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Abstract

X f twez Ejsbd of visjop n btt n pefnpg Ebwjetpo boe MphboO Ui jt jt u f n pefmui bu jowspevdft b ofx

I jhht epverfmboe fyqibjot u f psjhjo pgtn bmofvisjop n btt x ju pvusfrvjsjoh yoz Zvlbxb dpvqrgoht0
Jo u jt qbqfs- xf twez wp btqfdut pgu f n pefd Pof jt bepvuu f rvbown dpssfdypo wp u f wbdvvn

fyqfdubypo wbmf pgl jhht fifrat0 X efsjwf u f fybdu gpsn vibf gps u f rvbown dpssfdypo wp whdvvn

fyqfdubypo whmaft0 X f dbmdvibuf u fn ovn fsjdbmm0 Bopui fs jt bepvuu f gspevdupo pgu f ofx I jhht
gbsydrfit0 X f efsjwf u f gbjs gspevdypo dsptt tfdupo- et , e” ~ P, e, H", X)X A A, h* boe
dbrdvibuf juovn fsjdbrm0
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Chapter 1

Introduction

I jhht jt ejtdpwfsfe bu M D boe bmui f gbsyddit pg TN bsf gpvoeO I pxfwis- jo ui f gbn fxpsl pgu f
TN - u f psjhjo pgn bttjwf of visjopt dbo opu cf fyqrhjofe0 Ofvwsjop ptdjmbuypo ejtdpwfsfe bu TVQFS
LBNJPLBOEF jn quft u bu ofvisjopt ep i bwf opo.—fsp n btt boe ofx qiztjdt pgcfzpoe TN xijdi
gspwjeft u fjs tn bmn bttft jt sfrvjsfe0 Ui fsf bsf wp wqft pgofvisjop0 Pof jt b ofvisjop pgu f
N bkpsbob wqf boe bopu fs jt b ofvisjop pgu f Ejsbd wqf0 Ui f N bkpsbob of visjop jt b of visjop u bu
jt jut px o bouy.ofvisjop boe u f Ejsbd of visjop jt b of visjop u bu jt opu jut pxo boy.of visjop0 Ui fsf
bsf n boz ofx qiztjdt n pefrh xju N bkpsbob ofvisjopt0 Of vwsjoprfitt epverh cfub efdbz u bu x fsf bo
fwjefodf pg N bkpsbob of visjop- i pxfwfs- i bt opucffo gpvoe zfu) Ui fsfgpsf jujt ofdfttbsz wp dpotjefs
n pefrax ju Ejsbd of visjopt0 Ui f n pefnpgEbwjetpo boe Mphbo jt pof pgtvdi n pefrhhjwjoh tn bmm btt
w Ejsbd of visjopt] 20

Uif jefb pgS e ]2- 3ajt u bub ofx I jhht tfdups jt jowspevdfe wp fyqrhjo u f psjhjo pgtn bmofvisjop
n btt0 Ui f ofx T jhht fifma i bt b yoz whdvvn fyqfdibypo whmif )WEW* dpn gbsfe up u bupgu f TN T jhht0
Tjodf of visjopt dpvqrh up pom ui f ofx I jhht- u f psjhjo pgofvwsjop n btt jt jut yoz whdvvn fyqfdubypo
whafO Ui f wjswi pgu f n pefmjt u bu pof eptf opuoffe wp jowpevdf wfsz tn bmZvlbxb dpvqyoh gos
of visjop n btt0 Jo ui f TN xju u f Ejsbd of visjop n btt- pof n vtuwof u f Zvlbxb dpvqygoh tp u buju
jt psefs pg21~ gps 2fWofvisjop n btt0 Jo dpowsbtuup u f TN - ui f Zvlbxb dpvqioh pgu f ofx n pefm
dbo cf bt thshf bt 2173 jgui f wbdvvn fyqfdubuypo whmf pgui f ofx I jhht fifm jt psefs pg2l W0

Jo ui jt qbqfs- xf twez uwp btqfdut pgu f n pefrl Pof jt bepvuu f rvbouwn dpssfduypo up u f wbdvvn
fyqfdubuypo wbmuf pgl jhht fifmat ]460 Bopu fs jt bepvuu f gspevdypo pgu f ofx I jhht gbsuydifit |5¢0

Jo ui f flstuqrbdf- xf tuwez u f hipcbim jojn vn pgu f wff hwfnd jhht qpufouybnrz fyqudjun tpmjoh
u f tubypobsz dpoejupot0 X f dbsfgymm fybn jof dpoejuypot ui buu f rhshf wbdvvn fyqfdubuypo wbmf pghb
TN gif I jhht boe ui f tn bmwbdvvn fyqfdubypo wbmif pgb ofx I jhht fifm dbo cf sfbyife bt u f hipcbm
njojnvn pgu f I jhht qpufoubil Ui fsf bsf n boz tuwejft pgu f wff fmfnl jhht qpuf oybnpg hf of shmix p
I jhht epverfun pefnj6a. |22:0 Jui bt cffo ti pxo u buu f di bshf of visbrwbdvvn jt mpx fs ui bo u f di bshf
csfbl joh wbdvvn |60 Bitp u { whbdvvn fofshz ejfifsfodf pgup of visbim jojn b x bt efsjwfe ]8- 94 X f
n bl f vtf pgu f sftvit boe jefoug u f wbdvvn pgu f gsftfoun pefid

Ui f dpotwbjout po ui f gbsbn fufst pgu f n pefmegps xijdi uf eftjsfe wbdvvn dbo cf sfbijfe- bsf
efsjwfe boe u fz bsf sfxsjufo jo ufsnt pgl jhht n bttft boe b gx dpvquyoh dpotubout xijdi dbo opu
cf ejsfdum sfibufe wp u f I jhht n bttft0 Ui ftf dpotwsbjout bsf gvmm vtfe xifo xf twez u f sbejbuwf
dpssfduypot up u f wbdvvn fyqfdubuypo wbmft ovn fsjdbnm0

Cfzpoe u f wff fivfm xf twez u f sbejbuywt dpssfdypo w u f I jhht gqpufouibmboe u f whdvvn



fyqfdubypo whmaft pgl jhht0 Tjodf i f of visjop n bttft bsf gspqpsupobmp u f wbdvvn fyqfdubuypo whmf
pgpof pgl jhht- pof dbo brip dpn qvuf u f shejbuwf dpssfdupot up of visjop n bttft0 Bt bisfbez opufe jo
St ]2au f sbejbuwt dpssfdupo wp u f tpgmm cstbl joh n btt gbsbn fuf's jt iphbsju n jdbnm ejwfshf ouboe ju
jt sfopsn bijrfe n vigqudbuywim0 X efsjwf u f gpsn vibf gps ui f pof 1ppq dpssfdufe whdvvn fyqfdubupo
wbmift gps wp I jhht epverfut ¢z twezjoh pof mppq dpssfdufe ffifdywf qpufoubrt Ui f dpssfduypot bsf
fwbmabufe ovn fsjdbmm cz fyqmpsjoh u f gbsbn fufs sfhjpot bnpxfe gpn u f hipebnm jojn v dpoejujpo
gps ui f whdvvn O X f ti px ipx uf sbejbuywt dpssfduypot di bohf efqfoejoh po ui f fywb I jhht tqfdisvn 0
Ui f sbejbuywf dpssfdupot bsf bitip fwbmabufe gps u f dbtf ui bub sfrbhuyjpo bn poh u f dpvqyoh dpotubout jt
thuytfife0

Tfdpoem xf twez %i f ofx I jhht gbjs qspevduypo% xijdi jt b qi fopn fob dptfm sfibufe wp u f
n fdi bojtn hfofsbyoh u f tn bmWFWO Ui f ofx T jhht i bt b ofx V)2* di bshf boe uf V)2* tzn n fisz
hfofsbufe cz u f di bshf jt fyqudjum csplfo0 Ui fsfgpsf- ui f tn bmWFWpgu f ofx T jhht csfblt V)2*
tznn fwsz0 Jo u f tzn n fgjd gn ju u f WEWwbojti £t0

Jo ui f n pefmboz V)2* di bshf.wjprhyjoh gspdf tt jt tvqgsfttfe cz u f oz WEWOUI jt brtp jn qujft ui bu
u f gspebejgiz bn qrwvef jt tvqgsfttfe boe jt gspgpsypobmp of visjop n btt0 Bo fybn qrh pgb tvqqsfttfe
gspdftt jt b tjohrh tfdpoe I jhht gspevdypo xju hbvhf cptpo gvtjpo0 Jo dpowsbtu wp u f tjohrh tfdpoe
I jhht gspevdupo- u f gbjs gspevduypo pgu f tfdpoe I jhht jt b V)2* di bshf dpotfswjoh gspdftt0 Ui fsf gpsf-
jujt oputvqqsfttfe0 Ui f gspdfttft jo u jt dbufhpsz bsf Z*)y**~ H* H--W*, W~ ~ H* H" -
boe W+, Z ~ HT, X)X A A h* xifsf H"- A- boe h efopuf 1 f di bshfe I jhht- DQ.pee I jhht-
boe DQ.fwfo I jhht jo uif tfdpoe I jhht epveifir sftqf dywfm0 Jo pvs xpsl- jo eTe™ dpmjtjpot- u f gbjs
gspevdupo pgti f di bshfe T jhht )H™* boe of visbnl jhht ) X* jo 1 f tfdpoe I jhht epverfujt tuvejfe0 X f
efsjwf u f gbjs gspevduypo dsptt tfdupo- e, e~ Do, e, HT, X)X A A R0 Jo uf M D tfuvg-
u f di bshfe T jhht qbjs gspevdupo p, p~ Z*)y**~ HT, H~ jt twejfe jo ST ]3:0 Jo S ]23a wf dups
cptpo gvtjpo joup u f jhi uDQ.fwfo I jhht gbjst jt tuvejfe buu f M D0Jo S fd) |24a ej.I jhht gspevdypo jo
whsjpvt tdf obsjpt jt ejtdvttfe0 Jo Sfe)[25a u f tuboebse n pefnl jhht ¢ ptpo gbjs gspevdupo jt tuwejfe0 Jo
beejupo- tff St ]26agps u { sbujp pgui f dsptt tfdypo pgu f tjohri I jhht ¢ ptpo boe u f gbjs gqspevdypo
dsptt tfdupo jo u f dpoufyupgu f tuboebse n pefifl

Xf ejtdvtt u f tjhobuvsf pgofx I jhht gbjs gspevduypo xju u f ovn fsjdbmsftvi) X f dpotjefs b
gspdftt et , e” ~ P, e, HY, X ~ D, e, 1Ty, vy boe dpngbsf juxju et , e ~
Ve, e, W, Z~1b,, e, Ity, vpin0

Uif gbqfs jt pshbojfe bt gonpx t0 Jo di bqufs 3- xf fyqihjo u f n pefnpg Ebwjetpo boe MphboO Jo
di bqufs 4- xf ejtdvtt rvbown dpssfdypo wp oz wbdvvn fyqfdubypo wbhmif jo ui f n pefifd Jo di bqufs 50
xf ejtdvtt di bshfe I jhht boe ofvisbnl jhht gbjs gspevdujpo pgx fbl hbvhf cptpot gvtjpo qspdftt jo eTe™
dpmjtjpo0 Jo di bqufs 6 jt efwpufe up dpodmitjpot boe ejtdvttjpot0



Chapter 2

Dirac neutrino mass model of
Davidson and Logan

2.1 The model

Jo i f n pefnpgEbwjetpo boe Mphbo |2& jo beejupo wp u f fifra dpoufoupgu f TN - b of x tdbrhs epverfu
ffo xju uf tbn f hbvhf rvbown ovncfst bt ui f TN I jhht epverfu ff; boe u sff hbvhf tjohifu sjhi u
iboefe ofvwsjop fifmt vp, bsf jowspevdfeO Uif sjhi ui boefe ofvisjopt gpsn Ejsbd gbsydifit x ju i f
u sff rhani boefe of visjopt pgu f TN 0B hipecbmV)2* tzn n fwsz jt jowspevdfe boe u fo bmiIN fifat bsf
tjohrfut boe u f ofx flfmat ffo boe v, dbssz di bshf , 20 N blpsbob n btt ufsn t gos ui f vg, bsf gpscjeefo
cz uf V)2*tzn n fwsz0 Ui fo pom I dpvaifit up sjhi ui boefe of visjopt0 Ui f Zvlbxb Mbhsbohjbo x 1 jdi

jt jowbsjbouvoefs V)2* wsbotgpsn bujpo ¢fdpn ft-

{ A yldpflQr, yiirflQr,
yLBrMILL,  yliRfiLL, . he )3@*

Jou £ V)2*tzn n fwz jt voespl fo-u f wfwpgu f of x tdbibs ffo whojti ft boe u f of visjopt cfdpn f tisjdun
n bttt [27:0

Jo psefs wp hfofsbuf tn bk jsbd of visjop n bttft x ju pvuyoz Zvlbxb dpvqgoht y”- ffo n vtui bwf b
tn brmWEW0 Up peubjo ui f tn brmWEW i f lupe bmV)2* tzn n fwz jt fyqrdjum cspl fo xju b tpgu V)2*
csfbl joh ejn fotjpo.3 ufsn 0 Ui jt ufsn jo ui f I jhht qpufoubni bt ui f gpsn m%fo];ffg() Ui jt sftviat jo b
sfrbigpo Sfd) [28abn poh WEWE pgu f uxp I jhht epverfut-

2
vy A 20 )303*

my

xifsf vy efopuft u f WEW pg ff; boe m4 jt Wi f nbtt pgu f of visbmqtfveptdbrhs T jhht0 Jo psefs wp
bdi jfwf v SfWgps ma >211THf W m?, jt pgpsefs )b dx i voesfe 1f W20 Bo fywfn fm 1jhi utdbrbs jt opu
gsftfoujo u f n pefnefdbvtf u f dpffidifoupgb ejn fotjpo.3 ufsn pgu f gosn HEH‘Q jt 1hshf boe qptjuywf0



2.2 Lagrangian

Jo u jt tfdupo- xf gsftfouu f Mbhsbohjbo gps ui f n pefnjo ufsn t pgn btt fjhfotubuft gps ui f w p I jhht
epverut0

{Aly, {n, {a& )301*
xifst {y- { g boe { g dpssftqpoe wp Zvlbxb gbsw I jhht qpuf oyjbmygbsuboe Hbvhf.I jhht gbsusftqfd
wywl 1m0
{¢: Gauge-Higgs part

Jo u jt tvetfdupo- xf gsftfouu f Mbhsbohjbo gps ui f hbvhf.I jhht tfdupsO
Uxp I jhht epverfut bsf gbsbn fufsjfe bt-

Ht tjo B
ff‘1 A ) hsiny+H cosy—iAsin 8 )303*
> B Wth, 75
H+ dpt 3
HQ A ) p: h cos v—H sin y+1iA cos 3 5 )3(6*
> s, 7
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{v: Yukawa part
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{ g+ Higgs potential part
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Chapter 3

Quantum correction to tiny vacuum
expectation value in the model of
Davidson and Logan
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3.3.2 Non-Degenerate case ma £ mpy+
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3.3.3 Quantum correction and dependence on Higss mass spectrum
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Chapter 4

Charged Higgs and Neutral Higgs
pair production of weak gauge
bosons fusion process in e'e
collision
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Chapter 5

Conclusions and discussions
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Appendix A

Derivation of one-loop effective
potential
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Derivation of Eq(A.7)

Jo 1 jt tfdupo- xf gsftfou f efsjwbigpo pgFr)B®*0 X f tubsuxju u f rvbsuyd jousbduypo ufsn t pgu f
I jhht gpuf ouyjbm

(1) N G VN R A N
v oA 2 ¢?{ : ) ¢?{ : ) ¢?{ /¢z_
[l s )L 3 )Lt ) e
, % Vh1d5, Page, B3br. Pads®, Vpide, d3ps  ads  Paprl . )C®*

Cz bl joh 1 f efsjwbujwft pg V®)- pof dbo pcubjo ui f n btt trvbsfe n bisjy M?)¢*0 Pof flstu dpn qvuft
u f flstuefsjwbuwf pgV® xju sftqfduwp ¢s-

%3) i1 07730 26 s 07 2105, dads, d3dr, dads¥bisa
oy @ L )OiP6, O3ds 205 Pad7™)01ids 0205, O3ids 04 p7()2 > i > 5F
A

0;

23N T 0330, 0N 107, FN)o1ds, dade, P3d7, GadsTia
L )P1P6 , P38 D205 Padr™) Osia, deidr  Oripa Osip3™()6 >0 > 9*
) B

52



Ui f tfdpoe efsjwbuywft bsf hjwfo bt-

206 S o1 B2, 3050:%, A;%)Z;;—yf)i*, 2Yhjadita,
V0106 0205, O3j0s O04;07)01:06 02,05, O3i0s Oaip7™( )2 > 14,5 > 5*

Xsdidj, 22}dr4adj—a, %_15@#& jOkPhya, ) Osjd2, Ogjd1  O7jda, Ogjp3™
)01i06  O2if5 , 0308  01P7*, )p1de, P3ds D205 Padr™

92V @ 01065 , 03i08j 024055  04i07;%( )2>11>5,6> 7> 9*

0pi0¢;

A30i9; %}¢i—4¢j+4 , g;:l Oi—a jOkOrta, )O1j06 0205, O3jps IajP7™
) Osid2, O0Tid1  Orida, Ogi03™, )16, ¢3ds o5  Padr™
)01i065 , 03i08; 02i05; 04i07;%( )6 >1>9,2 > j > 5*

%)5@'22:5%, 300%™, ?@j)@—l 26 MY 4dioa, o
) OsjP2, O7;01  O7jPa, O8jP3™) Osida, Jgir  O7i0a, Ogips™( )6 > 4,5 > 9*
)Co*

X ju FrOCOot* 1 f ejbhpobntvn t pg M2 bsf hjwfo bt-

4 4 8 8
;[ M? A 4/\14[ b2, 3)\31[ b2, )\41 G2 A TAMMEIE, | )5As, 3AMELE, )2 > > 5*
j—1 J=1 j=5 J=5

8 8 4 4
![ M2 A 4x [ ¢2, 3)\3![ ¢, M,[ 02 A Thoff My | )5Ag, AT, )6 > i > 9%
)=5 )=1 =1

J=>5

)CB*
Ui f dpvou's u'sn jo FrOB®* jodmeft u { gpnpx joh dpowsje vujpo-
Tr))M?)¢*  mi,or*)M?)¢*  miyor*aA Tr)) M?)p*M?)¢*  3miyor M?a, 9mi,. )CoB*
Ui f tfdpoe ufsn pgFr)CE* jt qspqpsuypobmp-
TrimioiM*a A )3Xs, BMa¥)rds, dade, ds367, dadsmis
A )3Ng, BANEIE, , I Mm2,. )COT*
Ui f flstuufsn pgFrC®* dbo cf efdpn gptfe bt-

4 4 8
TrIM?*)¢*M?)¢p*a A M?)¢*; M?) %4 31[ / M?)¢*;M?) 6%
=1 )=1 j=>5
8
: M?) % M?)¢¥;;. )OB*
1)j=5H

Fbdi ufsn pgFr0C®B*jt hjwfo bt-

4 4 2 4 8 8 4
j M?) ¢, M?) *jiA4A%>l ¢>§{ : 4A1A3l ¢?/ ¢7, MMy l[ ¢?/ o
=1 =1 =1 J=5 =5 =1

93



)Prids s bats, dsbr, bads, )brde, dsds dads  Gadr® V

S 2 S 2 /\2 2
o) [l o) [l F) [

A)ADETE R )230 A5, BA AT N,
,5A1A4\f/f{foj, )5AsAs, BAZ, 3ATHFLf P )Cm*
4

l / M?)¢*;; M?) *jiAAil ¢?/4 Qﬁ, 3)\3)\4}2 ¢z¢z‘+4/4 Gjbj14a
1 =5 s j=1 1 =

 )bide  dads, dsbs  upr? V

2
A }4[ fqb], 3) ¢¢Z+4{ , 3)prde  Gad5, G305 dadr™
—1

A)BAZ, BAZHETE HEIEL* )9NgAy, 52 \F/f ff2 < )ca *

\

8 8

4 8
M2)g%, M?) *jiA4/\§>Z 3{ , 4/\2>\3l[ ¢2/ ¢2, Am}l ¢;*/ o
1[j=5 J=5 =1 =5

VG105 . bode, d3dr. duds™, )dide, d3ds  dads  Padr™ Vv

4 2 4 2 \2 2
o)) S
gt
1

A 23X )2300As, DANKE T ¥ %, 5)\2>\4\F/f ff2 . )BAsAg, BAZ, 3AZHEIM, R

)O@1*
Gspn FrQC®* FrCQa *boe Fr()C®R1* pof peubjot-
TrIM?)¢*M?)¢*a A )23X2, BAghy, BAZ, APNEIE, 2
o )23M%, BAshg, BAZ, AZHfIf,R
230 A3, BAiAg, 9X2, BAZ. 23X, BAANETE R
o )BAA, 27AsAg, 5A2A4*&f1&22 YCm2*
v

Vtjoh FrCH* Fr(CE®* Fr()COr* boe Fr(C®2* pof dbo efsjwf Fr()B®B*0

54



Appendix C

Calculation of gp<]1)
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Appendix E

Orthogonal matrix O in Eq.(C.3)
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Appendix G
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We study a Dirac neutrino mass model of Davidson and Logan. In the model, the smallness of the
neutrino mass is originated from the small vacuum expectation value of the second Higgs of two Higgs
doublets. We study the one-loop effective potential of the Higgs sector and examine how the small vacuum
expectation is stable under the radiative correction. By deriving formulas of the radiative correction, we
numerically study how large the one-loop correction is and show how it depends on the quadratic mass
terms and quartic couplings of the Higgs potential. The correction changes depending on the various

scenarios for extra Higgs mass spectrum.
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I. INTRODUCTION

The smallness of the neutrino mass compared with the
other quarks and leptons is one of the mysteries of nature.
Recently, a new mechanism generating small Dirac mass
terms for neutrino has been proposed [1-3]. The similar
mechanism generating the small neutrino Dirac mass term
for the TeV seesaw mechanism is also proposed in [4] and
phenomenology is studied in [5,6]. There are also models
with radiatively generated Dirac mass term in [7,8]. The
interesting feature of the model proposed in [1,2] is the tiny
vacuum expectation value for an extra Higgs SU(2) doublet
[9]. The small neutrino mass is realized without introduc-
ing tiny Yukawa coupling for neutrinos. A softly broken
global U(1) symmetry guarantees the tiny vacuum expec-
tation value for the extra doublet. In addition to the small
softly breaking mass parameter, the mass squared parame-
ter for the extra Higgs is chosen to be positive so that the
light pseudo Nambu-Goldstone bosons due to the softly
broken global symmetry do not appear. This is a contrast to
the mass squared parameter for the standard model like
Higgs boson.

In the present paper, we study the global minimum of the
tree level Higgs potential by explicitly solving the sta-
tionary conditions. There are many studies of the tree level
Higgs potential of general two Higgs doublet model
[10-15]. (See also [16] for recent review of two Higgs
doublet model). It has been shown that the charge neutral
vacuum is lower than the charge breaking vacuum [10].
Also, the vacuum energy difference of two neutral minima
was derived [12,14]. We make use of the results and
identify the vacuum of the present model. When the U(1)
symmetry breaking term is turned off, the tree level Higgs
potential and the phase structure of the present model is
rather similar to the model with Z, discrete symmetry
[17,18]. In contrast to Z, symmetric case, it is essential
to keep the soft breaking term when finding the true
vacuum. If we set the symmetry-breaking term at zero,
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then the order parameter corresponding to the softly bro-
ken U(1) symmetry becomes redundant parameter and can
not be determined. We treat the soft breaking term as small
expansion parameter and obtain the vacuum expectation
values and the vacuum energies in terms of the parameters
of the Higgs potential.

The constraints on the parameters of the model for
which the desired vacuum can be realized are derived
and they are rewritten in terms of Higgs masses and a
few coupling constants, which can not be directly related
to the Higgs masses. These constraints are fully used when
we study the radiative corrections to the vacuum expecta-
tion values numerically.

Beyond the tree level, we study the radiative correction
to the Higgs potential and the vacuum expectation values
of Higgs. Since the neutrino masses are proportional to the
vacuum expectation value of one of Higgs, one can also
compute the radiative corrections to neutrino masses. As
already noted in [1], the radiative correction to the softly
breaking mass parameter is logarithmically divergent and
it is renormalized multiplicatively. We derive the formulas
for the one-loop corrected vacuum expectation values for
two Higgs doublets by studying one-loop corrected effec-
tive potential. The corrections are evaluated numerically
by exploring the parameter regions allowed from the
global minimum condition for the vacuum. We show how
the radiative corrections change depending on the extra
Higgs spectrum. The radiative corrections are also eval-
uated for the case that a relation among the coupling
constants is satisfied.

The paper is organized as follows. In Sec. II, we derive
the condition for the desired vacuum being global mini-
mum. In Sec. III, one-loop effective potential is derived,
and one-loop corrections to the vacuum expectation values
are obtained in Sec. IV. In Sec. V, the corrections are
evaluated numerically for various choices of parameters
of the Higgs potential. Section VI is devoted to summary
and discussion.

© 2012 American Physical Society
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II. MODEL FOR DIRAC NEUTRINO WITH A TINY
VACUUM EXPECTATION VALUE

The model of the Dirac neutrino is proposed in [1].
In [1], two Higgs SU(2) doublets are introduced,

bl + idp? b} + i3
"= f(¢3+z¢4)’ ¢ _T<¢2 i¢;‘>’ W

where @,’s vacuum expectation value is nearly equal to
the electroweak breaking scale and the second Higgs
@, has a small vacuum expectation value, which gives
rise to neutrino mass. The Higgs potential in [1] is:

A
Vtree = z (m?lCI);r(‘I)l + 7’((])?(1)1)2) - (m%ZCI)TCI)Z + H~C')

i=1,2
+ A3(Df D) (@I D,) + Ay | D] D, )

U(1)" charge is assigned to the second Higgs. The U(1)
global symmetry is broken softly with the term m?,. In
this paper, we introduce the following real O(4) repre-
sentation for each doublet, because this parametrization
is convenient when computing the one-loop corrected
effective potential.

! #) -4}
a (’Z’)Z a ¢2 Ta ¢l

Pf = ¢% , P5 = (é , o1 = _(;)411 . 3
ot o3 b3

Using the notation above, the tree level effective poten-
tial introduced in Eq. (2) can be written as:

4

CEPXCRIEY 2(¢2)2

—m2, Z <g ?2)2+%(i ¢32)2
2. ¢

S 14+
(S o) (Z o)+ S ((Z ores)
+ (i‘ a101)) 4)

where one can choose m?, real and positive. With the
notation of Eq. (3), the softly broken global symmetry
U(1)’ corresponds to the following transformation on ¢5:

Vtree =

@5 = Oyay b2
cos¢p —sing 0 0
sing  cos¢ 0 0
= . b2 ()
0 0 cos¢p —sing
0 0 sing  cos¢

¢, does not transform under U(1)’. Therefore, U(1)" is
broken softly when m?3, does not vanish. Without loss of
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generality, one can choose the vacuum expectation values of
Higgs with the form given as

0 vsinBsina cosf’
0 —vsinBsinasing’
— i = , (6
(é0) vcosf () vsinBcosa cosd’ ©
0 —wvsinBcosasind’

where the range for 6’ is [0, 277) and the range for 8 and « is
[0,Z]. We call the four order parameters as ¢; =
(v, B, a, 0"),(I =1,2,3,4). When m,, vanishes, by taking
¢ = 0’ in Eq. (5), one can rotate ' away in Eq. (6). For the
most general case, in total, there are four independent order
parameters when U(1)’ symmetry is broken.

For completeness of our discussion, we give the con-
straints on the quartic couplings from condition that the
tree level potential is the bounded below[1,10,19]:

A >0, A >0, N
- ‘\//\1)\2 = A3, (8)
A=A+ Ay ©)

In addition to the conditions on the quartic terms, one can
constrain the parameters, including the quadratic terms so
that the desired vacuum satisfies the global minimum con-
ditions of the potential. About the global minimum of the
tree potential, it was shown that the energy of charge
neutral vacuum is lower than that of the charge-breaking
vacuum [10]. We therefore set o zero. We also require the
vacuum expectation value of the second Higgs is much
smaller than that of the first Higgs, which implies that tan3
is small. In terms of the parametrization in Eq. (6) with
a = 0, the potential can be written as

Viee(v, B, 0') = A(B)v* + B(B, 0)v?, (10$)

where
A(B) = cos4,8 + sin*g + ( Z)cosz,[a’sm B,
m?,
B(B, 0") = —Lcos’B + M2 s1n2,8 m?, cos6’ cosf3 sinB.

an

We first find the global minimum of V... The stationary

conditions avm =0 =1, 2,4), are written as
v(2Av? + B) =0, (12)
2r4=5in2[)’ (1_27‘1}"2)C052ﬁ+r2_71r3 , (13)
rpc08?2B + (r5 + 1) cos2B + r,
m?, sind’ sin2 B = 0, (14)

where r;(i = 1 ~ 4) are defined as,
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miy — m3, M=
rn=—-————- ry = ,
! m%l + m%z 2 /\1 + )\2 - 2/\3 - 2)\4 (15)
o A+ A+ 245 +2) L m?, cos6’
3 Al + )\2 - 2/\3 - 2)\4’ 4 m%l + m%z.

The stationary conditions in Eq. (12) and (13) correspond
to Eq. (36) of [14]. Here we solve them explicitly by
treating the soft breaking term m, as perturbation. The
nonzero solution for v? in Eq. (12) is written as
B
24
~omi tmy, 14 rcos2B — 2rysin23
AL+ Ay — 234 cos?2B + r3 + 27, cos28’

V2=
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where A3y = A3 + A4. Substituting it into V., one
obtains,

_ (m%l + m%z)z
2()\1 + /\2 - 2)\34)
« (1 + 7y cos28 — 2ry sin2B)?
cos’2 + 2rycos2B + ry

Vlree = Vmin =

A7)

For nonzero m?, and sin2f3, the solution of Eq. (14) is
sinf’ = 0. One still needs to find B among the solutions
of Eq. (13), which leads to the minimum of V_;,. We
solve Eq. (13) and determine S by treating r4(m3,) as a
small expansion parameter. One can easily find the

(16)  approximate solutions as:
|
(1)sinB = Wm, cosf’ = sign(m3, A} — m}; Asy),
(2)cosp = %, cos® = sign(m?; Ay — m3,A3,), (18)
(3) cos2p = GRS 4 O(ry),

Corresponding to each solution, (1) ~ (3) of Eq. (18), the vacuum expectation value v and the minimum of the potential

are obtained.

r 2m? m? 2 m* m*. m?
DI — L4+ 2\ m2 _ m2 12 _my 12"
(1) N 1(m3, ) moh—mi Ay ) 2A ' m A —m Ay )
2 2 2 4 4 2
2 ) — _2my ) my _my MMy,
(¥%, Vinin) + (2)< Lot 2Xp(m1, mzz)(mfl;\z—mgzm) » T 2N, mfl)\rmgz@)’ (19)
(Asg—Ao)m? +(A34— Ay )m2 Aomd —=2m? m2, Asu+ A m
3)( 2 11 2+ O(r _ 11 1172213 2+ O(r,) ).
L ( ) /\IAZ_A§4 ( 4)r Z(A]Az—/\§4) ( 4)

The leading terms of the vacuum expectation values agree
with those obtained in Z, symmetric model [18]. If
sin28 = 0, then r, must be vanishing and cos6’
from Eq. (13) and (14). The vacuum energies of the non-
zero sin2 3 solutions are shown in Tables I. In Table II, the
vacuum energies of the solutions with sin283 =0 are
summarized.

Next, we derive the constraints on the parameters so that
the solution corresponding to (1) in Table I becomes the

TABLE 1. Classification of the solutions with nonzero sin23
of the stationary conditions of Higgs potential. For (3), O(r4)
correction is not shown.

(1) sinB = O(ry)

3
=

™

Ay

3
5

(2) cosp = O(ry)

global minimum of the potential. Since the other cases
(2)—(5) do not have desired properties, we restrict the
parameter space so that these solutions can not be a global
minimum. Since v must have large positive vacuum ex-
pectation value, m?}, must be negative. In order that the
vacuum energy of (1) is lower than that of (4),

1). (20)

When Eq. (20) is satisfied and the solution (1) does exist,
one can show that the vacuum energy of solution (3) is
higher than that of (1). Furthermore, when m3, > 0, the
solutions corresponding to (2) and (5) are not realized.
Then one can state the region of parameter space, which

m%zl\] - m%1A34 > O, (0050/

N

Ay

A —2md m3, (A3t Ay)+Aoms,

(3) cos2B = O(1)

m4
- 2 TABLE II. Classification of the solutions with sin23 = 0.
N+ A =22A,
, i ! cosf' =0
- 2 7
A3+A4—$Az (4)sinB =0 - 2mT':
mj
(5) cosB =0 - 25;

200 45— (45 +A9))
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is consistent with the case that the vacuum (1) becomes
global minimum is
2
m
22
>3 A 21)
my

m%l < 0, m%z > 0, )\34
Next, we consider the case with negative m%z. In this case,
we impose the additional condition so that the vacuum
energies corresponding to (2) and (5) are higher than that
of (1):
4 4
My S @' (22)
Ay Ay
Then, the condition for (1) is global minimum in this
case is
2
my
> —2 Al,
11

2 2
mi; <0, miy, <0, Ay

(23)
2 2
A @ >\ @
m3, mi,
In the following sections, we explore the regions for the

parameters obtained in Eq. (21), (23), (8), and (9).

III. EFFECTIVE POTENTIAL IN ONE-LOOP
AND RENORMALIZATION

In this section, we derive the effective potential within
one-loop approximation. We introduce a real scalar fields
with eight components as ¢’ = (¢!, 1 b1, ¢3,
@3, 37, (i = 1 ~ 8). With the notation above, the one-
loop effective action is given as

1
Theor = iy IndetD™(¢), D' =0+ M; (24)

where M? is the mass squared matrix of the Higgs potential,

m?, X 1 0
M2 = M*(¢) + 1 —m?, 0,
T ¢ 0 2, X 1 1201
62V(4)
M) =——-, (25)
g0,

and where 1(0) denotes 4 X 4 unit (zero) matrix. o is

defined as
B 0 1 26)
(o8] 1 0 .

In Eq. (26), 1(0) also denotes a four by four unit (zero)
matrix. In modified minimal subtraction scheme, the finite
part of the one-loop effective potential becomes

4—d d
e d%k
VllOOp 3 (2 )d 'TI‘LJ'I(M2 - k2) + VC,
1 M2
= <M4 (Ln— é)) 27)
64 ue 2
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V. denotes the counterterms and the derivation of V.. can be
found in Appendix A.

IV. ONE-LOOP CORRECTIONS TO THE VACUUM
EXPECTATION VALUES

In this section, we compute the one-loop corrections to
the vacuum expectation values. Using the symmetry of the
model, in general, one can choose ¢; = (v, B, a, 6') as the
vacuum expectation values of Higgs potential. Their values
are obtained as the stationary points of the one-loop cor-
rected effective potential V = Viiee + Vijop,

aV
— =0. (28)
de;

By denoting the vacuum expectation values as sum of
the tree level ones and the one-loop corrections to them,

o= go(lo) + ¢§‘>, one obtains the one-loop corrections,
aVlloop

(1) — L—l
(5] ( )IJ 90,

,
o=00

oM?
— 1 T
32 an 2 (L )IJ Z(O ‘p_gD(O)O)ii

Ern
M3,
Mg’ - 1), (29)

<

where M3 is a diagonal 8 X 8 tree level mass squared
matrix of Higgs sector and L;; is 4 X 4 matrix given by
the second derivatives of the tree level Higgs potential
with respect to the order parameters,

(30)

<p=go(°’

The diagonal Higgs mass matrix squared M? is related

to 8 X 8 Higgs mass matrix squared M% in Eq. (25).
0™M3,0 = M3,

M 0 0O 0O 0 000

0 M} 0 0O O 00O

0 0 M3} 0 0 00O

N 0 0 M} 0 00O

I ) 0 0 0 My 000

0 0 0 0 0 000

0 0 0 0 0 000

\ 0 0 0 0 0 000

3

where M7, is obtained by substituting the vacuum expec-
tation values to M. O is shown in Appendix D. Since M is
the 8 X 8 diagonal matrix which elements correspond to the
Higgs masses and zero mass of the would be Nambu-
Goldstone bosons, one may write Eq. (29) in a simple
form. The Higgs masses squared in Eq. (31) are given by
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M. = lI: (A] + A + 6213 — —cos(4B)(A; + Ay — 2(A3 + A))v* + (1 — cos(2B))m7; + (cos(2B) + 1)m3,

+ 25sin(28)m?, ],

A2 M? + M? 1
2 — A2 4 h H _
M} = Mpy. +=5—, =

— é[{G cos(2y)(cos*(B)A; — sin*(B)A,) + (cos(2(B + y)) — 3cos(2(B — ¥)))(A; + Ay)}v?

((3A;c08%(B) + 3sin®(B)A, + A3 + A)v? + 2m2, + 2m3,),

My — M
2

+ 4cos(2y)m?}, — 4cos(2y)m3, + 8 sin(Zy)m%Z:I, (32)

where 7 is an angle with which one can diagonalize the 2 X 2 mass matrix for CP-even neutral Higgs. tan2+y is given as

—4m3, + 2sin2B(A3 + Ay)v?
(3(=A;co8?B + Aysin? B) + cos2B(A3 + Ay))v? — 2(m3, — m3,)

tan2y = (33)

To compute Eq. (29), we still need to calculate O ‘”Z O and L;;. They are shown in Appendix C. Using Eqs. (29) and (C1),
one can find the quantum corrections for « and 6’ vanish:

all) =0, 6'M = . (34)

For vV and B, one obtains,

1 > aM? aM? M3,
M = — oT_o] M> (1 ) L [0 —0] M? (1 1))
v 3272 detL’( Z[ T T w? . Z i T w?

= j=1 6@2 35
gy = - ( Z[OTGMQO] M3 (ln M, 1)+L Z[OTGM 0] M3 (m M, 1)) o
3277 detl/\ " i P i PP B :
where L' is
L L
I 11 12
L (L12 L22>' (3%)

The elements of L’ are shown in Eq. (C4). Equation (35) corresponds to the one-loop exact formulas and is a main result
. . . . 2

of the 'present paper. In the leading order of the expansion with respect to the symmetry breaking term my7,, the

correction to v becomes

M? M. M3, M3 ( M M? (. M?
v {3A1(1n—’2’ - 1) ( ) + (A + /\4)( (ln—A - 1) + —§<1n—§ - 1))} (37)
32 M M3, w? ML\ u My\ n

The Higgs masses in the formulas are the ones in the limit of m, — 0,

o) = —

A3+ Ay,
e Y

A
5 M2, =m3, + 202, (38)

3
~ N7 M%zM%zmgz-i- >

2 2
MH—m“—l—2

where v is related to m3, as,

%vz =~ —m%l. 39)

The approximate formulas for the physical Higgs masses in Eq. (38), which are valid to the limit m, — 0, agree with
the ones given in [1] except the notational difference of My and M},. The one-loop correction to S in the leading order

expansion of m?, is given as
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A(As + A\ M. (o M?, A3+ M)\, M3
L (& SO
T 1 My M Ay M
A+ A M: (. M} M2 ( M?
+ (3A2 + (21“ - M)(M + )\4)) ( —h ) 21 +T)(A5 + A2 (m— - 1)} (40)
Ay M M
where
M2 MZ A3+ Ay 2M2+ 2+
F—an:#. (41) A=<\ J_>(A3 2 H)v
m;p—0 3 MH M‘% v My’

Equation (40) shows that the quantum correction is also
proportional to the soft-breaking parameter m?,, which is
expected. We also note that the correction depends on the
Higgs mass spectrum and quartic couplings. The correla-
tion to Higgs spectrum is studied in the next section.

V. NUMERICAL CALCULATION

In this section, we study the quantum correction to 8 and
v numerically. As shown in Eq. (37) and (40), the quantum
corrections are written with four Higgs masses and the four
quartic couplings. Since the neutral CP even and CP -odd
Higgs of the second Higgs doublet are degenerate as M, =
M, in the limit m;, — 0 (See Eq. (38)), the three Higgs
masses (My, My, My+) are independent. Moreover, for a
given charged Higgs mass and neutral Higgs mass, A; and
A4 are given as

M2 M2 _M2+
—H A= 24 A (42)

v

A=

A, and A5 are the remaining parameters to be fixed. The
lower limit of A5 obtained from Eq. (8) and (9) is written as

M

M
e oA M

One can also write A; with the charged Higgs mass
formulas,

2
Max ( >< A3 (43)

2
A = ?(Mﬁﬁ — mb,). (44)

Depending on the sign of m3,, the upper bound and the
lower bound of A; can be obtained for a given charged
Higgs mass. Combining it with Eq. (43), the constraints for

positive m3, case are,

My M M2
Max(— 222 V3, — 2y 2 M ) <
2M2
< vf , (m3, >0). (45)
When m3, < 0, in addition to the lower bound on A3, the

constraint on A, in Eq. (22) should be satisfied:

(m3, <0). (46)

Now we study the quantum corrections numerically. We
fix the standard model like Higgs mass as My =
130 (GeV). There are still four parameters to be fixed
and they are A,, A3, M,, and My+. Focusing on the
Higgs mass spectrum of the extra Higgs, we study the
radiative corrections for the following scenarios for
Higgs spectrum and the coupling constants.

A. Case for M, = Mpy+; degenerate charged Higgs
and pseudoscalar Higgs and a relation for vanishing
quantum correction S

We first study the corrections for degenerate charged
Higgs and pseudoscalar Higgs. In this case, for a given
degenerate mass, one can identify the values of coupling
constants A, and A, for which BV vanishes. With M, =
My, the relation for coupling constants which satisfies

BY =0is
M2
/‘\2—)\72 2+ Mi; 1- My lOg—’Z’—l
2
3N M3 — M3, M. 10gM 1
M3, logM—i’—l)
; .
M; -1

N MG M3
Y 2 _ a2 a2 2
3\My =My My =My My Ve

(47)

The set of coupling constants (A3, A,), which satisfy the
relation Eq. (47), are shown in Table III. We note that when
A, is as large as 10, A5 is at most about 3. If A, is 1, A5 is
lies in the range 0.55 ~ 0.7.

TABLE III. The coupling constants (A3, A,) which satisfy the
relation, Eq. (47) for the three degenerate masses My+ = M, =
100, 200 and 500 (GeV).

A Ay (Mg =100) Ay (Mg =200) Ay (M- = 500)

0.14 0.19 0.16 0.18
0.28 0.28 0.28 0.28
0.56 0.41 0.47 0.42
1.0 0.55 0.69 0.59
10 1.8 2.8 2.0
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*)x

0.02f

sl L L L 2 M, (GeV)
100, 120 140 160 180 s 200

N\

N

-0.011

-0.02F

FIG. 1. The quantum correction 2~ (gray lines) and “— o (black
lines) due to the nondegeneracy OfB charged Higgs and pseudo-
scalar Higgs masses. The pseudoscalar Higgs mass M, (GeV)
dependence of the quantum corrections % (x = B, v) is shown,
while the charged Higgs mass is fixed as My+ = 100 (GeV).
The set of parameters (A3, A,) are chosen so that the correction
BY  vanishes for the degenerate case; My = M, =
100 (GeV). The values (A3, A,) are taken from Table III and
they are (0.19, 0.14) (solid line), (0.28, 0.28) (dashed line), (0.41,
0.56) (dotted line), (0.55, 1) (dotdashed line), and (1.8, 10)
(thick solid line).

B. Non-Degenerate case M, # M+ with the coupling
constants satisfying Eq. (47)

Next we lift the degeneracy by shifting the pseudoscalar
Higgs mass from the charged Higgs mass and study the
effect on BV and vV, The nondegeneracy of the charged
Higgs mass and the pseudoscalar Higgs mass is con-
strained by p parameter. We change the pseudoscalar
Higgs mass within the range |M, — My+| < 100 (GeV)
allowed from the electro-weak precision studies. The cou-
pling constants (A3, A,) are chosen from the sets of their
values satisfying the relation Eq. (47). In Fig. 1, we show

% as a function of M, with charged Higgs mass My+ =

100 (GeV). When M, = 100 (GeV), the correction van-
ishes exactly. As we increase M, from 100 (GeV) (the
mass of charged Higgs), the correction becomes nonzero
and is negative. The corrections are at most about 1.3%
when A, ~ 1. By increasing M, further, we meet the point
around at M, =~ 200 (GeV) corresponding to that the cor-
rection vanishes again. In Fig. 2, we study the correction
B with larger charged Higgs mass case, My+ =
200 (GeV). In contrast to the case for Mpy+ =
100 (GeV), by increasing M, from 200 (GeV) where the
correction vanishes, it increases and becomes positive. We
also note that the correction tends to be larger than the
lighter charged Higgs mass case. When A, ~ 1, increasing
the pseudoscalar Higgs mass from 200 (GeV) to
300 (GeV), the correction is about 10%. As the pseudo-
scalar Higgs mass decreases from 200 (GeV) to 100 (GeV),
the correction becomes negative for 0 < A, = 1. With
the larger value A, = 10, we meet the point around at
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x/x
0.06[
0.04F

0.02f

| ‘0 M4 (GeV)
—-0.02}.

—0.04f

-0.06f

—0.08F

FIG. 2. The quantum correction £~ (gray lines) and “— o (black
lines) due to the nondegeneracy ofﬁ charged Higgs and pseudo-
scalar Higgs masses. The pseudoscalar Higgs mass M, (GeV)
dependence of the quantum corrections % (x = B, v) is shown
while charged Higgs mass is fixed as My+ = 200 (GeV). The
set of parameters (A3, A,) are chosen so that the correction SV
vanishes for the degenerate case; My+ = M, = 200 (GeV).
The values (A3, A,) are taken from Table III and they are
(0.16, 0.14) (solid line), (0.28, 0.28) (dashed line), (0.47, 0.56)
(dotted line), (0.69, 1) (dotdashed line), and (2.8, 10) (thick solid
line).

M, =~ 150 (GeV) where the correction vanishes again. In
Fig. 3, we study the further larger charged Higgs mass case,
i.e., My~ = 500 (GeV). With M, =~ 600 (GeV), the cor-
rection is positive and about 100%. The correction stays
small for 0 < A, = 1 when decreasing M, from 500 (GeV)
to 400 (GeV).

I

‘0 My (GeV)

FIG. 3. The quantum correction 2~ (gray lines) and “— o (black
lines) due to the nondegeneracy ofﬁ charged Higgs and pseudo—
scalar Higgs masses. The pseudoscalar Higgs mass M, (GeV)
dependence of the quantum corrections % (x = B, v) is shown
while charged Higgs mass is fixed as M+ = 500 (GeV). The set
of parameters (A3, A,) are chosen so that the correction ()
vanishes for the degenerate case; M+ = M, = 500 (GeV). The
values (A3, A,) are taken from Table III and they are (0.18, 0.14)
(solid line), (0.28, 0.28) (dashed line), (0.42, 0.56) (dotted line),
(0.59, 1) (dotdashed line), and (2, 10) (thick solid line).
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FIG. 4. The two dimensional surface for v = 0.

. (1)
C. The correction * -

In Figs. 1-3, we also show the correction # as functions
of M,. vV is independent of A, and does not necessarily
vanish at the same points where 8! vanishes. With A; = 2
and My+ =200 (GeV), when the pseudoscalar Higgs
mass is much larger than that of charged Higgs mass; we
find a very large correction to v. In Fig. 4, we show that the
two dimensional surface, which corresponds to v =0,
We find that the interior of the surface corresponds to the

500 [ T T T T

400

300 [

My (Gev)

200

100 | ‘
100 200

300 400 500

My (Gev)
FIG. 5. The regions of (My+, M,), which correspond to

(I%I,I%I):(O, 0) (dark gray), (0.01, 0.01) (gray), and
(0.1, 0.1) (light gray).
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region of the positive correction v(!) > 0, while the exte-
rior region of the surface corresponds to the negative
correction vV < 0.

In Fig. 5, we have shown the regions of (My+, M)
which correspond to that the corrections of |v("| and
|8V have the definite values (0, 0.01, 0.1). The dark
gray shaded area corresponds to the region where both
v) and BM can vanish with taking account of the
conditions in Egs. (7)—(9). We note that for My+, M, >
200 (GeV), the quantum corrections vanish around the
region where the charged Higgs degenerates with the
pseudoscalar Higgs. When the corrections become larger,
the larger mass splitting of the pseudoscalar Higgs and
charged Higgs is allowed. However, as the average mass of
the charged Higgs and pseudoscalar Higgs increases, the
allowed mass splitting becomes smaller.

VI. DISCUSSION AND CONCLUSION

In this paper, the Dirac neutrino mass model of
Davidson and Logan is studied. In the model, one of the
vacuum expectation values of two Higgs doublets is very
small and it becomes the origin of the mass of neutrinos.
The ratio of the small vacuum expectation value v, and
that of the standard-like Higgs v is tanf3 = Z—? Therefore,

tan/3 is very small and typically it is O(10~°). The small-
ness of tanf is guaranteed by the smallness of the soft
breaking term of U(1)'.

We have treated the soft-breaking term as perturbation
and calculated, in particular, the vacuum expectation of
Higgs in the leading order of the perturbation precisely. As
summarized in Table I, only by including the soft breaking
terms, one can argue which of the local minima minimizes
the potential and becomes the global minimum. We have
studied the global minimum of the tree-level Higgs poten-
tial, including the effect of the soft breaking term as
perturbation.

Beyond the tree level, we study the quantum correction
to the vacuum expectation values and tan3 in a quantitative
way. In one-loop level, we confirmed that tree-level vac-
uum is stable, i.e., the order parameters which vanish at
tree level do not have the vacuum expectation value as
quantum correction. In one-loop level, we derived the
exact formulas for the quantum correction to B in the
leading order of expansion of the soft breaking parameter
m?,. We have confirmed not only that the loop correction to
tanfB is proportional to the soft breaking term, but also
found that the correction depends on the Higgs mass
spectrum and some combination of the quartic coupling
constants of the Higgs potential. Technically, we carried
out the calculation of the one-loop effective potential by
employing O(4) real representation for SU(2) Higgs
doublets.

Dependence of the corrections on the Higgs spectrum
is studied numerically. We first derive a relation of the
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coupling constants, which corresponds to the condition
that the correction to B vanishes for degenerate extra
Higgs masses. Next, we study the effect of nondegeneracy
of the charged Higgs and pseudoscalar Higgs on the
correction. If the charged Higgs mass is as light as
100 (GeV) ~ 200 (GeV), allowing the mass difference
of charged Higgs and pseudoscalar Higgs is about
100 (GeV), the quantum corrections to both S and v
are within a few % for (A3, A,) ~ (0.5, 1). If the charged
Higgs is heavy My+ = 500 (GeV), a slight increase of
the pseudoscalar Higgs mass from the degenerate point
leads to very large corrections to 8 and v.

One can argue the size of the quantum corrections to the
neutrino mass of the model, because the ratio of the tree level
neutrino mass and one-loop correction can be written as

, 48
o v B (48)

where we take account of the corrections only due to Higgs
vacuum expectation values. The formulas in Eq. (48) imply
that radiative correction to neutrino mass is related to the
Higgs mass spectrum. Therefore, once Higgs mass spectrum
is measured in LHC, one can compute the radiative
correction to the mass of neutrinos using the formulas
of Eq. (48).

Vl]oop V(l) TV
4—d dk
VB [ T+ M3, + oM -
i 4 8  4—d
“ dk -1 4 g2 it
_ In{DY~1 + M~ -
; 2 .[(27T)di D (4 Z— 4
= i,j=1
where

D' =D + Mi(¢),
Mi+mi -k (1=i=<4),

= A2
{M,-zi+m§2—k2 =i=23). A2

The diagonal parts of the propagators are given as,
1

D;; = M’,z’_+,,]msz

M‘.zl.erngk2

In the modified minimal subtraction scheme, Feynman

integration is carried out with help of the well known
formulas of dimensional regularization

(I=i=4),

5=i=38). (A3)
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Note added.—After submitting the paper, we became
aware that the stability of the model studied in this paper
was also discussed in [20]. Compared to their analysis, we
derived the one-loop effective potential taking into account
all the interactions of Higgs sector while they consider a
part of the interactions and study the stability in a qualita-
tive way. Using the effective potential, we carried out the
quantitative analysis of the quantum corrections.

APPENDIX A: DERIVATION OF ONE-LOOP
EFFECTIVE POTENTIAL

In this appendix, we give the details of the derivation of
the one-loop effective potential and the counterterm in
Eq. (27). One can split MZ(d)),-j in Eq. (25) into the
diagonal part and the off-diagonal part as SM?(¢);; =
M*(¢);; — M*(¢),;6;;. The divergent part of Vyj,,, can be
easi;y computed by expanding it up to the second order of
oM=,

a'lm%z}

d’k

(ZT)[liDii(SMz — a'lm%z)iijj((SMz _ Ulm%z)ji _—

(A1)

1 dk
2 ) @m)di

_ 1 . m* (l m2_3)
camle | 64n? Og,uz 2)

4-d

i log(m?* — k?)

(A4)

and

dk 1
Q)i (m? — kz)(mf — k%)

1

4—d —
div 16’7T2

i

1
z’

(AS5)

Wzgl 1=1—Jog4m and € = 2 — 4. The divergent part of
Vs
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8 8
Viv =~ ez {Z(M + m3)? + Z(Mgl. + mgz)z} = ﬁ | ;](5M2 — m3y0 ) (M? — o)
Z P
-~ ZM (9) + m, ZM (@) + 20ty + 1)) = o THMB) = 10 )OP(D) — o))
= 6412_Tr[M] (A6)

The trace of Eq. (A6) is calculated in Eq. (B6) and (B11) of Appendix B, and the result is,

Vil = — [m2 {64, (DT D)) + 20225 + A)(@F D))} + m2, {20245 + A) (DT D)) + 64,(DID,)}]

1
3272e

2m3, T T 8mi, + 4(m}; + m3,)
+ 647T2E-[(2/\3 + 4)\4)((1)1 (DZ + CDZ(I)I)] - 6477-2é

1
- m[(u/\% + ANy + A0+ 20D D)) + (1223 + dAsAy + 403 + 2A]) (D1 D,)?

+ (120045 + 4A 44 + 842 + 422 + 120,75 + 4X,A4,)(DT D)) (DT D))

+ (4A Ay + 16454, + 8A2 + 4A2A4)|<1>,*<I>2|2]. (A7)

Now the counterterms for the one-loop effective potential are simply given by changing the sign of the divergent part of

1
V,=-vi= = Tr{M4]. (A8)

Using Eq. (A8) and (A4), one can derive the finite part of the one-loop effective potential given in Eq. (27).

APPENDIX B: DERIVATION OF EQ. (A7)

In this section, we present the derivation of Eq. (A7). We start with the quartic interaction terms of the Higgs potential,

=3B ) 3 E )R )

+ f((d’l(ﬁs + Pt + P37 + Dads)* + (D1 ds T P3dbs — brds — bad7)?). (B1)

By taking the derivatives of V¥, one can obtain the mass squared matrix M?(¢). One first computes the first derivative of
V® with respect to ¢;,

’%2< j-1 ‘1’?)2% +5 ¢ s b] + 5{(h1ps + pachs + 3 + bubs)dbira
VW | T (Bids t bids — babs — Padr)(81ibs — Saips + Sxibs — Suibr)), (l=i=4) (B2)
0% %2< j=s 45?)2% +5 R 2{(p1ps + badps + b3y + Pubs)biy

L+ (h1de + D305 — dahs — duh7)(—8s;y + 8601 — b7 + S5;3)}. 5=i=39).

The second derivatives are given as
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%(5”‘ Sici bt 2¢j¢i> +%6ij<2§:5 ¢%) + %{¢j+4¢i+4

+(81jp6 — 82jps + 8355 — 84;h7)(81:p6 — 825 b5 + 83:p5 — 84 p7)}, (I1=ij=4),
Ao, +%{¢i+4¢j74 31 8iajPrbria+ (—8s;y+ Bgjby — B7jbs + 85 3)

X (81;p6 — Opips + 835 — 84;p7) + (D1 + P35 — Dorbs — D7)

X (8186 + 83185, — 62;0s; — 541'57]‘)}, (I=i=45=j=3),

92y @
di0eh; ] A3didh; +%{¢i*4¢j+4 + 341014 jPrbrrat (816 — 82jbs + 83;p5 — 84;b7)
X (=85ipy + 8611 — 87ips + 5ih3) + (D1 b6+ P3ps — baps — Pucp7)
X (8,66 + 63;85; — 82,05, — 64,-87]-)}, G=i=81=;=4),

%(51'; Sisdit 2¢j¢’i> +%5i,~< k=1 ¢’%)
+%{¢j74¢i74 + (=852 + 86jp1 — 87jps + 85 3)

[ X(=85iy+ 86ip1 — 87,4+ Bgih3)}, (5=ij=38).
(B3)
With Eq. (B3), the diagonal sums of M? are given as
4 4 8 8
SML=30D ¢ +203> pF+ A D ¢ =64, DI D; + (445 +2)4,) D] Dy, (1=i=4),
i=1 i=1 i=5 i=5
8 8 4 4
SME=310,3 ¢ +21 > ¢F + A D b? = 6A, DI Dy + (445 + 22D D, 5=i=<23). (B4)
i=5 i=5 i=1 i=1
The counterterm in Eq. (A8) includes the following contribution:
Tr[(M2(¢) - m%za'l)(Mz(dﬂ - m%20'1)] = Tr[M2(¢)M2(¢) - Zm%za'le] + Smél‘z- (BS)

The second term of Eq. (BS) is proportional to
Tr[mdo M?] = QA3 + 40 (b1 s + dahs + b3y + pabghmdy = 245 + 4A) (DT D, + DID)m?,. (B6)
The first term of Eq. (B5) can be decomposed as
4 4 38 8
Tr[M2 ()M ()] = D M*(p);M*(b);;i + 2D D M ()M ()i + > M*();;M* (). (B7)
ij=1 i=1j=5 ij=5
Each term of Eq. (B7) is given as

8

4 4 4 8 4
S M), M) = 3A%(Z ¢%)2 IS Y g+ Am{z B2S B2+ (rbs + bahs + bay + Dby
i—1 =1 =5 =1

Q=1 =5
8 8 2,8
+(h1¢6 + d3bs — paps — Pap7)} + AsM(Z ¢,2>2 + /\%(Z ¢,2)2 + %(Z ¢%>2
s i=s i

= 120X D D)2 + (124, A5 + 44, 0,) (DT D ) (DI D,) + 44, 1| DT D, 2
+ (40304 + 422 +222)(DId,)?, (B8)
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4

8
i =

8 4 4 4
M (p)M*(p);i = A2 7> 2 + 2)\3/\4{2 bidira Y bibiis T (Brhs — pabs + p3g — ¢4¢7)2}
i=5 =l i=1 =

1,j=5

A2 8 4 2
+ 74{2 1Y P+ 2(2 ¢i¢i+4) +2(p1ps — brps + 3bg — ¢4¢7)2}
=1 j=s i=1

= (@423 +22)(@T D ) (DID,) + (BAs44 + 42| DT D, |2, (B9)

8 8 ’
> M ($) M (o) = 3)\%<Z ¢,2> + 32,15
i=5 i

8
ij=5 -

4 4 8
Y 1+ /\2)\4{2 B?D P+ (p1ds + haps + by + bas)’
=3 =1 j=s

5
T (P16 + P3bg — hrps — 4’4(2"7)2} + /\3)\4<ii1 ¢,2)2 + )‘%(g ¢;2)2 + %%(g d’%)z

= 122 3(DID,)2 + (120545 + 42,2, (PT D) (DI D,) + 42,04 DT D, |2
+ (AA30y + 402 +223)(D] D)) (B10)

From Egs. (B8)—(B10), one obtains,

T M ()M ($)] = (12X2 + 42314 + 442 + 222 (DT D)2 + (1202 + 4A304 + 422 + 2A2)(DID,)2
+ (120045 + 4A 0, + 8A2 + 422 + 120,75 + 42,0, (DT D)) (DI D))
+ (AA Ay + 16A344 + 822 + 42,0, | DT D, (B11)

Using Egs. (B4)—-(B6) and (B11), one can derive Eq. (A7).

APPENDIX C: [0 320];; AND Ly,

In this appendix, we show [OT%—’E’D’IZO] ;; and Lj;, which are needed to calculate one-loop corrections to the order
parameters go(ll) in Eq. (29). [OH—MZO]jj (I =1,2,3,4) are given as

de;
IM?> OM?>
[OT—O] =0, [OT 0] = 0. (CD
ji ji

da 00’
oM? M?
[01220] ~ 2012 0]
ji ji

Jv ov?
%(Al + )\2 + 6A3 - 2)\4 - COS(4B)()\1 + )\2 - 2()\3 + )\4)))
%()\l + /\2 + 6)\3 - 2)\4 - COS(4ﬁ)(A1 + )\2 - 2(A3 + )\4)))
LA+ Ay 4 6A5 + 64y — cos@B)(A; + Ay — 2(A3 + Ay))) , (€2
12{A,cos?ysin? B + cos?Bsin®y A} + (3cos2(B — y) — cos2(B + v) + 2)(A; + Ay)
12{A,cos? Bcos?y + sin?Bsin>yA,} + (—3cos2(B — y) + cos2(B + y) + 2)(A; + Ay)

FS

and

Arc08%(B) — sin?(B)A; — cos(2B)(A5 + Ay)
) . Axc08%(B) — sin?(B)A; — cos(2B)(A5 + Ay)
[oT"aﬁo] =2 51“223 Nacos?(B) — sin2(B)A; — cos(2B)(A; + Ay) (@)
Ao i 320052 (y) = 3sin?yA| + 55 (Sin(2(B + 7)) = 3sin(2(8 — ¥)(As + A4)
—3X,008%(y) + 3sin®(¥)A; — 3555 (SIn2(B + 7)) — 3sin(2(8 — ¥)(A3 + Ay)
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Next, we show L;; in Eq. (30). Note that L;; is symmetric L;; = L;; and its nonzero elements are:

Ly, = cos’Bm?3, + sin? Bm3, — 2 cos(B) sin(B)m?, + %[31}2{/\10054(@ + sin?(8)(2(A5 + Ay)cos?(B) + sin?(B)A,)}],

cosd cos2
L22 = Uz{_ 4 IB (/\1 + )\2 - 2()\3 + A4))U2 + 4 IB ()\2 - A])UZ + 2m%2 Sin2,8 - COSZB(m%] - m%2)},
Ly = Ly = o] S48 —2 2+ L Gin2B(A, — A )02 — 2m2, cos28 — sin2B(md, — m3
n2=Ly=v 1 (A + Ay = 2(A5 + AY))v* + 5 Sin BA; — Av mi, cos2B — sin2B(my, — m3,)
Ly = — Lo 2 2sin(2B)Ay — 4m?
B =g sin(28)(v” sin(28) Ay — 4m7,),
Ly, = v*cos(B) sin(B)m3,. (C4)
APPENDIX D: ORTHOGONAL MATRIX O IN EQ. (31)
Here we show the orthogonal matrix O in Eq. (31).
0 —sinf3 0 0 0 0 cosf 0
—sinf 0 0 0 0 cosfB 0 0
0 0 0 siny  cosy 0 0 0
0 0 — sin 0 0 0 0 cos
0= P . P (DD
0 cosf3 0 0 0 0 sinf3 0
cosf 0 0 0 0 sinf3 0 0
0 0 0 cosy —siny 0 0 0
0 0 cosfB 0 0 0 0 sing )/
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Pair production of the neutral and charged Higgs bosons is a unique process that is a signa-
ture of the two-Higgs-doublet model. In this paper, we study the pair production and decays of
the Higgses in the neutrinophilic two-Higgs-doublet model. The pair production occurs through
the W and Z gauge boson fusion process. In the neutrinophilic model, the vacuum expectation
value (VEV) of the second Higgs doublet is small and is proportional to the neutrino mass. The
smallness of VEV is associated with the approximate global U(1) symmetry, which is slightly
broken. Therefore, there is a suppression factor for the U(1) charge breaking process. The sec-
ond Higgs doublet has U(1) charge; its single production from gauge boson fusion violates the
U(1) charge conservation and is strongly suppressed. In contrast to the single production, the
pair production of the Higgses conserves U(1) charge and the approximate symmetry does not
forbid it. To search for the pair productions in a collider experiment, we study the production
cross section of a pair of charged Higgs and neutral Higgs bosons in e*e™ collisions with a center
of energy from 600 GeV to 2000 GeV. The total cross section varies from 10~ fb to 1073 fb for
the degenerate (200 GeV) charged and neutral Higgs mass case. The background process to the
signal is the gauge boson pair W+ + Z production and their decays. We show that the signal over
background ratio is about 2-3% by combining the cross section ratio with ratios of branching
fractions.

Subject Index B40, B53

1. Introduction

While LHC have already started constraining many new physics models, there are a few aspects
in the beyond-standard models into which future eTe™ colliders [1,2] could make unique searches
because of their clean environments. In this paper, we study the signature of the neutrinophilic two-
Higgs-doublet model [3] in e*e™ collisions by focusing on the pair production and decays of the
charged Higgs and neutral Higgs bosons.

In the neutrinophilic model, a second Higgs doublet is introduced and the neutrino masses are
generated from the tiny VEV (vacuum expectation value) of the second Higgs doublet. The new U(1)
global symmetry is introduced. The second Higgs doublet and right-handed neutrinos have the U(1)
charge +1 and the other fields do not have that charge. The U(1) global symmetry is approximate and
is broken explicitly by the soft breaking bilinear term with respect to the second Higgs doublet and to
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the standard-model-like Higgs doublet. The tiny VEV of the second Higgs generated is proportional
to the coefficient of the mass dimension two in the bilinear term.

In the model, any U(1) charge-violating process is suppressed by the tiny VEV. This also implies
that the probability amplitude is suppressed and is proportional to neutrino mass. An example of a
suppressed process is a single second Higgs production with gauge boson fusion. In contrast to the
single second Higgs production, the pair production of the second Higgs is a U(1) charge conserv-
ing process. Therefore, it is not suppressed. The processes in this category are Z*(y*) — HTH ™,
WHr4+Ww- - H "+ H ,and Wt +Z - HY + X (X = 4, h), where H*, 4, and h denote the
charged Higgs, CP-odd Higgs, and CP-even Higgs in the second Higgs doublet, respectively.

In the LHC set-up, the charged Higgs pair production p + p — Z*(y*) — H™ + H™ is studied
in Ref. [4]. In Ref. [5], vector boson fusion into the light CP-even Higgs pairs is studied at the LHC.
In Ref. [6], di-Higgs production in various scenarios is discussed. In Ref. [7], the standard model
Higgs boson pair production is studied. In addition, see Ref. [8] for the ratio of the cross section of
the single Higgs boson and the pair production cross section in the context of the standard model.
In our work, in eTe™ collisions, the pair production of the charged Higgs (H ) and neutral Higgs
(X) in the second Higgs doublet is studied. We derive the pair production cross section, et + e~ —
Vete +HT+ X (X =4,h).

The paper is organized as follows. In Sect. 2, we set up the Lagrangian that is used in the calculation
of charged Higgs and neutral Higgs production. In Sect. 3, we derive the expression of the cross
sections for pair production from e + e~ collisions. In Sect. 4, the cross sections, including the
various differential cross sections, are numerically computed and compared to the standard model
background cross section. In Sect. 5, the decays of the charged Higgs and neutral Higgs are discussed
and the dependence on the charged lepton flavor in the final state is studied. Section 6 is devoted to
the summary.

2. Two-Higgs-doublet model with softly broken global symmetry

In this section, we present the Lagrangian to set up the notation and also to display the interaction
terms that are relevant to the calculation in later sections. The Higgs potential is given by [3]:

A
Vitee = Z (mlzi@;rq)i + ?l(cD;rCDi)z> — (m%zdﬂ;q)z + h.c.)
i=1,2

+A3(D D)) (@] Da) + 24| DTy (1)

The two Higgs doublets in the unitary gauge are parameterized as [9]:

0 —sinBHT
®; = | vcosB | + | sinyh+cosyH —isin4d |,
V2 V2
0 cos BH™
®y=|vsing | + | cosyh —sinyH +icosBA|. (2)

V2 V2

The new U(1) charge for @ (®;) is 0(4+1). The term proportional to m 1, is the U(1) breaking
term. H and /& denote CP-even Higgses, 4 denotes a CP-odd Higgs. In our notation, / is close to
the standard-model-like Higgs, a different notation from Ref. [3]. In most of the present paper, we
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follow the notation of Ref. [9]. tan f is the ratio of two VEVs and is given approximately as [3]:
2
m
tan g = —2. (3)
my

v? is the squared sum of two VEVs. y is the mixing angle of CP-even Higgses given by [9]:

—4m?, + 2sin2B(h3 + Ag)v?
(3(=A1 cos B2 + Aa sin® B) + cos 2B(A3 + Aa))v? — 2(m3| —md,)’

tan2y = — 4)

Then one can write the covariant derivative terms for the two doublets, including the electroweak
interactions of the Higgses with gauge bosons:

1 .

> D] DIy 3 g My (W W + 2—22“zﬂ>(sm(ﬂ +1)h + cos(B + y)H)
C

i=1,2 w

2
+ %Sw(AM —twZ)[(HTWHF + H-WH ) (hcos(B +y) — Hsin(B + y))

26
—i(HYW T — H N A+ i85 g P HHT — 0P HY H )
2cos Oy
gcos(B+y)
2 cos Oy

+ %WW(H—&M — A0, H) + he]. (5)

@uhA — 3, A Z" + {i‘g cos(B + )W (ha, H™ — 8,hH™)

One notes that a single CP-even Higgs boson (% or H) could be produced by the gauge boson fusion
process W + W~ (Z + Z) — h or H. There is no single CP-odd Higgs 4 production from gauge
boson fusion. The absence of terms like 4 W; W~ is due to CP symmetry. We also note that the
CP-even Higgs / is mostly the real part of the down component of the second Higgs ®;. Its coupling
to the gauge boson pair operators W T+ W, and Z*Z, is suppressed as sin(8 + y). Since sin f and
sin y are suppressed to zero in the vanishing limit of the U(1) breaking term m 5, the gauge boson
fusion to /4 is forbidden in the limit. As for the decays of charged Higgs and neutral Higgs, the Yukawa
coupling to the right-handed neutrino is important. Assigning the U(1) charge +1 to the right-handed
neutrino [3], it is written in terms of mass eigenstates as:

Ly = _yvij%&)ZV?gj
my; cosyh —siny H my;
> —v_i( W) V; Y - Y +iv; (i) y5Vv; cot B A
sin 8 v

_ m.:
+ V2 cot BT; Vi (%) e H™ + hec., (6)

where m,, denotes the neutrino masses and V' denotes the Maki—Nakagawa—Sakata (MNS) matrix.

3. Crosssectionofe™+e - v+e +WH+Z* 5 v+e +H +A

In this section, we present the formulae for the cross sectionof et + e~ — v +e™ + W + Z* —
V+e + HT + A4 (see Fig. 1).
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7\ A

wty s

4 S
/ L Ht
+//\\ V

Fig. 1. Feynman diagram of charged Higgs H* and CP-odd Higgs A production in eTe™ collisions. The
production occurs through W™ and Z fusion, which is shown by the circle.

/
wt /H*
/
”
7/
/
2 Alh)
Fig. 2. Contact interaction.
We define
0H+Xzo(e++e_—>v_6+e_+H++X);X=A,h. 7

We write the cross section for H+ 4 production as:

g1 dPqq  dqp+ dPqe  dq
A i ] Qr)32E4 @n)3QEy+) 27)32E.(qe) 2E5
1
X 3 D IMPQ)S (per + pe = qire = 94 = ge = q0)- ®)
spin

Sq+o— 1s the center-of-mass (cm) energy of the et and e~ collision. p,+ and p, denote the momenta
of the positron and electron of the initial state. g, ¢ y+, ¢ 4, and g5 are the momenta of the final states,
i.e., electron, charged Higgs, neutral Higgs, and anti-neutrino respectively. The transition amplitude

M is given by
M=—-T4 1 g u(ge)y" (L +253)u(pe)ver (Per) ¥ L (g5), (9)
" (0} = M)(ply — M3 2V 2y e o
where p7 = p. — ge and py = g+ + g4 — pz. L denotes the chiral projection L = 1_2y5.sW(cW)

denotes sine (cosine) of the Weinberg angle. 74,,, denotes the off-shell amplitude for W;‘ +Zr—

A+ H™ production. This corresponds to the circle in Fig. 1, and the Feynman diagrams that

A

contribute to 7,7, are shown in Figs. 2-5.

The second-rank tensor 74, is given as:

2

& (g + dagandn + badirvdan). (10)

T =iTgyy = ———
e v 2 cos Oy
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Fig. 3. S channel W exchange.

A

Fig. 4. U channel.

Fig. 5. T channel.

where we introduce the real amplitude 7}, = 7}, (the on-shell case is shown in Ref. [10]). a4, b4,
and d 4 in Eq. (10) are given as:

2 2 2 2 2 2 2
2 | Pz Py My — My, — My, 5ty —us+p; — py
aA:SW+ 5 5 Cw ) ’
MZ SH+A_MW SH+ 4 _MW
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b 2cos 20y 2(cos 20w + 1)
A= — - B

ug— My syrq— My
2cos’(B+y)  2(cos20y + 1)
di= e —, (11)
tqg — Mh SH+YA4 — MW

with 14 = (gg+ — pw)* u4 = (pw — q4)°, and s+ 4 = (gg+ + g.4)°. The spin-averaged ampli-
tude squared is given as:

1 g 1
- M = T T LY LMY (12)
4 pz 32y [(pf = M (i — M2 777 % e
where L, is a leptonic tensor of the neutral current and L’; fl_) is that of the charged current. They
are written in terms of the symmetric part S and the anti-symmetric part A4:

LY = S +idY

ee’

SYT = (2 4 853, + 1653) (Pl — €' pe - qe + P2qL),

A% = 2+ 857)€" P peagep. (13)
LZf,—) = nga + iAng’

Sees =2y Pl — " qv - per +qp Pl

ALl = 26" g perp. (14)

We define the transpose matrix as T’ ,iv = Ty, In terms of these, one can write the differential cross

section as:
2
J g* 1 1
OH+4 =
64ty sere 40967° | (pe — ge)? — M (e — q3)> — Mj)
X (TpuSpd Th SO + Ty, AU T, VL) d " Ph, (15)
where d” Ph denotes an n-dimensional phase space integral. For n = 12, this is defined as:
d>qad qp+d>qed’ g
d?Ph = st — Qe — g5 — g+ — q4)- 16
ELE < E.Es (Pet + Pe —qe — 45 — qu+ —q4) (16)

In the center-of-mass frame of the e e~ collision, the amplitude is independent of the rotation around
the beam axis. One can also set the direction of the e™ beam to the z direction and the momentum
of the electron in the final states to the yz plane. Therefore, after one integrates the azimuthal angle
and the anti-neutrino momentum, one obtains d® P# as:

d®Ph = 27 d cos Ood coS O 1 dpe 1 d cOS Op 1 gdde 11 4

. 4249e a7+damn+ g%dq
E. Ep+  Eq

The momentum of the electron ¢, in the final states is specified by a polar angle (6,) in the orthogonal

(s —Ey+ — E4— E. — Ejp). (17)

frame in which the positron momentum is chosen as the z axis:

St ot
Pet+ = ;e €3, Pe=— 626 €3,

4. = |q,/(sinf.e; + cosO.€3),

€1 = €2 X e3. (18)
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One can define a new orthogonal coordinate spanned by the basis vectors € (i = 1-3):

e; = He _ gin 0.e3 + cos €3,
Iqel
e, = —sinf,e3 + cosb.ez,
] = ey. (19)

0.1 and ¢ denote the momentum direction of the charged Higgs relative to that of the electron in
the final state:

Qg+ = |qg+|(sin O 17 COS e rr€] + Sin Oy sin e rr€) + cos Oeprey). (20)

Finally, (Oer7 4, ¢perr4) denote the direction of momentum for the neutral Higgs A. 0.7 4 is a polar
angle measured from the direction q, + qg+:

Q= |q41(Sin Oy 4 COS Pepy 4€] + SIN Oy 4 SIN Pepr 4€5 + COS O 4€3), (21)

e = et qu- €] = e X Qur €5 = €3 X ef. (22)
|9e + qp+| [9e X qp+|

In terms of the angles defined, the phase space integration is written:
d*Ph = 27 d cos Ood cOS Op 1 depe rd cOS O 7 4d P 4

y q2dge 45+ d91+ g4dq 4

1) —FEy+ —E4—E;, — E;
E, EH+ E(E; (\/E H+ A q 7)

Ey = \/lqe +qu+ 2 + 4% + 2c0sOeri4q.419e + Qp . (23)

where we denote g4 = |qa |, ¢+ = |9+, and g. = |q.|. The integration over the variable cos 0z 4
is carried out and we obtain:

2
1
d7 Ph = 27d c0s 6pd c0s Ourdorrdebors 4 T dg 4 T dg v godge ————
Ey " Epg+ l9e + qp+|
x O(EY = llap+ + Qel — q41D0(Ide + ap+| + ¢4 — ED), (24)
where
EY= fsore —Ee—E4q— Ep-+. (25)
The step functions in Eq. (24) imply phase space boundaries. Using Eq. (24), the differential cross
section is:
d7
OHg+4 (26)
dqedq p+dq 4d cos 0.d cos O rdPedders 4
4 2
g 1 1
32¢3,s 409677 | ((pe — ge)® — M2)(pe+ — q0)* — M3,)
2
t QP t aon 44 9+ 1
X (TawSed Top Sty + TuvAee Top Aot E4 Ep+ T |qe + qgy+|
x O(EY — llam+ + Q| — 24106 (19e + ap+| + ¢4 — ED). 27)

We carry out the rest of the integration numerically.

7/16

$10C ‘€1 Arenuef uo qry ony)  ewrysoiry () 1e /810 sjeunolpioyxo-dayd//:dny woiy papeojumoq



PTEP 2013, 093B02 T. Morozumi and K. Tamai

100

10
]
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0.0001
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1e-007 —:.,,’1:,‘,, |

1e—008 I I I I I I
600 800 1000 1200 1400 1600 1800 2000

GeV

Fig. 6. The gauge boson pair production cross section (o 7) for et + e~ — W+ + Z +7v, + e~ (solid
line) and the Higgs pair production cross sections (oy+4) for et + ¢~ — H™ + 4 + v, + e~. The horizon-
tal axis denotes center-of-mass energy, \/se+.- (GeV), of the ete™ collision. The long dashed line with the
cross symbol x corresponds to the case (m g+, m ) = (200, 200) (GeV). The dotted line with the boxes [
corresponds to (m g+, m4) = (300, 200) (GeV) and the short dashed line with asterisks * corresponds to
(mpy+,m4) = (200, 300) (GeV).

4. Numerical results
In this section, we present the numerical results for the cross sections. We have carried out the phase

space integrations by using the Monte Carlo program, bases [11]. We have studied three sets of
charged Higgs and neutral Higgs masses:

(my+,my4) = (300, 200), (200, 300), (200, 200) (GeV). (28)

As shown in Ref. [9], for these input values of charged Higgs and neutral Higgs masses, the radiative
corrections to the VEVs, 8 and v, are within 10%.

We show the total cross sections o+ 4 with respect to the center-of-mass energy (,/sq+.-) of the
ete™ collision in Fig. 6. Then we plot the following 1D differential cross sections in Figs. 7-11:

Ade
Gt doy+ 4
e dge

Ao+ 4(qe) = /

qe—

dge, Age = 50(GeV), (29)

Adpr+
Ig++—3 do’H*A

Sovreatany = [, dgir. g = 50 (GeV), (30)

dy+——"3 qu+

cosGeJriAcgsee do
Aoz g+ 4(cosb,) = / e dﬂd cosf,, Acosf,=0.2, (31)
cos f,—2egsle  d cos 0.

Acosbp 1
cosber+ =25 o 4
Aoyp+ 4(co8Oepr) = ———=-dcosBery, Acosby =02, (32)
cos%_% dcosO.p

Ad,

¢5H+TH dO‘H+A
Aosp+ 4 (Perr) = /
‘ ¢2H_ Ld’fH d¢€H

dperr.  Apern = % (33)
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0.1

0.01p 4

0.001 | 4

b

0.0001 E

16-005}

1e—006 I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500

GeV

Fig. 7. The differential cross sections Ao y+4 and Aoz as functions of the momentum ¢, (GeV)
for the final state electron. We have chosen the width of each bin as Ag, = 50 (GeV). The solid line
marked with the plus sign + corresponds to e™ + e~ — W' + Z + 7, + ¢~. The other lines denote the
three cases for et + e~ — HY + A+ v, +e¢. The long dashed line marked with the cross symbol x
corresponds to the case (m -+, m4) = (200,200) (GeV). The dotted line marked with the boxes [J corre-
sponds to (m g+, m4) = (300, 200) (GeV) and the short dashed line marked by asterisks * corresponds to
(mpy+, my4) = (200, 300) (GeV). The center-of-mass energy is 1000 (GeV).

For comparison, we have also computed the gauge boson production cross section. We used the
formulae in Ref. [12] for the W 4+ Z — W + Z scattering amplitude:

owz=osuet +e” >V +e + W+ 2). (34)

We plot oz in Fig. 6 as well as the differential ones, Aojz (i = 1-5) for the weak gauge boson
pair (W and Z) production in the standard model; see Figs. 7-11. This can be a background process
to Higgs pair production. Explicitly, we write the differential cross section Acjyz (i = 1-5), which
is defined analogous to those defined for the case of Higgs production in Egs. (29)—(33):

Aot z(qe) = / dge,  Age =50 (GeV), (35)

qe— =3

Aorwz(qw) = / R dqw, Aqw =50(GeV), (36)
qw—=4 dqw
cos@ﬁ“‘f"e d
Aoy z(cosb,) :/ s dGWZ dcosf,, Acosb,=0.2, (37)
cos f,— Aegsle cos 6,
cos B+ & cosze"w d
Aoawz(cosO.p) = / Aot ﬂdcos O, Acosbey = 0.2, (38)
cos Oy — =5 d cos O
Adepy
Pew+=3" dow, T
soswz(@on) = [ DOV by, A =T (39)
‘ ¢eW*7A¢2"W dpew ‘ ¢ 5
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0.1

0.01F E
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16-005 |- e
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16-007 | ;
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GeV

Fig. 8. The differential cross section Ao,py+,4 with respect to the charged Higgs momentum g¢p-.
The horizontal axis denotes gz+ (GeV). The long dashed line marked with the cross symbol Xx cor-
responds to the case (mpy+,m4) = (200,200) (GeV). The dotted line marked with the boxes [J corre-
sponds to (m g+, m4) = (300, 200) (GeV) and the short dashed line marked by asterisks * corresponds to
(mpy+, my4) = (200, 300) (GeV). The center-of-mass energy is 1000 (GeV) and the width of each bin (Agy+)
is 50 (GeV). For comparison, we also show the solid line with the plus sign + for the W, Z pair production
cross section, Ao,z as a function of the momentum of the 7 boson in the final state g (GeV). For the cross
section, the horizontal axis denotes the /¥ boson momentum.

0.1

0.01

0.001

£ 0.0001

1e-005

1e-006

-1 -08 06 -04 02 O 02 04 06 08 1

1e-007

COS 6e

Fig. 9. The differential cross sections Ao+ 4 fore™ + e~ — H' 4+ A4 + v, + ¢~ withrespect to cos 6,, where
6, denotes the angle between the final electron momentum and the initial positron momentum. The long dashed
line marked with the cross symbol x corresponds to the case (m 4+, m 4) = (200, 200) (GeV). The dotted line
marked with the boxes [J corresponds to (m 5+, m 4) = (300, 200) (GeV) and the short dashed line marked
by asterisks * corresponds to (m 4+, m ) = (200, 300) (GeV). The center-of-mass energy is 1000 (GeV) and
the width of each bin (A cos6,) is 0.2. For comparison, we show the cross section Aojy 7 of the process
et +e — W'+ Z+7, + e with a solid line. We use the formulae for the W + Z — W + Z scattering
in Ref. [12]. The center-of-mass energy of the ete™ collision is 1000 (GeV).
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£ 0.001¢ ]
0.0001 | E

1e-005

-1 -08 -06 04 -02 0 02 04 06 038 1

1e-006

COS 04, COS B,y

Fig. 10. Differential cross sections for Aoyy+4 and Aoy z. The horizontal axis corresponds to cos 6, and
c0SOe. Oppr (o) 1s the angle between the momentum of the final electron and that of the charged Higgs
boson (W boson). The solid line marked with the plus sign + corresponds to W Z production. The other
three lines are Higgs pair production. Among them, the long dashed line marked with the cross symbol x
corresponds to the case (my+, m4) = (200,200) (GeV). The dotted line marked with the boxes [ corre-
sponds to (m g+, m4) = (300, 200) (GeV) and the short dashed line marked by asterisks * corresponds to
(mpy+, my4) = (200, 300) (GeV). The center-of-mass energy is 1000 (GeV) and the bin widths A cos 6, and
A cos O,y are 0.2.

0.1 T T T ‘ T
0.01} b
0.001} |

e
0.0001F B
1e—-005}

1e-006 ‘ : : ‘ :

0 1 2 3 4 5 6
¢eHr ¢eW

Fig. 11. Differential cross sections Aosy+,4 and Aosyz. The horizontal line denotes the azimuthal angles
¢ and ¢, (radian). The solid line marked with the plus sign + corresponds to W Z production. The other
three lines are Higgs pair production. Among them, the long dashed line marked with the cross symbol x
corresponds to the case (m g+, m4) = (200, 200) (GeV). The dotted line marked with the boxes [J corre-
sponds to (mp+,m4) = (300,200) (GeV) and the short dashed line marked by asterisks * corresponds to
(mpy+, m4) = (200, 300) (GeV). The center-of-mass energy is 1000 (GeV) and the bin widths A¢, and Ag.
are .
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We summarize what one can read from these cross-section figures (Figs. 6—11) as follows:

o The total cross section for Higgs pair production o+ 4 increases as the center-of-mass energy
of the eTe™ collision grows until it reaches to 2000 (GeV). Even in the case for the lightest
Higgs pair masses that we have chosen, the cross section is at most 0.001 fb. Compared with
gauge boson pair production ojy z, the ratio (:f# is of the order of ~ 1073,

o The differential branching fractions with respect to the electron momentum in final states and
with respect to the charged Higgs spectrum are limited by phase space and, for lighter Higgs
pair masses, the momentum of the electron is larger.

o The distribution of the direction of the electron in the final states peaks strongly at cos 6, = —1.
This implies that the electron is scattered in the forward direction with respect to the incoming
electron. This happens because the virtuality of the Z* boson is minimized in this case.

o Regarding the azimuthal ¢, angle distributions, we find that the charged Higgs momentum is
more likely to lie within the range 0 < ¢y < 7w thanin 7 < ¢y < 27.

5. The signature of charged Higgs and neutral Higgs pair production

As we have seen from the studies of the previous section, the cross section and the differential cross
sections of the Higgs pair production are much smaller than gauge boson pair production. Consid-
ering this smallness, one may wonder if such Higgs pair production and its decays have distinct
signals. Here we consider the charged lepton flavor dependence of the charged Higgs decays into
an anti-lepton and a neutrino. Note that the dominant neutral Higgs decay channel is a neutrino and
anti-neutrino pair when the neutral Higgs and charged Higgs are degenerate as |m 4 — mpg+| < my.
We study the degenerate case. In this case, the neutral Higgs decay products are invisible and the
visible decay product is a charged anti-lepton /™ from the charged Higgs decay. Therefore, the whole
process starting from the e™e™ collision to Higgs decays looks like:

et +e > TVo+e +H 4+ 4
—> Vet e +l+v1+vkﬁk. (40)

One finds the same final state as in Eq. (40) in the gauge boson pair production process of the ete™
collision as follows. By replacing the charged Higgs boson with a W boson and the neutral Higgs
boson 4 with a Z boson in Eq. (40), the decay channels Z — v;V; and W — [T, lead to the same
final state as that of Eq. (40):

et +e >V te +WHH+2Z
— Ve +e 4+ 1Ty + v (41)

Since Eq. (41) has a common final state with Eq. (40), they look indistinguishable. However, as
pointed out in Ref. [3], the branching fraction of the charged Higgs decay into an anti-lepton is flavor
non-universal and depends on the lepton family. It is written in terms of the neutrino mixings and
masses, for which precise data, excluding the lightest neutrino mass and CP-violating phase, are
now available. Since the /¥ boson decay into an anti-lepton is flavor-blind, we study the lepton flavor
dependence of charged Higgs decay by taking the ratio with the weak gauge boson pair production
and decay branching fractions. The ratio we define is

> x—h 4 O+ xBr(X — v0) Br(H+ — I*y))
rp = ,
! owzBi(Z — vb)  Br(W+ — I+v)

(42)
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Fig. 12. The ratio of the cross sections of Higgs pair production and gauge boson pair production oo, hasa

function of the center-of-mass energy of the e™ e~ collision /s.~.— (GeV). The solid line corresponds to the case
for (mp+, m4) = (300, 200) (GeV). The dashed line corresponds to the degenerate case, m 4 = m g+ = 200
(GeV). The dotted line corresponds to the case (m p+, m4) = (200, 300) (GeV).

where we use the shorthand notation Br(X — vv) =), Br(X — v;vy) for X = h, A, Z. Using the
notation, one can write 7; as
204+ 4 Br(4 — vv) Br(Ht — [Tv))
"= owz Br(Z — vv) Br(W+ — [ty)’

where we use the fact that the production cross sections for CP-even and CP-odd Higgs with U(1)

(43)

charge are almost identical to each other, i.e., oy+4 >~ oy+, (see Appendix A). We also use the
branching fractions that satisfy

Br(4 — vv) = Br(h — vv) = 100%. (44)

We show the ratio of the cross sections in Fig. 12. When Higgs masses are degenerate,
m4 = my+ = 200 (GeV), the ratio of the cross section is about 1.4 x 10~3 for Sete— = 1000
(GeV). In what follows, we use this value as a benchmark point for the ratio of the cross sections
in Eq. (43). The other branching fractions that appear in Eq. (43) are quoted from the Particle Data
Group (PDG) [13]:

Br(W*t — tTv) = 11.25 £ 0.20%,
Br(Wt — utv) =10.57 £0.15%,
Br(W*t — etv) = 10.75 + 0.13%,

Br(Z — vv) =20.00 £ 0.06%. (45)
Using the numerical values, one can write 7;(/ = e, u, T) as:
2
re = 0.465 x Br(HJr — e+v)w,
owz
2
rp = 0473 x Br(HT — ptv) =24
owz
+ + 20’H+A
rr = 0444 x Br(H" — t7v)———, (46)
owz

where Br(H ' — [v) in % should be substituted. The charged Higgs can decay into charged leptons
and a neutrino. In contrast to the leptonic decay of the ' boson, the branching fractions for each

13/16

$10C ‘€1 Arenuef uo qry ony)  ewrysoiry () 1e /810 sjeunolpioyxo-dayd//:dny woiy papeojumoq



PTEP 2013, 093B02 T. Morozumi and K. Tamai

r

0.025~

0.020 e

0.015
0.010

0.005f

0.05 0.10 0.15 020" V)

Fig. 13. r; (I = e, u, t) for the normal hierarchical case as functions of the lightest neutrino mass m; (eV).
The dotted line corresponds to r., the dashed line corresponds to r,,, and the solid line corresponds to 7.

flavor of charged lepton are obtained from Eq. (6) [3]:

Br(H" — ITy) = x 100%. 47)

We update the branching fraction to each lepton flavor mode using the recent results on |V,3|. For
the normal hierarchy case, the branching fractions are written as:

m3 + Am2 | Viol? + (Am?, + Am2,,) | Vi3|?

Br(H™ — Ity) = atm x 100%. (48)
3m% + 2Am§01 + Amgtm

In the formulae of Eq. (48), m| denotes the lightest neutrino mass. For the inverted hierarchical case,
they are written as:

m3 4+ Am2,, (Vi[> + [Vi2l?) — Am? | Vi |2

atm

3m§ +2Am2, — Am?>

atm sol

Br(Ht — ITy) = x 100%, (49)
where m3 denotes the lightest neutrino mass. We have used the following values for the mixing angles
and mass-squared differences quoted from Table 13.7 in Sect. 13 of Neutrino Mass, Mixing, and
Oscillation of Ref. [13]: sin® 61 = 0.306, sin® 653 = 0.42, sin® 013 = 0.021, m2,, =2.35 x 1073
(eV?), and m? o = 1.58 x 1073 (eV?). The subscripts ’sol” and *atm’ for the mass squared differences
imply solar neutrinos and atmospheric neutrinos respectively. In Fig. 13, we show r; (/ = e, , 7)
for the normal hierarchical case as functions of the lightest neutrino mass . In Fig. 14, we show
r; for the inverted hierarchical case as functions of the lightest neutrino mass m3. As we can see
from Figs. 13 and 14, we can expect 2—3% lepton flavor dependence from charged Higgs decay. We

summarize the flavor dependence as follows:

o For the normal hierarchical case, for 0 < m; < 0.05 (eV), r,, > rz > re. For larger m up to
02eV,ry ~re~ry=0.02.
o For the inverted hierarchical case, 7, > r, > r; for 0 < m3 < 0.2 eV.

6. Conclusions and discussions

In this paper, we study the pair production of charged Higgs and neutral Higgs bosons in the neu-
trinophilic two-Higgs-doublet model. The pair production process is not suppressed by the U(1)
charge conservation. In other words, the approximate global symmetry allows the pair production to
occur.
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Fig. 14. r; (I = e, u, t) for the inverted hierarchical case as functions of the lightest neutrino mass ms (eV).
The dotted line corresponds to 7., the dashed line corresponds to r,,, and the solid line corresponds to ;.

We study the total cross section for the pair production in an e™e™ collision. The pair produc-
tion occurs through # boson and Z boson fusion. We study the pair production and the decays for
degenerate masses of charged Higgs and neutral Higgs as well as the non-degenerate case. The cross
section increases from 10™# b to 1073 fb as the cm energy of e*e™ varies from 1 (TeV) to 2 (TeV).
The cross section is compared with that of W, Z pair production. We show that the Higgs pair produc-
tion is about 10~3 times smaller than the pair production cross section of gauge bosons. Therefore, if
Z decays invisibly into neutrino pairs and the 7 boson decays into an anti-lepton and a neutrino, the
gauge boson pair production and its decays become a background to the signal. When the charged
Higgs (H™) and neutral Higgs (X = 4, h) are degenerate as |m g+ — my| < My, which is favored
from the electroweak precision data, the charged Higgs dominantly decays into an anti-lepton and a
neutrino and the neutral Higgs dominantly decays into a neutrino and anti-neutrino pair. Compared
with these, the I and Z decay branching ratio in the same final state is smaller than that of Higgs
decays and is flavor-blind. Therefore, by studying the charged anti-lepton flavor in the final state, we
may distinguish the Higgs pair production and its decays from that of gauge bosons. We expect 2—-3%
flavor dependence, which is null for the gauge boson decays. Depending on the normal or inverted
hierarchy of the mass spectrum of neutrinos, the order of r., r,,, and ; changes. We show the differ-
ential cross sections with respect to the electron and charged Higgs momenta. The differential cross
sections with respect to the angles of the electron and the charged Higgs in the final states are also
shown. These are also important in identifying the signals.

Appendix. Amplitude of W + Z* — HT + h

In this appendix, we show the off-shell charged Higgs and CP-even neutral Higgs (%) boson
production amplitude for gauge boson fusion W** + Z* — H™ + h:

2
g-cos(B+y)
Thyv = T Seostn (anguv + dnamqp+, + brqu+vdn) - (A1)
cos Oy

where we compute the four Feynman diagrams corresponding to the contact interaction (Fig. 2), the
S channel W™ exchange (Fig. 3), the U channel charged Higgs exchange (Fig. 4), and the T channel
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CP-odd Higgs (A) exchange (Fig. 5). aj, by, and dj, in Eq. (A1) are given as:

2 2 2
s Py Py Mi— My — Myt —up+ py — pyy

ap = —SW - - CW )
Mz2 SH+h_M%V SH‘*’h_M%V
2 cos 20w 2(cos 20w + 1)
by = >— + R
Llh—MH+ SH*h_MW
2 2 26 1
dy = _ 2(cos 20y + )’ (A2)

A —1\/[1241 SH*h_M%V

witht, = (gg+ — pW)z, up = (pw — qh)z, andsy+, = (@g+ + qh)z. By taking the vanishing limit
of the U(1) breaking term, i.e., m3 — 0, 8 and y vanish. Note also that, in this limit, one can show
my =my4 and —i T4, = Tj,, with the appropriate replacement g 4 — g, (see Eq. (10)). Therefore,
in this limit, the production amplitudes for 4 and H* are identical to each other, o+ 4 = o7+,

Acknowledgement

We would like to thank H. Umeeda for the discussion. We also would like to thank M. Okawa and K. Ishikawa
for their help with the numerical computation. T.M. was supported by KAKENHI, Grant-in-Aid for Scientific
Research (C) No. 22540283 from JSPS, Japan.

References

] T. Behnke et al., arXiv:1306.6327 [physics.acc-ph].

] H. Baer et al., arXiv:1306.6352 [hep-ph].

] S. M. Davidson and H. E. Logan, Phys. Rev. D 80, 095008 (2009).

] S. M. Davidson and H. E. Logan, Phys. Rev. D 82, 115031 (2010).

] T. Figy, Mod. Phys. Lett. A 23, 1961 (2008).

] M. J. Dolan, C. Englert, and M. Spannowsky, Phys. Rev. D 87, 055002 (2013).

[71 A. Papaefstathiou, L. L. Yang, and J. Zurita, Phys. Rev. D 87, 011301 (2013).

] F Goertz, A. Papaefstathiou, L. L. Yang, and J. Zurita, J. High Energy Phys. 1306, 016 (2013).
] T. Morozumi, H. Takata, and K. Tamai, Phys. Rev. D 85, 055002 (2012).

] T. Morozumi and K. Tamai, arXiv:1212.2138 [hep-ph].
] S. Kawabata, Comput. Phys. Commun. 88, 309 (1995).
] T. Bahnik, arXiv:9710265 [hep-ph].
] J. Beringer et al., Phys. Rev. D 86, 010001 (2012).

16/16

$10C ‘€1 Arenuef uo qry ony)  ewrysoiry () 1e /810 sjeunolpioyxo-dayd//:dny woiy papeojumoq



