiss,
Herbst & Chen (2009) 7% (&S [IEEIE] 72
BEOWELEL L TALND Z LEYE, 5
27?2 (p276) LS 7 bW, THIER
FHIER) ) LIE, BFEE ISRV TELHIC
ZERINTE-HERETCLH D, £O LETH
Six, Man TEE] 2#2%%% [EEE] 725
ENSLRTEOMNCHONTOEENITE A
ElhwnwrXoiclbns L, #EFELDY LETED
U 2R HE T 2 72 DI BT EIC & > THHER
AIRIZEENMTHDLINICONTITE A EH
Lz sn T nk s iclbisg ) (p.290)
ERERRATIT TV D, BEIERBFNIEE O EE
ERFHEORECBTLZEEEKICHE
MmAERDAMITIZE AL VICE L, EAR
IEEINEIETHD DN HOWTIE, BIEDOSR
WmnEHnichd s x5,

Z ZTCARRE, TEERBFEWIEE ] &)
BWEEKEL, FTLWVAENDZT ORI
EUMCHZEEZHMET D, FRICAR CIE,
BEMESHOBEENEEZ LRV THERT D
D1 >OEBEER 2RI 5,

2. ARAER
INETOEFHEHEICENT, HIER
BOEHNEENY, RE< BT T2O08HEND
BIREINTELEEEZD. AT, b
RGBT e —F EEENT e —F LI
BNt U s I

BEHE T 7 —F Lk, KEhae—2tL
L THELEORKOEMER LML, 0
FRAH 2 BLOE 72 B0 i0IE B o dLRL 1] & B 7R 5 5
ETHDH, 207 Fa—FicB W T, [FEH
ERmBRIE WS EFEETHAR T 1 K 2 (1980)

HIERBFHIEE) L LT O OFHERIEE)

WX BHEBEEHEN, LbiTEI<FIHINT
W5, ZOIERIZI W THUE R O FERIE,
JRAR & LTz Mkt e 2R A DR R & FE T 2
BLWwo LTt LA, AMICKDEMOMHR
B TG D~ — TV D IR REE ) S R

(Ernest, 1998) & L Citik &b, [REA & 7@
Bl B FHala =S —varo
A, Z2<OBFHEEMNEICB W THEIER
BEMIEE ORI L L THR2IATEY, B
HOMREL R EEREE T 568 7 Az %
Bizx4as7y57—BELT, FOkoIC
LTHET MREH LML 2EB T 2008
S AT E 72 (B Z21X, Lampert, 1990; Larsen
& Zandieh, 2007; Sriraman & Mousoulides,
2014) .

—F, FENT Te—FLiX, —ADLED
DEFHENEELE L TEAREBHZIT> T
DMICEREZY TN TH D, BT 7
n—Fn, ELonEE2EHEFFEaIIa=
T 4 BAR O B EIE 72 07 B9TE B o gAY
BIOWELRSL LD LT, EENT 7'
—Fix, »DEREOEFEE AN DOIEE DERAE
ERHAEL, £ IbHEIEREFHIES O
BIOWELRLDLEDTH D,

ESH) 7 7 —F 0, BEIZE TS [FEH
LBl DEBLE D B B A2 A TR B AR
ZEMLTWDLOIZK LT, EREHNT Fo—
FiX, AEOBAEZLED L IITKRDINITL -
TR AEZEMT 5, Bl 21X, FaE
BBIEIC X D538 o8 5 o & 658
(Wilkerson-Jerde & Wilensky, 2011), fif¢iE
B LT 2 W TR 75 & U DO REW] O Hi A
5 O k5% (Inglis & Alcock, 2012), 5
WFIE T X DR D ATk gE (%6 11E 2>, 2015)
7R EIRET B, AR, G SUES B INME
o7 Tr—FThbd,

AR TIE THIERESNIER ] ITHOWTH
BT HOIL, BREOEENT e —F0—
L LT, BEEOEEDGH L WO WIZES
EERMT 5, L0 BAEICIE, HBHEEZSE



Ery KfE /ML EE

¥ 5Eu 4 - B LM ] (F5HE, 2002

LR, [EEAl ) ik MEA - I
FEAFT]  (Ra3, 1968 ; LLF, [HAl) %

W4 5. B2, Zhb 2 008 EICHER
STV DALAEZE I 38 1T 5 adte 518 O R
SIFIZHOWNWT T 5,

ML, WIS EFOH L KRFHFOA
FMEZEEELZBAROHFEE THY, Hig
METHD (AL & ThhikAR] XL bic
FHL-AMEDO1ISDTHSL. - L, 1
PR EXN 2~ ETHESNA TV S,
F9, [BEEAL L, 20 TF203%] 1280
T, & AWHER L S5 BT RAEDN R
EHmELBEL LRV E LT, HFarE
FAEILE, T LEERDHFETLONE N
IMAR LN OHEm TE D 2 EDBER
AR THDLZExHl, £D LT, FEHm
BULREENESTR EICHEEIND Z E R
LB IE#HRTHIICLPDLT, Th
HEHLAERA LI FEN DR & 2R
BEME LT, REFELZPHELTND, —H,
FasA] 1%, BREF0 155 L6599
NEEGwE, FULSBRBEFOERBEL T
NARZER G 2, 1T & AL Plmak/s LICH
DX DR LI IR APMETH D,

b 2t A it L LTI L 72 B i
%, WIZHIHT D [HBEAR] obLlnzns
HOND LI, TIRRARIDONENTEFEAL
DEBIZ > TWNENLLTH D,

MHERICO VW TS EOAREBEZ IZ LT,
TANE [HCEIR AE 1] B E (1968,
FARIE 1965),
SRR TG - MAHAFS] 5B (1968),
EIERIREADKRIZITBHMEEIC 2 o 7, FEY
EABELEZEZHLH 5,

(T mEAL |, p.271)

ZoXkouz, TEEARL X, ThikARl &%
DPEBEX NP ICE R DI b b1,

ZL OMBITBNTEELZIT WD, £D
7o, WICE X, [HEAR] & ThRAR] I
i SN TWADE CEFERNEICET 25
DRk AT 5 2T, WEE - FELE
23, TSR] OFE 2 HIE L, HigkT 5
BT, fznEs L, MEaAREL LEZONE
HoNcTbaZENTEXS, LT, Z0OH
Rooix, FEBPBAFOEY 2 g L T
T 2@ E L CORENEESHZ2BEIERD
DIZTDHIDDORERELND EHFFTE D,
E, MFZEMICBT2EBEEGS X, &
HEERE DO FF T BV TTEY Wb B e B Sk
DO & =S L L& TH 5, Tall & Vinner
(1981) 1%, #HEBIE OB EN, KFETHS
RS LEDOMIZBWTTER, [ Z0EHD
77 7 RRERICHRON RS ER S TND ]
WO ZEEREIESNTEY, ZORAN,
B O ERBOARMEICEDAIEF THDL Z &
ML TWDS (p.167), LTER->T, 20X
IIIRF OFEICHEE LB %217 9 -
DOFRMNY & LT, FRICEGE GG O &I
DONWT, BESREDOLIITEZ N EELET
LHZEEMERSDEZEXLLND,

3. LEEFER

AKHETTIR, R EA O E R L Sk o R M
DFEICE S 2 Y CTC, TR AIETIEEA]
BT ZENE O & ek L 75 R %,
ZOBIHERZ RN LRRD, 28, £5H
B2 [XXX] T~ iE, %oBEOM
HOZOEENBLLELDOTH D,

(1) EHmEBROESR

ST, TRSRAD 123 THE 548 O K A
Jix, 3ODRERMENRIND I EITL
STREINTWD, EblE, ERNT DL ER
D@Y THY, kD (i) ~ (i) OWTHH
W T 5L, ftho 2 ob [FEEICHZT 2
L, 2D LD G/ EERGH LS,



(A - s R0 EE] (S, D)6, D) %
ENENMEEMET D, f2SHDHS~DF
BeTHe, WOIEFMHIFTENVWICHETH D,

() SOEFEOHES Ol LT fF! (07) X
SOBREG LMD,

(i) SOTLEOHEAS AT LT (4) X
SOMESGLRD,

(i) xZ SOEEOSEL, f(x) =xt 35,
FDOLE, XITBITHEEDEE VIR L
T, fL7) FxolEfEEDb,

AL, p175 3 W)

TRl BT, BEOEYNL D
W72 n 2 L a2BRITIE, AEMICHE CaENE
HINTWD, L2LAERL, W OO
ERPROND, £F, #EREGEHOERDN,
(i) ~ (i) OWT N2 &M= 9 54 TiEk
<, WO XS TkA] o (i) &FEl L7z
RO TERINL TN D,

[7FEAR - K EHEOER] X, ¥ 2L 2EM,
S X Y ~OFH, ax XORETDH, ¥
O f (o) DEEOEFE BIZRL, X D a
DUTE A TF[AICB R DL ONFHET B & X,
fiXaTHEHETHDL LN,

(T BEARL, p.114, 58RI 0)

[7EREA - EREBROER] £ X O ETH

oL E, HIZfIXEBETHD LD, fIT X0

L Y~DEEFEBRTHD ENPNI,
(TEEREAD, p.115, 5RFHIE )

TEEpEAR] 23, KB 2HkEEE VD
R e E 2 EHR L BT, BB OERME
EWVH) R 72 E 2 EFRT D &V D BEREW
REZDBERALTWDDICH LT, TeAl
%, EHEFEBROEROTIZ, KaIZBIT 5
N LB TERL TV D,

B, [EHEAL BV TIE, 9 1o, M
BB L2 [AE AR STV DA, K

HIERBFHIEE) L LT O OFHERIEE)

fis TR AL D 3 bz lhlef G & 3%,

(2) (i), (ii) ORME%EDERA
A A ] 123 W Catfe 51 o Rt i1
B9 2 3 &Moo RMEMEE, 22120 TREM
INTW5D, £7, () & (i) OFRMEMEIZS
WTIEHKRDEHICGEHEN TV D,

[ A - (D), () oFREHE] 1), () 236
HTHDHZ LT, SOMLEOWMOES M T L
<

f(s-m) =8 (M)
MEOSD (FH1FE (44) ) &b, ED
WWREND, EE, WE 1) BEVIo& L
ERoMESOHLHAESG 4L LT HIE, -4
EDTHDLIND, f1(5-4) €D. Lo T
S-f(4) €D, Thbb
f) el Wz (i) BAEKY Lo, Wb (A
HThHoD, (M29Al, p.176)

¥, LislHFTofE1E 4.4) 7 &I,
[RA] OF 1 H|ICB W THE TR L TRE
HTsZenfEMEE LTitanzaT
HHN, EOXHIICFEHTIIZERTH DD
T HONT, [RRAR] IZIE—8F kKB,
DFEVY, BEHMEOE ZBHEH > TV,

—F, ZOXoiERIcH LT, [EBEA]
ICBWTHHIST 2B IE RO L S Ik shn
T35,

[7E#EA - (1), (i) ORfEM] fMESE2E 2
higdh x5, TEEpEAL p.116)

DF VY, [BEAR] TiX, B CEHAN DT 0
—ETHEEEINTWEDOTH D,

(3) (i), (iii) OEEEDEH
MasEAl cesnc, () & (i) ORFE
PIZOWTIHRO LS IZFEH SN TV D,



Ery KfE /ML EE

[FasA - (), Gil) oRfEE] G = Gi) -
xES, f(x) =x & L, VExXOEEDOEE LT
5, £o7ThiX
Yeucy

L H UEDNIEIEL,

xEfT(U) cft (),
(i) kvrt(v) eDThbsr»rs, 1 (1)
evVs (x),

(iii) = () : 0€e® &L, 1 (0) =0 &
T5H, x% ODIEEOREL, f(x) =x&Th
X, YEOTHDLINH OEVs (X)), LTzio
< (ii) 12XV o=f"' (0’) €Vs (x)y TN O
PDIEBDOR x Tt LTRSS b, EE 9
roT 09, (T Al, p.176)

2k, EosIRIZE T D Vs (x) &%, e
2B SIZBIT D x DEER, T2bbH, x D
TEERERDESEZRL TS, £, FH9
ElX, ROEHTH D,

[RIA - BHESOMLESHHRME] SOZETR
WE S O BBRES TH DD D LEAS)
T, ODEEDSE xITH LT, OB x D
Lo TnDHZ ETHD,

(M4, p.16l)

— 07, TEBEARD <X, Zhicxtisd 5 aEH]
X, 22l cRBEInN TS, £7, K
DX DT mGHE DM E 3 FREDNFEH S
TWd,

[ZEHEAR - BB O MBS EME] 28 a T
WETHDTDIZIE, [ (o) OIEEOER BIZ
K LUTSLUBIS a DEHETHD Z L BLE|L
Th b,

FERH fA e THEifEE L, B & f (a) O
LT BLE, amir 1%141/‘ IBlICEENDH D

NHDH, WHEDOERICE > TLUBIH a DIEF
Thbd,
WIZBWNf(a) OEFEET D, IREIZL ST

Bl aDEBETHY, fIfFBIICBLENL,
flda CHEETH D,
(7EmEARl, p.114)

S L (1) O [EE PR 2
% (728, B°lX B DB

F D LT, B OER
KDL RENTWND
BrERT),

[7FmEA - dHpitE e () OFREME] £ 238k &
L, B YOREALT D, fBIODEEDK a
WXL, BiXf (a) OEEENL, REIZE-
T UBliXaDiifETHY, L7 o>7Tf[B]
HESGTH D, Wl
fla) =b & L, B bDEELTH. BUIbD
B2 5, IREIZ L » T Bt a & T
BES, LoTrBlXaeDiifETH D,

(7 MEAL, p.116)

4, EE
(1) (i), (ii) OFREXEDIEHIZONT
(i), (i) OEMEMEDZE O iz 30T
ORI AR A > Mg, [agA- (), (i)
OFRMEME] OFEF & [FFBEA - (), (i) OF
EME] OEFHORBEDETH S S, HES
EPHEBITAEVWICHESORKRICH Y, Xt
RIMETHDLIZ b, BHEAIZOWVTHE
SF B F L, AT R IE [ 7 A S B
HEHIZHOWT B L, Fc, FEAI

DOWTHRN T HEME, BAMIITIXEA 2
FEMANBAERSICOWVWTHRNLTHEVNS T &
WX, PLFRZEMGRICHHIEERELE-E TN

= WEE%@:.OJ:O o, I'HEoih) THhDE
BULohdnb vy, L2LRR6, [H
O] ThdeEWw) FERIE, GEHEF Wi
NHAHFEH L Ty, Tl Lo
RHB 72N B WHEB R MmEOFEN T H i
WELHT, ARl oL Hiz, RUmEL
xﬁbf%okrﬁﬁ)ﬁfiaﬁﬁﬂéffxé &b ATRE
T THLIND, [EEAR] 2BV T, M
) KRB PEHHES>TEINVTHA I,



bbb [EBHEAR] B, EHROFELE VST
BARK R EZBBICMRT s L2 BN E
NIERThHoTZ L 2HEXD L, TOHEE
DEEOREIN—HEEEL->THELLND,
TIE, ZOHIZHOWT TRERAR] 23 T
BBtz EDTHDEIN, WX, £5 T
Haawn, [askAR - 1), Gi) oFREE] X,
F1E (4.4 OAXEZMALCEH SR T
WD, IR Lc@E Y TR ANz W T,
WHOAXRZOLEODOZYMITFEH AT
. bbb A, BEWEEICEL - TENDY
IZZDOFEANRER SN TWD DT TH DN,
Ll by, BKELTHERIEHNS 2L
NTWEHLITTIEHRAWVWZ EICITEENRLET
ok

(2) (i), (iii) OREEDEHAIZDONT

(adA - (1), Gil) ©OFREME] otk %
RThHDE, TSR] X, TEER] o [
EA - WmirE L (1) oREMEME] &R LT,
ERC LV STERRORLEESATE AL
ST E 7o TV D, TRAIAR] 23, Bk
FTOEHBTHIEARMOANMEL D L%
BERL-EFETCHLI I LEMEZD L, b
HEFHNENAAREEZHNTTHLESRD
EEzHWTTLRBETE2DTHNIE,
MAIZHZE DO FIEERIRL TnDH Ens Z &
X, MOTHRRZETHD,

— 05, T7EEARL o [7EEAR - itk & (1)
O EEME] OFERIE, TR AR] o [I¥A -
(1), (i) oOFRfEME] &kiEL T, BARGE
EEHL-RRIZ o TWD,ZE LT, RRIZ,
[ZFREA - S adfioER] & [BEAR - H#
BmEBOER] 200 CTED, [HHEAR - %8
B DO MLEA 5G] 2 —HFEH L7z =T
[ZFEA - difetE & () OFRMEME] 250 L
TWAZEND, 121 O0HFEHND HRE
FLFEOLEOOSETMAOLN TS, Z
D &L, MEMICHNA S EELSA TS
TR, XBOFELEED EWNHEATH X

HIERBFHIEE) L LT O OFHERIEE)

SHEELENTFHIZR > TW5, HBABIC
LA BN OEEENITERN TS0,

FEpEARD 1%, £EAWOEMED Lica2En
EEAMETHLIZEEMRT O LA ERL
ALY, XEELTEHEXNWREAROR
MBS EVIERFET, HENRala=r
—va ko CREANERCTE D L O 7t
BRI > T W5,

Tall (2011) 1%, BFRIREN BICR 2 220
E)THHIICLPDLLTHELDE ) TH
HMPDEIICHBETEDLELE2RTTZDODOHH
ELLTCIZURZY v s artES eV
REEE L, NE, FMEBRICH 2E D
Wi DA FRWICHE—H L0, fH%E&F
W D EEDE DR 2 IR —H L7z
DT DLENIEFENREEROT T, HIhb
H—0DH PRI R O R 5 MEIZ DOV TEES
TWLIMPDEIRBREREZH{GLOTHDL, ZD
JERNT X o THERR S 4 2 BE & DS BE & 72 7
iz 2T, ZUVAXY e a7 b
EFEEINDHDOTH S,

FiaBrA] & THEEAR] OFfttEEZ Z 07 Y
AHY v are 7l NOBRANPOEET LR
OIE, TRIRARD 2, £ LD RBLE BAR
FEIC L D RBLO M % R B £R 0 AH 55 B AR 1T K
SWTERHIZITERT DL 7 U 2%
vearke7S NoOEREERT HRLA E 2o
TWLOIZx LT, AL, BHARGEICXK
HROELOM%Z FWKIITERT L7 U A
Vo sare? NoHZZERT 7R L2
STWD, LEZXDTHAY, BELRERE
FEETHE, FLOLMBEBRARLEZEETDH
%o A O MR ITIE T i ) A e D T,
HAGEIZ L > TREINTEHFHINEZES
FICRDRIA~NEHIRTE D22 BIE, TOWN
Kur—UoBKI 2RI TICHETLIZ &N
T&5%, 20, TEA] X, BES LW
IR TEREREFENAI 2= —va D
FEREEZAIHLEHFTETH D, — 5, [HEHEAR]
X, MEoMEMEEZ X VN RET DS



Ery KfE /ML EE

LIZEoT, FARGAIZBWTHHER 2
Ra2= v aryNTELLOICERELLES
EEWRARINTEY, MBIV IBAT
BERKEFN I a=r—va O TEER
HALEHTFETHD,

Tiasi ARl o X5 7#iikix, £46% - AR
BEOEBRNPRKE WD, —EZRICHn L
7 UVREZY) a7l IR INE X
THIE, TOEBRORETIEZEN LMD T
FMRB NI 2= — 3 UNATRE & 7R
LBCE, ENMISOFE KRR TNIE, b
ZHLEDEIRRERAEREFE-HTEH L
T bl nWTHAd, —F, THEANL,
BES OB GE NN, NSl s ) AH
Vyeare7 el SAE/KLRITIIX
B VWKE, D4, —OOEDDORILM
DEBRNNEL, Z7VRAZY v a7 b
DI BT A Lo W R P 28 A2 2 H S T
WnHEER LD,

IO ENE, BHEO TEaNE] MHITE
P IERR A RT 2 W BRI 2 A v — U %
REBLTWD, HEEL, 2FFnEsmo L
IR TE L 2MATHIERTHRE L
ZHBEb ST, BRI, TRERAKR] &L
T, bEVESwMESIHEL LERBLZERNL
TV, 2o liF, BREFEENS KL
TWRWERDZEV T LA, E2HENES
IR T AL EERT I DI,
EBRICEAWRESHELE LERBAZEHT 24
R NEWN) ZENAXIERE LTINS
NTWHERTIRARETHA D, 2T,
A2 — A NBRTEHNTWND Z LTk
ThiHN, arva—¥EIEHThT-o
T, v~ ARLF—R— NOEE L 1F RO
EOBBER b T NIE SR TH - T
HEMIZEARBRE T TENRER INT
WDHDONEEREL TWDHME T2V, L,
WS AR LD L, BREEIC
BT 2N ENER0 G5, HFELINE
MUTHd, MEZER@REZIEHT2ICHT-

TIE, MEARZEMGR OB EM O RR B D> T
WHIE+H 072D Tho T, BARMICEALRE
BT AT 4T TCEAREBEINLTND
ONEEEL TV DHLEE R, Lo, W
SNAHZEMERICB W ITEE o702 b &,
AICET MmN A ERVEDS, 29
Wo RO TH S,

BESM 2B S 2 RNTWD V9 AT,
[RRAR] OAZANVE, IRLTHEEIND
REHLOTIE RS, oA ORRE BRI
ROBWT, MiEOHIZAXANVTHD, L
MULBENG, DRl ELEBEAR]ICEWT,
TDAZANVFEMINRLoTCEE I &
MTELTHAS, BERIL, EEMIPIKRIL
AARGERIBLO M O 2D 2 72 O H i A%
2% MREA) Lo b ERICERHALTEBY,
BEOEBMPNESRICIHDLE VWD 2L E2HEH
CEBIERLO L, RBEICITEGHRORI
RS AT, R ERORY v E
B LR EZLHTTWALDEEZ LN
%o

5. BEHE~DTE

KR O RAZTES S EFBE ~DRE % i
WA, T XL, KA LRE L
c P OANMEBEORE] LW HOBFEEORE
2, BEREFHEDICZYT200E 0N
IPENIT I HVELTH A D, EEE, [
AL b TRl b, EH6 6 AMETH
D, REOEZHEICBWTHM S S HF
ETHDOIND, FEILX, TOEBRBE BV
T OHENOFH LWEREZREL LD TR
WL, FEER Y ORBERERNE E il
ThHhodEWVWHET, HFFRLOEH I
A 2= —varEERRERAX AL TR
WwENTWDAEERE Y, b L TEIEMHE)
EWIHFEE, BMEENHTLVWERZER L,
TnEEXT HIEE EOHEMECTHET S
DTHIE, EPICAMEORE L WS IHH)
EEETEZY, LrLARL, AFICBW



THRIZHRA L TR E N2 &L, HFE O

FHEE L TOH LW TR A O EHIEE) &,

FLWEHZERAL, Tz B4 2158
WCORBETHEHBIFEZICHRY, L)
e Thb,

Rav (1999) X, b L 52 b EEHOEH
ZBREFICHE L TSN DA EL LT & L
TYH, BHFHFEIWRELR2WEAS, LR
by O LT, FEHET, BFENR KT
EOGERERZLTWD, LTETSH, o
F0, HEFL, ETHOEBEHET LD
PAHIZRE L TW D O Tl < T, FEH 2
T HIEEN 2 LT, BFER AL L
W B e HEMEABZH L THDHDOTH
5, LTEmoT, FTLWEBEOIR LT B
L WHEUFRI AR O Al 72 0 Tid7e < T, FEH
OFLWHER GEH OB & FE72, L
W ORIE RO TH D, bHhAA,
BEROERZZEH LIET & WO iE#EE, BEa
DOEBDOEFOGER LD T AT 4 7 % 1ff
HLEMG, GEHLUETIEENC L > TEH
ENDH L WEER R, T oBEEOR
ETEzE, TNEERELRWEAELH DT
HAHI, LLBRns, TRTH, iEHOF
MWRIEENX, ILWF—F >y MNazia e L
THELZY, ALY —F vy METH-ThH,
KRB TR AR LY &) T,
BEOEZZbiL, FBREFRRFENE
EHTHIEEI CTHD ERADIENTES,

TR BRBAEICSI O BIE, BFHEN TR
WAL #5BI1C LR D, FmE BB IR
T 57D AMELEZELLLLIC, BEAo
EHOBEMOIERA 2 S ZIZ L2208, FED
X—rFy NEEGEE L THEE LR SREH
BT D EVWOIEENX, ho& & LK
LHEOMGERTFETHO1S>THD, LIRZD
ENTED, TOEWT, b LEFDOFH
F0, BB oEHOBEM O 2 2E (1L D
D, BEOX =Sy MNgxaii & LTHEEL
RN HRE & AT D IEEN 21T O 22 BT,

HIERBFHIEE) L LT O OFHERIEE)

ik, EEREFNIEEIO - Thd L E
2O ThHHH, BEEBHT 7o —FITBNT,
FH by (1980) @ [FEM &FmEL) A EIE
RECFHINEB O AR & R s End Z
ElE, MOTHRRZETHD L, Tl
BB T b Z LIV OEMIZA V., Ll
B, b L MR EwmE] TH AT D
EHOANEEREFHOET THL L E T
& L7 h, ZAUTECFEHE O Rk PE L E Bkt
LT, BIRRFEZ#ELTLE-TWVDESE R
LHTHAI,
AFENFER L2 &1, #A=RICBITSHEIE
IR B HIE B O FEBLZ KR LT, B LW AN
LHXEHTAHZ LI B THAH, Sriraman
& Mousoulides (2014) 235442 L 912, TiF
B LB & BiE & T 215 B) 0 BUE R i o
REZWZHEb BT, EEICENEFELT
Xl o MEIE, FRIEEL Ry, H
B2 TH, BHEHZBERLLI EWVWHEZED
MW FEEENEELINDL ZZ, FERICK L
TwB AR, Fhizxt LTH LWIEH 523
e , EWHHEHRRET LI EEZOND
DTH->T, BHEHOIBREIZH L T+l @hik
SITFLENTND EIXRL ARV ELENESE
ST T, O K& 9 RBEE) R N 72
MIRINEAELRNTHAH Z LI EBICH#L<
RN, Ll s, KFEsas L, BEmo
EBOBEMOIER ZZBIZ L >D, FFEDH
—7 vy EEwmEE L THELRN LA %
BT 5 L VWHIRENE, BEEZBRT DL
WOIEB L R LT, FEFICE > THBIN
B LT <  MOBEARLT VW EZ LD,
BrOREREA~ABATLHEOITITEL LR
BRI R_REZENHDTNE, BEIERKFEN
EECKHT2HLVWERRE LT, 4%, &
b b¥REEMGETLIZENTE LD,

6. fHIA
AR, TEEZREZNED] L oBiss
REL, ILWAENDLZDOAMEITHZ YT



Ery KfE /ML EE

HZEEEME LT, HEMIEHOEIEMKIC
DNTH LWAEIRAZ M L 72, BRiciL,
INETORFHEMNILTIE, HPEELHL
WEBAERALL, ThEx E4 T+ 58me D
FLOEE LT FRIEE O B IEME A1 2 5
MIZHoTomaEzKE LT, TLT, BFEHEIC
KB FHIMEOENGm L X, F0 X957k
BEICEOND D TIEARL, BaoE#Eo
BEHOFEH Z 2B LoD, fFEDX —7F v
Ngzm#E & LTHEE LN SIEH 2 FAEK
THEWVWIFHIIBWVWTHLHVE, T XD
R & OB & L CECEIE B O BEIEME
ERZDIENTEDH I EEIERMLT, EBE,
TR ] & [HEBEAR] okigz@m e, &
MR BEEZBEL CEARBR THET L,
Lo T, RERERNELHGBDLENWS Z &
DHERTE T, PIFHICE > T, Ao EH
DFE & SRS DI ENE, KEnOE B OFE
Bl & ARk 9~ D IE B & bt L CTHLD M A3 0
EEZOLNDZ LD, BIERFNIGENC
MTHHLNVWERRELT, 4%, HHLT
W ZENRTEDHTHAD,
ASHBOBBELLTUL, ZOHLWEAEND
REBEERBFIES A HECEIAT HD
DEHRKREEZRMNTDHZETH D, BIRWMRG
FaME LA O FAERIEEN T, M
BYOMHAELTWIEEITH D LTz, BERE
WA BE & LCTHRET 200000, K
AORMMPE DL, BHELFEL XS ICHFTE L
BET DO THhIIE, BESHEMAEN LV
HLlhenwl, EshzH¥hala=r
—Ya VRBAEREMNT L LW D HTIE, S
REALVOTREZLZHRELTH LW D
L\, £72, REHESMBF O LR L,
BRI A MRS LE D I WK
EMLTLHLEBROR N NEEZHE & L THEE
THIETE-oTEZALND, EAME R
ETHNET THLEERMFADBAIRETH D &
HEN DT, SBDODEBEZHNFLLTVET
VY,

2 & Xk

Ernest, P. (1998) Social Constructivism as a
Philosophy of Mathematics, SUNY Press.

Fallis, D. (2003) Intentional gaps in mathematical
proofs. Synthese, 134(1), pp.45-69.

5 HHE S} - SFHEANE - It (2015) T4
FHEICKLDIEE T BOFREA B E ~D
TRAERELTITEE 2T Akl (2),
pp.66-73,

Inglis, M. & Alcock, L.(2012) Expert and Novice
Approaches to Reading Mathematical Proofs.
Journal for Research in Mathematics
Education, 43(4), pp.358-390.

FHhva LE, vA TN 1.& Fo—) E
M (e x RJIER) (1980) [#-HI%E W O &
Mo GER LAmEL] ST ARG

Lampert, M. (1990) When the Problem Is Not the
Question and the Solution Is Not the Answer:

Teaching.

Mathematical Knowing  and

American Educational Research Journal, 27
(1), pp.29-63.

Larsen, S. & Zandieh, M. (2007) Proofs and
refutations in the undergraduate mathematics
classroom. Educational Studies in
Mathematics, 67(3), pp.205-216.

Lehman, H. (1980) An examination of Imre
Lakatos’ philosophy of mathematics. The
Philosophical Forum, 12(1), pp.33-48.

AT (1968) TR A - A AP IS B EIE,

Rav, Y. (1999) Why do we prove theorems?
Philosophia Mathematica, 7(1), pp.5-41.

TEAEIEZ (2002) THE O HEME - G - %o AL
I AR RS,

Sriraman, B. & Mousoulides, N. (2014) Quasi-
empirical Reasoning (Lakatos) . In S. Lerman
(Ed.), Encyclopedia of Mathematics Education
(pp.511-513), Springer Netherlands.

Tall, D. (2011) Crystalline concepts in long-term
mathematical invention and discovery. For the

Learning of Mathematics, 31(1), pp.3-8.



Tall, D. & Vinner, S. (1981) Concept image and
concept definition in mathematics with
particular reference to limits and continuity.
Educational Studies in Mathematics, 12(2),
pp.151-169.

Weiss, M., Herbst, P. & Chen, C. (2009) Teachers’
perspectives on “authentic mathematics” and
the two-column proof form. FEducational
Studies in Mathematics, 70(3), pp.275-293.

Wilkerson-Jerde, M. H. & Wilensky, U. J. (2011)
How do mathematicians learn math?: resources
and acts for constructing and understanding
mathematics. Educational  Studies in
Mathematics, 78(1), pp.21-43.

)
Lo Kih IREBRFERFEBEEE SRR
[ R 1% 40

AN IEZE R B R R B SR

HIERBFHIEE) L LT O OFHERIEE)





