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Abstract

X f tuvez Ejsbd ofvusjop n btt n pefmpgEbwjetpo boe Mphbo0 Ui jt jt ui f n pefmui bu jouspevdf t b of x
I jhht epvcmfu boe f yqmbjot ui f psjhjo pg tn bmmofvusjop n btt x jui pvu sf rvjsjoh ujoz Zvl bx b dpvqmjoht0
Jo ui jt qbqf s- x f tuvez ux p btqfdut pg ui f n pefm0 Pof jt bcpvu ui f r vbouvn dpssf dujpo up ui f wbdvvn
fyqfdubujpo wbmvf pg I jhht flfmet0 X f ef sjwf ui f f ybdu gpsn vmbf gps ui f r vbouvn dpssf dujpo up wbdvvn
fyqfdubujpo wbmvf t0 X f dbmdvmbuf ui f n ovn f sjdbmmz0 Bopui f s jt bcpvu ui f qspevdujpo pg ui f of x I jhht
qbsujdmf t0 X f ef sjwf ui f qbjs qspevdujpo dsptt tf dujpo- e+ , e− � ”νe , e− , H+ , X)X A A, h* boe
dbmdvmbuf ju ovn f sjdbmmz0
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Chapter 1

Introduction

I jhht jt e jtdpwf sf e bu MI D boe bmmui f qbsujdmf t pg TN bsf gpvoe0 I px fwf s- jo ui f gsbn fx psl pg ui f
TN - ui f psjhjo pg n bttjwf of vusjopt dbo opu c f f yqmbjof e0 Ofvusjop ptdjmmbujpo ejtdpwf sf e bu TVQFS
LBNJPLBOEF jn qmjf t ui bu ofvusjopt ep i bwf opo.–f sp n btt boe of x qi ztjdt pg c f zpoe TN x i jdi
qspwjef t ui f js tn bmmn bttf t jt sf r vjsf e0 Ui f sf bsf ux p uzqf t pg of vusjop0 Pof jt b of vusjop pg ui f
N bkpsbob uzqf boe bopui f s jt b of vusjop pg ui f Ejsbd uzqf 0 Ui f Nbkpsbob ofvusjop jt b of vusjop ui bu
jt jut px o bouj.of vusjop boe ui f Ejsbd ofvusjop jt b of vusjop ui bu jt opu jut px o bouj.of vusjop0 Ui f sf
bsf n boz of x qi ztjdt n pefmt x jui Nbkpsbob ofvusjopt0 Ofvusjopmf tt epvcmf c fub efdbz ui bu x f sf bo
fwje f odf pg Nbkpsbob ofvusjop- i px fwf s- i bt opu c f f o gpvoe zfu0 Ui f sf gpsf ju jt of df ttbsz up dpotje f s
n pefmt x jui Ejsbd ofvusjopt0 Ui f n pefmpgEbwjetpo boe Mphbo jt pof pgtvdi n pefmt hjwjoh tn bmmn btt
up Ejsbd ofvusjopt]2a0

Ui f je f b pgS f g0 ]2- 3ajt ui bub ofx I jhht tf dups jt jouspevdf e up fyqmbjo ui f psjhjo pgtn bmmofvusjop
n btt0 Ui f of x I jhht flfme i bt b ujoz wbdvvn fyqfdubujpo wbmvf )WFW*dpn qbsf e up ui bupgui f TN I jhht0
Tjodf of vusjopt dpvqmf up pomz ui f of x I jhht- ui f psjhjo pgof vusjop n btt jt jut ujoz wbdvvn fyqfdubujpo
wbmvf0 Ui f wjsuvf pg ui f n pefmjt ui bu pof eptf opu of f e up jouspevdf wf sz tn bmmZvl bx b dpvqmjoh gps
of vusjop n btt0 Jo ui f TN x jui ui f Ejsbd ofvusjop n btt- pof n vtu uvof ui f Zvl bx b dpvqmjoh tp ui bu ju
jt pse f s pg 21−11 gps 2fWofvusjop n btt0 Jo dpousbtu up ui f TN - ui f Zvl bx b dpvqmjoh pgui f of x n pefm
dbo c f bt mbshf bt 21−3 jgui f wbdvvn fyqfdubujpo wbmvf pgui f of x I jhht flfme jt psef s pg2l fW0

Jo ui jt qbqf s- x f tuvez ux p btqfdut pgui f n pefm0 Pof jt bcpvuui f r vbouvn dpssf dujpo up ui f wbdvvn
fyqfdubujpo wbmvf pg I jhht flfmet ]4a0 Bopui f s jt bcpvu ui f qspevdujpo pgui f of x I jhht qbsujdmf t ]5a0

Jo ui f flstu qmbdf - x f tuvez ui f hmpcbmn jojn vn pgui f usf f mfwfmI jhht qpuf oujbmcz f yqmjdjumz tpmwjoh
ui f tubujpobsz dpoejujpot0 X f dbsf gvmmz fybn jof dpoejujpot ui buui f mbshf wbdvvn fyqfdubujpo wbmvf pgb
TN mjl f I jhht boe ui f tn bmmwbdvvn fyqfdubujpo wbmvf pgb ofx I jhht flfme dbo c f sf bmj–f e bt ui f hmpcbm
n jojn vn pgui f I jhht qpuf oujbm0 Ui f sf bsf n boz tuvejf t pgui f usf f mfwfmI jhht qpuf oujbmpghfof sbmuxp
I jhht epvcmfun pefm]6a. ]22a0 Jui bt c f f o ti px o ui buui f di bshf of vusbmwbdvvn jt mpx f s ui bo ui f di bshf
csf bl joh wbdvvn ]6a0 Bmtp ui f wbdvvn f of shz ejfif sf odf pg ux p ofvusbmn jojn b x bt ef sjwf e ]8- 9a0 X f
n bl f vtf pgui f sf tvmut boe je f oujgz ui f wbdvvn pgui f qsf tf ou n pefm0

Ui f dpotusbjout po ui f qbsbn fuf st pg ui f n pefmgps x i jdi ui f e f tjsf e wbdvvn dbo c f sf bmj–f e- bsf
e f sjwf e boe ui f z bsf sf x sjuuf o jo uf sn t pg I jhht n bttf t boe b gfx dpvqmjoh dpotubout x i jdi dbo opu
c f e jsf dumz sfmbuf e up ui f I jhht n bttf t0 Ui f tf dpotusbjout bsf gvmmz vtf e x i f o x f tuvez ui f sbejbujwf
dpssf dujpot up ui f wbdvvn fyqfdubujpo wbmvf t ovn f sjdbmmz0

Cf zpoe ui f usf f mfwfm- x f tuvez ui f sbejbujwf dpssf dujpo up ui f I jhht qpuf oujbmboe ui f wbdvvn
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f yqfdubujpo wbmvf t pgI jhht0 Tjodf ui f of vusjop n bttf t bsf qspqpsujpobmup ui f wbdvvn fyqfdubujpo wbmvf
pgpof pg I jhht- pof dbo bmtp dpn qvuf ui f sbejbujwf dpssf dujpot up ofvusjop n bttf t0 Bt bmsfbez opuf e jo
S f g0 ]2aui f sbejbujwf dpssf dujpo up ui f tpgumz csfbl joh n btt qbsbn fuf s jt mphbsjui n jdbmmz ejwf shf ouboe ju
jt sf opsn bmj–f e n vmujqmjdbujwfmz0 X f ef sjwf ui f gpsn vmbf gps ui f pof mppq dpssf duf e wbdvvn fyqfdubujpo
wbmvf t gps ux p I jhht epvcmfut cz tuvezjoh pof mppq dpssf duf e f fifdujwf qpuf oujbm0 Ui f dpssf dujpot bsf
fwbmvbuf e ovn f sjdbmmz cz f yqmpsjoh ui f qbsbn fuf s sf hjpot bmmpx f e gspn ui f hmpcbmn jojn vn dpoejujpo
gps ui f wbdvvn 0 X f ti px i px ui f sbejbujwf dpssf dujpot di bohf e f qf oejoh po ui f f yusb I jhht tqfdusvn 0
Ui f sbejbujwf dpssf dujpot bsf bmtp fwbmvbuf e gps ui f dbtf ui bu b sfmbujpo bn poh ui f dpvqmjoh dpotubout jt
tbujtflf e0

Tfdpoemz x f tuvez %ui f of x I jhht qbjs qspevdujpo%- x i jdi jt b qi f opn f ob dmptfmz sfmbuf e up ui f
n fdi bojtn hf of sbujoh ui f tn bmmWFW0Ui f of x I jhht i bt b of x V)2* di bshf boe ui f V)2* tzn n fusz
hf of sbuf e cz ui f di bshf jt f yqmjdjumz cspl f o0 Ui f sf gpsf - ui f tn bmmWFWpg ui f of x I jhht csf bl t V)2*
tzn n fusz0 Jo ui f tzn n fusjd mjn ju- ui f WFWwbojti f t0

Jo ui f n pefm- boz V)2* di bshf .wjpmbujoh qspdf tt jt tvqqsf ttf e cz ui f ujoz WFW0Ui jt bmtp jn qmjf t ui bu
ui f qspcbcjmjuz bn qmjuvef jt tvqqsf ttf e boe jt qspqpsujpobmup ofvusjop n btt0 Bo fybn qmf pgb tvqqsf ttf e
qspdf tt jt b tjohmf tf dpoe I jhht qspevdujpo x jui hbvhf cptpo gvtjpo0 Jo dpousbtu up ui f tjohmf tf dpoe
I jhht qspevdujpo- ui f qbjs qspevdujpo pgui f tf dpoe I jhht jt b V)2*di bshf dpotf swjoh qspdf tt0 Ui f sf gpsf -
ju jt opu tvqqsf ttf e0 Ui f qspdf ttf t jo ui jt dbufhpsz bsf Z∗)γ∗*� H+ , H−- W+ , W− � H+ , H−-
boe W+ , Z � H+ , X)X A A, h*- x i f sf H+- A- boe h ef opuf ui f di bshf e I jhht- DQ.pee I jhht-
boe DQ.fwfo I jhht jo ui f tf dpoe I jhht epvcmfu- sf tqfdujwfmz0 Jo pvs x psl - jo e+e− dpmmjtjpot- ui f qbjs
qspevdujpo pgui f di bshf e I jhht )H+* boe of vusbmI jhht )X* jo ui f tf dpoe I jhht epvcmfu jt tuvejf e0 X f
ef sjwf ui f qbjs qspevdujpo dsptt tf dujpo- e+ , e− � ”νe , e− , H+ , X)X A A, h*0 Jo ui f MI D tfu.vq-
ui f di bshf e I jhht qbjs qspevdujpo p , p � Z∗)γ∗*� H+ , H− jt tuvejf e jo S f g0 ]3a0 Jo S f g0 ]23a- wfdups
cptpo gvtjpo joup ui f mjhi uDQ.fwfo I jhht qbjst jt tuvejf e buui f MI D0Jo S f g0 ]24a- e j.I jhht qspevdujpo jo
wbsjpvt tdf obsjpt jt e jtdvttf e0 Jo S f g0 ]25a- ui f tuboebse n pefmI jhht cptpo qbjs qspevdujpo jt tuvejf e0 Jo
beejujpo- tf f S f g0 ]26agps ui f sbujp pgui f dsptt tf dujpo pgui f tjohmf I jhht cptpo boe ui f qbjs qspevdujpo
dsptt tf dujpo jo ui f dpoufyu pgui f tuboebse n pefm0

X f ejtdvtt ui f tjhobuvsf pg of x I jhht qbjs qspevdujpo x jui ui f ovn f sjdbmsf tvmu0 X f dpotje f s b
qspdf tt e+ , e− � ”νe , e− , H+ , X � ”νe , e− , l+νl , νk”νk boe dpn qbsf ju x jui e+ , e− �
”νe , e− , W+ , Z � ”νe , e− , l+νl , νk”νk0

Ui f qbqf s jt pshboj–f e bt gpmmpx t0 Jo di bquf s 3- x f f yqmbjo ui f n pefmpg Ebwjetpo boe Mphbo0 Jo
di bquf s 4- x f e jtdvtt rvbouvn dpssf dujpo up ujoz wbdvvn fyqfdubujpo wbmvf jo ui f n pefm0 Jo di bquf s 50
x f e jtdvtt di bshf e I jhht boe of vusbmI jhht qbjs qspevdujpo pgx fbl hbvhf cptpot gvtjpo qspdf tt jo e+e−

dpmmjtjpo0 Jo di bquf s 6 jt e fwpuf e up dpodmvtjpot boe ejtdvttjpot0
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Chapter 2

Dirac neutrino mass model of
Davidson and Logan

2.1 The model

Jo ui f n pefmpgEbwjetpo boe Mphbo ]2a- jo beejujpo up ui f flfme dpouf oupgui f TN - b ofx tdbmbs epvcmfu
ff 2 x jui ui f tbn f hbvhf rvbouvn ovn c f st bt ui f TN I jhht epvcmfu ff 1 boe ui sf f hbvhf tjohmfu sjhi u.
i boef e of vusjop flfmet νRi bsf jouspevdf e0 Ui f sjhi u.i boef e of vusjopt gpsn Ejsbd qbsujdmf t x jui ui f
ui sf f mfgu.i boef e of vusjopt pgui f TN0B hmpcbmV)2* tzn n fusz jt jouspevdf e boe ui f o bmmTN flfmet bsf
tjohmfut boe ui f of x flfmet ff 2 boe νRi dbssz di bshf , 20 Nbkpsbob n btt uf sn t gps ui f νRi bsf gpscjee f o
cz ui f V)2* tzn n fusz0 Ui f o pomz ff 2 dpvqmf t up sjhi u.i boef e of vusjopt0 Ui f Zvl bx b Mbhsbohjbo x i jdi
jt jowbsjbou voef s V)2* usbotgpsn bujpo c fdpn f t-

{ A ydij
”dRiff

†
1QLj yuij ”uRiff

†
1QLj

ylij”eRiff
†
1LLj yνij”νRiff

†
2LLj , h.c. )302*

Jgui f V)2* tzn n fusz jt vocspl f o- ui f wfwpgui f of x tdbmbs ff 2 wbojti f t boe ui f of vusjopt c f dpn f tusjdumz
n bttmf tt ]27a0

Jo psef s up hf of sbuf tn bmmEjsbd ofvusjop n bttf t x jui pvu ujoz Zvl bx b dpvqmjoht yν- ff 2 n vtu i bwf b
tn bmmWFW0Up pcubjo ui f tn bmmWFW- ui f hmpcbmV)2* tzn n fusz jt f yqmjdjumz cspl f o x jui b tpgumz V)2*

csf bl joh ejn f otjpo.3 uf sn 0 Ui jt uf sn jo ui f I jhht qpuf oujbmi bt ui f gpsn m2
12ff

†
1ff 20 Ui jt sf tvmut jo b

sfmbujpo S f g0 ]28abn poh WFWt pgui f ux p I jhht epvcmfut-

v2 A
m2

12v1
m2

A

, )303*

x i f sf v1 ef opuf t ui f WFWpg ff 1 boe mA jt ui f n btt pg ui f of vusbmqtf veptdbmbs I jhht0 Jo psef s up
bdi jfwf v2 �fWgps mA �211HfW-m2

12 jt pgpsef s )b gf x i voesf e l fW*20 Bo fyusfn fmz mjhi utdbmbs jt opu

qsf tf ou jo ui f n pefmc fdbvtf ui f dpffidjf oupgb ejn f otjpo.3 uf sn pgui f gpsn ff †2ff 2 jt mbshf boe qptjujwf0
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2.2 Lagrangian

Jo ui jt tf dujpo- x f qsf tf ou ui f Mbhsbohjbo gps ui f n pefmjo uf sn t pg n btt f jhf otubuf t gps ui f ux p I jhht
epvcmfut0

{ A { Y , {H , { G, )304*

x i f sf { Y - {H boe { G dpssf tqpoe up Zvl bx b qbsu- I jhht qpuf oujbmqbsu boe Hbvhf .I jhht qbsu sf tqfd.
ujwfmz0

{ G: Gauge-Higgs part

Jo ui jt tvctf dujpo- x f qsf tf ou ui f Mbhsbohjbo gps ui f hbvhf .I jhht tf dups0
Uxp I jhht epvcmfut bsf qbsbn fuf sj–f e bt-

ff 1 A

)
H+ tjo β

v√
2
dpt β , h sin γ+H cos γ−iA sin β√

2

{
)305*

ff 2 A

)
H+ dpt β

v√
2
tjo β , h cos γ−H sin γ+iA cos β√

2

{
, )306*

x i f sf γ jt b n jyjoh bohmf gps DQ.fwfo I jhht0 Pof dbo x sjuf ui f dpwbsjbou ef sjwbujwf gps fmfdusp.x fbl
hbvhf hspvq-

Dμ A ∂μ , i
g†
3

)
1 W+

μ

W−
μ 1

[
, i

g

3 dpt θW
Zμ

)
2 1
1 2

[
, ie)Aμ ubo θWZμ*

)
2 1
1 1

[
. )307*

Ui f o √Dμff i√2 jt-

√Dμff 1√2 A tjo2 β∂μH−∂μH+ ,
2

3

}
∂μ)h tjo γ , H dpt γ*∂μ)h tjo γ , H dpt γ*, ∂μA∂μA tjo2 β

∣
,
v2 dpt2 β

5

)
W−μW+

μ ,
2

3 dpt2 θW
ZμZμ

[

,
vg dpt β

3

}
g

)
W−μW+

μ ,
2

3 dpt2 θW
ZμZμ

[
)h tjo γ , H dpt γ*

,
tjo β

dpt θW
Zμ∂μA e tjo β)Aμ ubo θWZμ*)W−

μ H+ , W+
μ H−*

√

,

]
g2

5

)
W−μW+

μ ,
2

3 dpt2 θ
ZμZμ

[
h2 tjo2 γ , H2 dpt2 γ , A2 tjo2 β , 3hH tjo γ dpt γ

[
,
g tjo2 β

3

}
W+μ)H−∂μA A∂μH

−*, W−μ)H+∂μA A∂μH
+*
√

g tjo β

3 dpt θW
Zμ}A∂μ)h tjo γ , H dpt γ* )h tjo γ , H dpt γ*∂μA〈

, tjo2 β

}
g2

3
W−μW+

μ ,
g2

5 dpt2 θW
ZμZμ ,

ge

dpt θW
Zμ)Aμ ubo θWZμ*

, e2)Aμ ubo θWZμ*)Aμ ubo θWZμ*
√
H−H+

8



eg tjo β

3
)Aμ ubo θWZμ*)W−

μ H+ , W+
μ H−*)h tjo γ , H dpt γ*

{
, i

]
vg dpt β tjo β

3

}
W−μ∂μH

+ W+μ∂μH
−∣

,
g tjo β

3

}
W+μ

)
H−∂μ)h tjo γ , H dpt γ* )h tjo γ , H dpt γ*∂μH

−
(

, W−μ
)
)h tjo γ , H dpt γ*∂μH

+ H+∂μ)h tjo γ , H dpt γ*
(√

,
g tjo2 β

3 dpt θW
Zμ)H+∂μH

− H−∂μH+*

, e tjo2 β)Aμ ubo θWZμ*} H+∂μH
− H−∂μH+ g

3
)W−

μ H+ W+
μ H−*A 〈

{
, )308*

√Dμff 2√2 A dpt2 β∂μH−∂μH+ ,
2

3

}
∂μ)h dpt γ H tjo γ*∂μ)h dpt γ H tjo γ*, ∂μA∂μAdpt2 β

∣
,
v2 tjo2 β

5

)
W−μW+

μ ,
2

3 dpt2 θW
ZμZμ

[

,
vg tjo β

3

}
g

)
W−μW+

μ ,
2

3 dpt2 θW
ZμZμ

[
)h dpt γ H tjo γ*

dpt β

dpt θW
Zμ∂μA , e dpt β)Aμ ubo θWZμ*)W−

μ H+ , W+
μ H−*

(

,

]
g2

5

)
W−μW+

μ ,
2

3 dpt2 θ
ZμZμ

[
h2 dpt2 γ , H2 tjo2 γ , A2 dpt2 β 3hH tjo γ dpt γ

[
,
g dpt2 β

3

}
W+μ)H−∂μA A∂μH

−*, W−μ)H+∂μA A∂μH
+*
√

,
g dpt β

3 dpt θW
Zμ}A∂μ)h dpt γ H tjo γ* )h dpt γ H tjo γ*∂μA〈

, dpt2 β

}
g2

3
W−μW+

μ ,
g2

5 dpt2 θW
ZμZμ ,

ge

dpt θW
Zμ)Aμ ubo θWZμ*

, e2)Aμ ubo θWZμ*)Aμ ubo θWZμ*
√
H−H+

,
eg dpt β

3
)Aμ ubo θWZμ*)W−

μ H+ , W+
μ H−*)h dpt γ H tjo γ*
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Chapter 3

Quantum correction to tiny vacuum
expectation value in the model of
Davidson and Logan
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3.1 Tree level potential
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3.2 One loop correction
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3.2.2 One loop corrections to the vacuum expectation values
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H
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Fr0)4036* ti px t ui buui f r vbouvn dpssf dujpo jt bmtp qspqpsujpobmup ui f tpgu csf bl joh qbsbn fuf s m2
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dpvqmjoht0 Ui f dpssfmbujpo up I jhht tqfdusvn jt tuvejf e jo ui f of yu tfdujpo0

3.3 Numerical calculation
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1We denote MH as the standard model like Higgs while in Ref. [1], it is called as Mh.
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1025 102: 1027 1029
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201 1066 107: 106:
21 209 309 301

Ubcmf 404; Ui f dpvqmjoh dpotubout )λ3- λ2* x i jdi tbujtgz ui f sfmbujpo- Fr0)404: * gps ui f ui sf f e f hf of sbuf
n bttf t mH+ A mA A 211, 311 boe 611)HfW*0

Opx x f tuvez ui f r vbouvn dpssf dujpot ovn f sjdbmmz0 X f fly ui f tuboebse n pefmmjl f I jhht n btt bt
mH A 241)HfW*0Ui f sf bsf tujmmgpvs qbsbn fuf st up c f flyf e boe ui f z bsf λ2- λ3-mA boe mH+0 Gpdvtjoh
po ui f I jhht n btt tqfdusvn pg ui f f yusb I jhht- x f tuvez ui f sbejbujwf dpssf dujpot gps ui f gpmmpx joh
tdf obsjpt gps I jhht tqfdusvn boe ui f dpvqmjoh dpotubout0

3.3.1 Case for mA = mH+; degenerate charged Higgs and pseudscalar Higgs
and a relation for vanishing quantum correction β(1)
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3.3.2 Non-Degenerate case mA L= mH+

Ofyu x f mjgu ui f e f hf of sbdz cz ti jgujoh ui f qtf veptdbmbs I jhht n btt gspn ui f di bshf e I jhht n btt boe
tuvez ui f f fif du po β(1) boe v(1)0 Ui f opo.e f hf of sbdz pg ui f di bshf e I jhht n btt boe ui f qtf veptdbmbs
I jhht n btt jt dpotusbjof e cz ρ qbsbn fuf s0 X f di bohf ui f qtf veptdbmbs I jhht n btt x jui jo ui f sbohf
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wbojti f t- ju jodsfbtf t boe c fdpn f t qptjujwf0 X f bmtp opuf ui bu ui f dpssf dujpo uf oe up c f mbshf s ui bo ui f
mjhi uf s di bshf e I jhht n btt dbtf 0 X i f o λ2 �2- jodsf btjoh ui f qtf veptdbmbs I jhht n btt gspn 311 )HfW*
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211 )HfW*- ui f dpssf dujpo c fdpn f t ofhbujwf gps 1 < λ2 < 20 X jui ui f mbshf s wbmvf λ2 A 21- x f n f f u ui f
qpjou bspvoe bumA 
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Gjhvsf 402; Ui f r vbouvn dpssf dujpo β(1)

β )hsbz mjof t* boe v(1)

v )cmbdl mjof t* evf up ui f opo.e f hf of sbdz pg
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3.3.3 Quantum correction and dependence on Higss mass spectrum

Rvbouvn dpssf dujpot v(1) boe β(1) jo Fr0)4035*boe Fr0)4036* ef qf oef odf po I jhht n bttf t boe λi)i A
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Chapter 4

Charged Higgs and Neutral Higgs
pair production of weak gauge
bosons fusion process in e+e
collision

Tp gbs x f i bwf gpdvtf e po ui f ui f psf ujdbmjttvf gps ui f I jhht tf dups pgui f n pefm0 Jo ui jt di bquf s- x f tuvez
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[
d3qA

)3π*23EA

d3qH+

)3π*23EH+

d3qe
)3π*23Ee

d3qν̄
)3π*23Eν̄

∗
∫
spin

√M√2)3π*δ4)pe+ , pe qH+ qA qe qν̄*. )503*

se+e− jt ui f df ouf s.pg.n btt )dn * f of shz pg ui f e+ boe e− dpmmjtjpo0 pe+ boe pe ef opuf ui f n pn f oub pg
ui f qptjuspo boe fmfduspo pg ui f jojujbmtubuf 0 qe- qH+ - qA- boe qν̄ bsf ui f n pn f oub pg ui f flobmtubuf t-

34



Gjhvsf 502; Gf zon bo ejbhsbn pg di bshf e I jhht H+ boe DQ pee I jhht B qspevdujpo jo e+e− dpmmjtjpo0
Ui f qspevdujpo pddvst ui spvhi W+ boe Z gvtjpo x i jdi jt ti px o jo ui f djsdmf0 Ui jt flhvsf x bt sf qspevdf
gspn S f g0]5a0

j0f 0- fmfduspo- di bshf e I jhht- of vusbmI jhht- boe bouj.of vusjop sf tqfdujwfmz0 Ui f usbotjujpo bn qmjuvef M
jt hjwf o cz-

M A TAμν
2

)p2Z M2
Z*)p

2
W M2

W *

g2

3
†
3 dpt θW

u)qe*γ
ν)L , 3 tjo2 θW *u)pe*ve+)pe+*γ

μLvν̄)qν̄*. )504*

x i f sf pZ A pe qe boe pW A qH+ , qA qZ0 L ef opuf t ui f di jsbmqspkfdujpo L A 1−γ5

2 0 tjo θW )dpt θW *
ef opuf t tjof )dptjof *pgui f X f joc f sh bohmf0 TAμν ef opuf t ui f pfi.ti fmmbn qmjuvef gps W+∗

μ , Z∗ν � A, H+

qspevdujpo0 Ui jt dpssf tqpoet up ui f djsdmf jo Gjh0502 boe ui f Gf zon bo ejbhsbn t x i jdi dpousjcvuf up TAμν

bsf ti px o jo Gjh0503 �Gjh05060 Ui f tf dpoe.sbol uf otps TAμν jt hjwf o bt-

Tμν A iTAμν A
g2

3 dpt θW
)aAgμν , dAqAν qH+μ , bAqH+νqAμ*, )505*

x i f sf x f jouspevdf ui f sf bmbn qmjuvef T ∗μν A Tμν0 aA, bA- boe dA jo Fr0)505* bsf hjwfo bt-

aA A tjo2 θW ,
p2Z p2W

M2
Z

M2
A M2

H+ M2
W

sH+A M2
W

, dpt2 θW
tA uA , p2Z p2W

sH+A M2
W

,

bA A
3dpt 3θW
uA M2

H+

3)dpt 3θW , 2*

sH+A M2
W

,

dA A
3dpt2)β , γ*

tA M2
h

,
3)dpt 3θW , 2*

sH+A M2
W

, )506*
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Gjhvsf 503; Dpoubdu jouf sbdujpo Ui jt flhvsf x bt sf qspevdf gspn S f g0]5a0

Gjhvsf 504; T di boofmW f y.
di bohf Ui jt flhvsf x bt sf qsp.
evdf gspn S f g0]5a0

Gjhvsf 505; V di boofm
Gjhvsf 506; U di boofmUi jt
flhvsf x bt sf qspevdf gspn
S f g0]5a0

x jui tA A )qH+ pW *2-uA A )pW qA*
2 boe sH+A A )qH+ , qA*

20 Ui f tqjo.bwf sbhf e bn qmjuvef trvbsf e
jt hjwf o bt-

2

5

∫
spin

√M√2 A
g4

43 dpt2 θW

2

√)p2Z M2
Z*)p

2
W M2

W *√2TμνT
∗
ρσL

νσ
ee L

μρ
e+ν̄ , )507*

x i f sf Lνρ
ee jt b mfqupojd uf otps pgui f of vusbmdvssf ou boe Lμσ

e+ν̄ jt ui bu pgui f di bshf e dvssf ou0 Ui f z bsf
x sjuuf o jo uf sn t pgui f tzn n fusjd qbsuTboe ui f bouj.tzn n fusjd qbsuB0

Lνσ
ee A Sνσ

ee , iAνσ
ee

Sνσ
ee A )3 , 9 tjo2 θW , 27 tjo4 θW *)pνeq

σ
e gνσpe ×qe , pσe q

ν
e *

Aνσ
ee A )3 , 9 tjo2 θW *ενασβpeαqeβ )508*

Lμρ
e+ν̄ A Sμρ

e+ν̄ , iAμρ
e+ν̄

Sμρ
e+ν̄ A 3)qμν̄ p

ρ
e+ gμρqν̄ ×pe+ , qρν̄p

μ
e+*

Aμρ
e+ν̄ A 3εμαρβqν̄αpe+β . )509*
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X f efflof ui f usbotqptf n busjy bt T t
μν A Tνμ0 Jo uf sn t pg ui f tf - pof dbo x sjuf ui f e jfif sf oujbmdsptt

tf dujpo bt-

dσH+A A
g4

75 dpt2 θW se+s−

2

51: 7π8

(((( 2

))pe qe*2 M2
Z*))pe+ qν̄*2 M2

W *

((((
2

∗ )TμνS
νσ
ee T

t
σρS

ρμ
e+ν̄ , TμνA

νσ
ee T

t
σρA

ρμ
e+ν̄*d

12Ph, )50: *

x i f sf dnPh ef opuf t bo o.e jn f otjpobmqi btf tqbdf joufhsbm0 Gps n A 23- ui jt jt e f flof e bt-

d12Ph A
d3qAd

3qH+d3qed
3qν̄

EAEH+EeEν̄
δ4)pe+ , pe qe qν̄ qH+ qA*. )5021*

Jo ui f df ouf s.pg.n btt gsbn f pgui f e+e− dpmmjtjpo- ui f bn qmjuvef jt joe f qf oef oupgui f spubujpo bspvoe
ui f c f bn byjt0 Pof dbo bmtp tfu ui f e jsf dujpo pg ui f e+ c fbn up ui f – e jsf dujpo boe ui f n pn f ouvn pg
ui f fmfduspo jo ui f flobmtubuf t up ui f z– qmbof0 Ui f sf gpsf - bguf s pof joufhsbuf t ui f b–jn vui bmbohmf boe
ui f bouj.of vusjop n pn f ouvn - pof pcubjot d8Ph bt-

d8Ph A 3πd dpt θeddpt θeHdφeHd dpt θeHAdφeHA

q2edqe
Ee

q2H+dqH+

EH+

q2AdqA
EA

δ)
†
se+e− EH+ EA Ee Eν̄*. )5022*

Ui f n pn f ouvn pgui f fmfduspo qe jo ui f flobmtubuf t jt tqfdjflf e cz b qpmbs bohmf )θe* jo ui f psui phpobm
gsbn f jo x i jdi ui f qptjuspo n pn f ouvn jt di ptf o bt ui f – byjt0

�pe+ A

†
se+e−

3
�e3, �pe A

†
se+e−

3
�e3

�qe A √�qe√)tjo θe �e2 , dpt θe �e3*

�e1 A �e2 ∗ �e3. )5023*

Pof dbo efflof b of x psui phpobmdppsejobuf tqboof e cz ui f cbtjt wfdupst �e′i)i A 2�4*0

�e3
′ A

�qe
√�qe√A tjo θe �e2 , dpt θe �e3

�e2
′ A tjo θe �e3 , dpt θe �e2

�e1
′ A �e1. )5024*

θeH boe φeH ef opuf ui f n pn f ouvn ejsf dujpo pgui f di bshf e I jhht sfmbujwf up ui bupgui f fmfduspo jo ui f
flobmtubuf 0

�qH+ A √�qH+√)tjo θeH dptφeH �e1
′ , tjo θeH tjo φeH �e2

′ , dpt θeH �e3
′*. )5025*

Gjobmmz )θeHA-φeHA* ef opuf ui f e jsf dujpo pg n pn f ouvn gps ui f of vusbmI jhht B0 θeHA jt b qpmbs bohmf
n fbtvsf e gspn ui f e jsf dujpo �qe , �qH+0

�qA A √�qA√)tjo θeHA dptφeHA �e1%, tjo θeHA tjo φeHA �e2%, dpt θeHA �e3%*

�e3% A
�qe , �qH+

√�qe , �qH+√, �e1%A
�qe ∗ �qH+

√�qe ∗ �qH+√, �e2%A �e3%∗ �e1%. )5026*
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Jo uf sn t pgui f bohmf t ef flof e- ui f qi btf tqbdf joufhsbujpo jt x sjuuf o-

d8Ph A 3πd dpt θeddpt θeHdφeHd dpt θeHAdφeHA

q2edqe
Ee

q2H+dqH+

EH+

q2AdqA
EAEν̄

δ)
†
s EH+ EA Ee Eν̄*

Eν̄ A √�qe , �qH+√2 , q2A , 3 dpt θeHAqA√�qe , �qH+√, )5027*

x i f sf x f e f opuf qA A √�qA√-qH+ A √�qH+√boe qe A √�qe√0 Ui f joufhsbujpo pwf s ui f wbsjbcmf dpt θeHA jt
dbssjf e pvu boe x f pcubjo-

d7Ph A 3πd dpt θeddpt θeHdφeHdφeHA
qA
EA

dqA
q2H+

EH+

dqH+qedqe
2

√�qe , �qH+√
∗ θ)E0

ν̄

((√�qe , �qH+√ qA
((*θ)√�qe , �qH+√, qA E0

ν̄*, )5028*

x i f sf -

E0
ν̄ A

†
se+e− Ee EA EH+ . )5029*

Ui f tuf q gvodujpot jo Fr0)5028* jn qmz qi btf tqbdf cpvoebsjf t0 Vtjoh Fr0)5028*- ui f e jfif sf oujbmdsptt
tf dujpo jt-

d7σH+A

dqedqH+dqAd dpt θe dpt θeHdφedφeHA

A
g4

43 dpt2 θW

2

51: 7π7

(((( 2

))pe qe*2 M2
Z*))pe+ qν̄*2 M2

W *

((((
2

)TμνS
νσ
ee T

t
σρS

ρμ
e+ν̄ , TμνA

νσ
ee T

t
σρA

ρμ
e+ν̄*

qA
EA

q2H+

EH+

qe
2

√�qe , �qH+√
θ)E0

ν̄

((√�qH+ , �qe√ qA
((*θ)√�qH+ , �qe√, qA E0

ν̄*. )502: *

X f dbssz pvu ui f sf tu pg joufhsbujpo ovn f sjdbmmz0

4.2 Numerical results

Jo ui jt tf dujpo- x f qsf tf ou ui f ovn f sjdbmsf tvmut gps ui f dsptt tf dujpot0 X f i bwf tuvejf e ui sf f tf ut pg
di bshf e I jhht boe of vusbmI jhht n bttf t-

)mH+ ,mA*A )411, 311*, )311, 411*, )311, 311*)GeV *. )5031*

Gps ui f tf joqvuwbmvf t pgdi bshf e I jhht boe of vusbmI jhht n bttf t- ui f sbejbujwf dpssf dujpot up ui f WFWt-
β- boe v- bsf x jui jo 21’ 0

X f i bwf dbssjf e pvu ui f qi btf tqbdf joufhsbujpot cz vtjoh ui f N pouf Dbsmp qsphsbn - CBTFT ]31a0
X f f yqmbjo ui f pvumjof pgui f GPSUSBO qsphsbn x i jdi jt vtf e gps ovn f sjdbmdbmdvmbujpo pgFr0)502: *0

Ui f qsphsbn jt e jwje f e joup ui sf f qbsut0

20 Jo ui f n bjo qsphsbn - ui f joufhsbujpo pg ui f e jfif sf oujbmdsptt tf dujpo jt dbssjf e pvu cz dbmmjoh ui f
tvcspvujof CBTFT0
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Gjhvsf 507; Ui f hbvhf cptpo qbjs qspevdujpo dsptt tf dujpo )σWZ* gps e+ , e− � W+ , Z , ”νe , e−

)tpmje mjof * boe ui f I jhht qbjs qspevdujpo dsptt tf dujpot )σH+A* gps e
+ , e− � H+ , A , ”νe , e−0 Ui f

i psj–poubmbyjt e f opuf t df ouf s.pg.n btt f of shz-
†
se+e−)GeV *- pgui f e+e− dpmmjtjpo0 Ui f mpoh ebti f e mjof

x jui ui f dsptt tzn cpm∗ dpssf tqpoet up ui f dbtf )mH+ ,mA* A )311, 311*)GeV *0 Ui f epuuf e mjof x jui
ui f cpyf t � dpssf tqpoet up )mH+ ,mA* A )411, 311*)GeV * boe ui f ti psu ebti f e mjof x jui btuf sjtl t +
dpssf tqpoet up )mH+ ,mA*A )311, 411*)GeV *0 Ui jt flhvsf x bt sf qspevdf gspn S f g0]5a0

30 Ui f joufhsboe jt e f flof e bt bo f yuf sobmgvodujpo0

40 Ui f sf bsf n boz tvcspvujof qsphsbn t x i jdi bsf vtf e up dpn qvuf ui f joufhsboe jo uf sn t pg ui f
joufhsbujpo wbsjbcmf t0

X f ti px o ui f upubmdsptt tf dujpot σH+A x jui sf tqfdu up ui f df ouf s.pg.n btt f of shz
†
se+e− pg ui f

e+e− dpmmjtjpo jo Gjh05070 Ui f o x f qmpu ui f gpmmpx joh 2.e jn f otjpobmejfif sf oujbmdsptt tf dujpot=Gjh0508 �
Gjh050220

Φσ1H+A)qe* A

[ qe+
Δqe
2

qe−Δqe
2

dσH+A

dqe
dqe, Φqe A 61)GeV * )5032*

Φσ2H+A)qH+* A

[ qH++
Δq

H+
2

qH+−
Δq

H+
2

dσH+A

dqH+

dqH+ , ΦqH+ A 61)GeV * )5033*

Φσ3H+A)dpt θe* A

[ cos θe+
Δcos θe

2

cos θe−Δcos θe
2

dσH+A

ddpt θe
d dpt θe, Φθe A 1.3 )5034*

Φσ4H+A)dpt θeH* A

[ cos θeH+
Δcos θeH

2

cos θeH−Δcos θeH
2

dσH+A

d dpt θeH
ddpt θeH , Φ dpt θeH A 1.3 )5035*
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Gjhvsf 508; Ui f e jfif sf oujbmdsptt tf dujpot Φσ1H+A boe Φσ1WZ bt gvodujpot pgui f n pn f ouvn qe)HfW*
gps ui f flobmtubuf fmfduspo0 X f i bwf di ptf o ui f x jeui pg fbdi c jo bt Φqe A 61)HfW*0 Ui f tpmje mjof
n bsl f e x jui ui f qmvt tjho , dpssf tqpoet up e+ , e− � W+ , Z , νe , e−0 Ui f pui f s mjof t e f opuf
ui f ui sf f dbtf t gps e+ , e− � H+ , A , νe , e−0 Ui f mpoh ebti f e mjof n bsl f e x jui dsptt tzn cpm
∗ dpssf tqpoet up ui f dbtf )mH+ ,mA* A )311, 311*)HfW*0 Ui f epuuf e mjof n bsl f e x jui ui f cpyf t=�
dpssf tqpoet up )mH+ ,mA*A )411, 311*)HfW*boe ui f ti psuebti f e mjof n bsl f e cz btuf sjtl t ±dpssf tqpoet
up )mH+ ,mA* A )311, 411*)HfW*0Ui f df ouf s.pg.n btt f of shz jt 2111 )HfW*0Ui jt flhvsf x bt sf qspevdf
gspn S f g0]5a0

Gjhvsf 509; Ui f e jfif sf oujbmdsptt tf dujpo Φσ2H+A x jui sf tqfdu up ui f di bshf e I jhht n pn f ouvn qH+0
Ui f i psj–poubmbyjt e f opuf t qH+ )HfW*0 Ui f mpoh ebti f e mjof n bsl f e x jui dsptt tzn cpm∗ dpssf .
tqpoet up ui f dbtf )mH+ ,mA* A )311, 311*)HfW*0 Ui f epuuf e mjof n bsl f e x jui ui f cpyf t=� dpssf .
tqpoet up )mH+ ,mA* A )411, 311*)HfW* boe ui f ti psu ebti f e mjof n bsl f e cz btuf sjtl t ±dpssf tqpoet
up )mH+ ,mA* A )311, 411*)HfW*0Ui f df ouf s.pg.n btt f of shz jt 2111)HfW* boe ui f x jeui pg fbdi c jo
)ΦqH+* jt 61 )HfW*0 Gps dpn qbsjtpo- x f bmtp ti px ui f tpmje mjof x jui ui f qmvt tjho , gps W,Z qbjs
qspevdujpo dsptt tf dujpo- Φσ2WZ bt b gvodujpo pgui f n pn f ouvn pgX cptpo jo flobmtubuf qW )HfW*0Gps
ui f dsptt tf dujpo- ui f i psj–poubmbyjt e f opuf t ui f X cptpo n pn f ouvn 0 Ui jt flhvsf x bt sf qspevdf gspn
S f g0]5a0
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θ

Gjhvsf 50: ; Ui f e jfif sf oujbmdsptt tf dujpot Φσ3H+A gps e+ , e− � H+ , A , νe , e− x jui sf tqfduup dpt θe
x i f sf θe ef opuf t ui f bohmf c fux f f o ui f flobmfmfduspo n pn f ouvn boe ui f jojujbmqptjuspo n pn f ouvn 0
Ui f mpoh ebti f e mjof n bsl f e x jui dsptt tzn cpm∗ dpssf tqpoet up ui f dbtf )mH+ ,mA*A )311, 311*)HfW*0
Ui f epuuf e mjof n bsl f e x jui ui f cpyf t=� dpssf tqpoet up )mH+ ,mA* A )411, 311*)HfW* boe ui f ti psu
ebti f e mjof n bsl f e cz btuf sjtl t ±dpssf tqpoet up )mH+ ,mA* A )311, 411*)HfW*0 Ui f df ouf s pg n btt
f of shz jt 2111)HfW* boe ui f x jeui pg fbdi c jo )Φ dpt θe* jt 1030 Gps dpn qbsjtpo- x f ti px ui f dsptt
tf dujpo Φσ3WZ pgui f qspdf tt e+ , e− � W+ , Z , νe , e− x jui tpmje mjof 0 X f vtf ui f gpsn vmb gps ui f
W , Z � W , Z tdbuuf sjoh jo S f g0 ]32a0 Ui f df ouf s.pg.n btt f of shz pge+e− dpmmjtjpo jt 2111)HfW*0Ui jt
flhvsf x bt sf qspevdf gspn S f g0]5a0

θ θ

Gjhvsf 5021; Ejfif sf oujbmdsptt tf dujpot gps Φσ4H+A boe Φσ4WZ0 Ui f i psj–poubmbyjt dpssf tqpoet up
dpt θeH boe dpt θeW 0 θeH)θeW * jt bo bohmf c fux f f o ui f n pn f ouvn pg ui f flobmfmfduspo boe ui f pof pg
ui f di bshf e I jhht cptpo )W cptpo*0 Ui f tpmje mjof n bsl f e x jui ui f qmvt tjho , dpssf tqpoet up WZ
qspevdujpo0 Ui f pui f s ui sf f mjof t bsf I jhht qbjs qspevdujpo0 Bn poh ui f n - ui f mpoh ebti f e mjof n bsl f e
x jui ui f dsptt tzn cpm∗ dpssf tqpoet up ui f dbtf )mH+ ,mA*A )311, 311*)HfW*0Ui f epuuf e mjof n bsl f e
x jui ui f cpyf t=� dpssf tqpoet up )mH+ ,mA* A )411, 311*)HfW* boe ui f ti psu ebti f e mjof n bsl f e cz
btuf sjtl t ±dpssf tqpoet up )mH+ ,mA* A )311, 411*)HfW*0Ui f df ouf s.pg.n btt f of shz jt 2111)HfW* boe
ui f c jo x jeui t=Φ dpt θeH boe Φ dpt θeW bsf 1.30 Ui jt flhvsf x bt sf qspevdf gspn S f g0]5a0
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φ φ

Gjhvsf 5022; Ejfif sf oujbmdsptt tf dujpot Φσ5H+A boe Φσ5WZ0 Ui f i psj–poubmmjof e f opuf t ui f b–jn vui bm
bohmf t φeH boe φeW )sbejbo*0 Ui f tpmje mjof n bsl f e x jui ui f qmvt tjho , dpssf tqpoet upWZ qspevdujpo0
Ui f pui f s ui sf f mjof t bsf I jhht qbjs qspevdujpo0 Bn poh ui f n - ui f mpoh ebti f e mjof n bsl f e x jui dsptt
tzn cpm∗ dpssf tqpoet up ui f dbtf )mH+ ,mA* A )311, 311*)HfW*0 Ui f epuuf e mjof n bsl f e x jui ui f
cpyf t=� dpssf tqpoet up )mH+ ,mA* A )411, 311*)HfW* boe ui f ti psu ebti f e mjof n bsl f e cz btuf sjtl t
±dpssf tqpoet up )mH+ ,mA* A )311, 411*)HfW*0Ui f df ouf s.pg.n btt f of shz jt 2111)HfW* boe ui f c jo
x jeui t=ΦφeH boe ΦφeW bsf π

5 0 Ui jt flhvsf x bt sf qspevdf gspn S f g0]5a0

Φσ5H+A)φeH* A

[ φeH+
ΔφeH

2

φeH−ΔφeH
2

dσH+A

dφeH
dφeH , ΦφeH A

π

6
. )5036*

Gps dpn qbsjtpo- x f i bwf bmtp dpn qvuf e ui f hbvhf cptpo qspevdujpo dsptt tf dujpo0 X f vtf e ui f
gpsn vmb jo S f g0 ]32agps W , Z � W , Z tdbuuf sjoh bn qmjuvef 0

σWZ ≤ σSM )e+ , e− � ”νe , e− , W+ , Z*. )5037*

X f qmpuσWZ jo Gjh0507 bt x fmmbt ui f e jfif sf oujbmpof t- ΦσiWZ)i A 2�6* gps ui f x f bl hbvhf cptpo qbjs
)W+ boe Z*qspevdujpo jo ui f tuboebse n pefm; tf f Gjh0508�Gjh050220 Ui jt dbo c f b cbdl hspvoe qspdf tt
up I jhht qbjs qspevdujpo0 Fyqmjdjumz- x f x sjuf ui f e jfif sf oujbmdsptt tf dujpo ΦσiWZ)i A 2 �6*- x i jdi jt
e f flof e bobmphpvt up ui ptf e f flof e gps ui f dbtf pg I jhht qspevdujpo jo Fr0)5032*�Fr0)5036*0

Φσ1WZ)qe* A

[ qe+
Δqe
2

qe−Δqe
2

dσWZ

dqe
dqe, Φqe A 61)GeV * )5038*

Φσ2WZ)qW * A

[ qW+
ΔqW

2

qW−ΔqW
2

dσWZ

dqW
dqW , Φ qW A 61)GeV * )5039*

Φσ3WZ)dpt θe* A

[ cos θe+
Δcos θe

2

cos θe−Δcos θe
2

dσWZ

d dpt θe
d dpt θe, Φθe A 1.3 )503: *

Φσ4WZ)dpt θeW * A

[ cos θeW+
Δcos θeW

2

cos θeW−Δcos θeW
2

dσWZ

ddpt θeW
ddpt θeW , Φ dpt θeW A 1.3 )5041*
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Φσ5WZ)φeW * A

[ φeW+
ΔφeW

2

φeW−ΔφeW
2

dσWZ

dφeW
dφeW , ΦφeW A

π

6
. )5042*

X f tvn n bsj–f x i bu pof dbo sfbe gspn ui f tf dsptt.tf dujpo flhvsf t )Gjh0507 �Gjh05022* bt gpmmpx t0

≡Ui f upubmdsptt tf dujpo gps I jhht qbjs qspevdujpo σH+A jodsf btf t bt ui f df ouf s.pg.n btt f of shz pg
ui f e+e− dpmmjtjpo hspx t voujmju sfbdi f t up 3111 )HfW*0Fwfo jo ui f dbtf gps ui f mjhi uf tu I jhht qbjs
n bttf t ui bux f i bwf di ptf o- ui f dsptt tf dujpo jt bun ptu10112 gc0 Dpn qbsf e x jui hbvhf cptpo qbjs
qspevdujpo σWZ- ui f sbujp

σH+A

σWZ
jt pgui f pse f s pg�21−30

≡Ui f e jfif sf oujbmcsbodi joh gsbdujpot x jui sf tqfduup ui f fmfduspo n pn f ouvn jo flobmtubuf t boe x jui
sf tqfduup ui f di bshf e I jhht tqfdusvn bsf mjn juf e cz qi btf tqbdf boe- gps mjhi uf s I jhht qbjs n bttf t-
ui f n pn f ouvn pgui f fmfduspo jt mbshf s0

≡Ui f e jtusjcvujpo pg ui f e jsf dujpo pg ui f fmfduspo jo ui f flobmtubuf t qfbl t tuspohmz bu dpt θe A 20
Ui jt jn qmjf t ui bu ui f fmfduspo jt tdbuuf sf e jo ui f gpsx bse ejsf dujpo x jui sf tqfdu up ui f jodpn joh
fmfduspo0 Ui jt i bqqf ot c f dbvtf ui f wjsuvbmjuz pgui f Z∗ cptpo jt n jojn j–f e jo ui jt dbtf 0

≡ S fhbsejoh ui f b–jn vui bmφeH bohmf ejtusjcvujpot- x f floe ui bu ui f di bshf e I jhht n pn f ouvn jt
n psf mjl fmz up mjf x jui jo ui f sbohf 1 ≥ φeH ≥ π ui bo jo π ≥ φeH ≥ 3π0

4.3 The signature of charged Higgs and neutral Higgs pair pro-
duction

Bt x f i bwf tf f o gspn ui f tuvejf t pg ui f qsfwjpvt tf dujpo- ui f dsptt tf dujpo boe ui f e jfif sf oujbmdsptt
tf dujpot pg ui f I jhht qbjs qspevdujpo bsf n vdi tn bmmf s ui bo hbvhf cptpo qbjs qspevdujpo0 Dpotje f sjoh
ui jt tn bmmof tt- pof n bz x poef s jg tvdi I jhht qbjs qspevdujpo boe jut e f dbzt i bwf ejtujodu tjhobmt0 I f sf
x f dpotje f s ui f di bshf e mfqupo ¯bwps ef qf oef odf pgui f di bshf e I jhht efdbzt joup bo bouj.mfqupo boe b
ofvusjop0 Opuf ui buui f epn jobouofvusbmI jhht efdbz di boofmjt b of vusjop boe bouj.of vusjop qbjs x i f o
ui f of vusbmI jhht boe di bshf e I jhht bsf e f hf of sbuf bt √mA mH+√< mW 0 X f tuvez ui f e f hf of sbuf
dbtf 0 Jo ui jt dbtf - ui f of vusbmI jhht efdbz qspevdut bsf jowjtjcmf boe ui f wjtjcmf efdbz qspevdu jt b
di bshf e bouj.mfqupo l+ gspn ui f di bshf e I jhht efdbz0 Ui f sf gpsf - ui f x i pmf qspdf tt tubsujoh gspn ui f
e+e− dpmmjtjpo up I jhht efdbzt mppl t mjl f -

e+ , e− � ”νe , e− , H+ , A

� ”νe , e− , l+νl , νk ”νk. )5043*

Pof floet ui f tbn f flobmtubuf bt jo Fr0)5043* jo ui f hbvhf cptpo qbjs qspevdujpo qspdf tt pge+e− dpmmjtjpo
bt gpmmpx t0 Cz sf qmbdjoh ui f di bshf e I jhht cptpo x jui b W+ cptpo boe ui f of vusbmI jhht cptpo A x jui
b Z cptpo jo Fr0)5043*- ui f e f dbz di boofmt Z � νk ”νk boe W+ � l+νl mfbe up ui f tbn f flobmtubuf bt
ui bu pgFr0)5043*0

e+ , e− � ”νe , e− , W+ , Z

� ”νe , e− , l+νl , νk ”νk. )5044*

Tjodf Fr0)5044* i bt b dpn n po flobmtubuf x jui Fr0)5043*- ui f z mppl joejtujohvjti bcmf0 I px fwf s bt qpjouf e
jo S f g0 ]2a- ui f csbodi joh gsbdujpo pgui f di bshf e I jhht efdbz joup bouj.mfqupo jt ¯bwps opo.vojwf stbmboe
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Σ

Gjhvsf 5023; Ui f sbujp pg ui f dsptt tf dujpot pg I jhht qbjs qspevdujpo boe hbvhf cptpo qbjs qspevdujpo=
σH+A+σH+h

σW+Z
bt gvodujpot pg df ouf s.pg.n btt f of shz pg e+e−dpmmjtjpo=

†
se+e−)HfW*0Ui f tpmje mjof dpssf .

tqpoet up ui f dbtf gps )mH+ ,mA* A )411, 311*)HfW*0 Ui f ebti f e mjof dpssf tqpoet up ui f e f hf of sbuf
dbtf - mA A mH+ A 311)HfW*0Ui f epuuf e mjof dpssf tqpoet up ui f dbtf )mH+ ,mA* A )311, 411*)HfW*0
Ui jt flhvsf x bt sf qspevdf gspn S f g0]5a0

ef qf oet po ui f mfqupo gbn jmz0 Ju jt x sjuuf o jo uf sn t pg ui f of vusjop n jyjoh boe n bttf t x i jdi qsf djtf
ebub fydfqu mjhi uf tu of vusjop n btt boe DQ wjpmbujoh qi btf jt opx bwbjmbcmf0 Tjodf ui f X cptpo efdbz
joup bouj.mfqupo jt ¯bwps.cmjoe- x f tuvez ui f mfqupo ¯bwps ef qf oef odf pgdi bshf e I jhht efdbz cz ubl joh
ui f sbujp x jui ui f x f bl hbvhf cptpo qbjs qspevdujpo boe efdbz csbodi joh gsbdujpot0 Ui f sbujp x f e f flof
jt

rl A

∑
X=h,A σH+XBr)X � ν”ν*

σWZBr)Z � ν”ν*

Br)H+ � l+νl*

Br)W+ � l+νl*
, )5045*

x i f sf x f vtf ui f ti psui boe opubujpo- Br)X � ν”ν* A
∑

k Br)X � νk ”νk*- gps X A h,A,Z0 Vtjoh ui f
opubujpo- pof dbo x sjuf rl bt-

rl A
3σH+A

σWZ

Br)A � ν”ν*

Br)Z � ν”ν*

Br)H+ � l+νl*

Br)W+ � l+νl*
, )5046*

x i f sf x f vtf ui f gbduui buui f qspevdujpo dsptt tf dujpot gps DQ.fwfo boe DQ.pee I jhht x jui V)2* di bshf
bsf bmn ptu je f oujdbmup fbdi pui f s- j0f 0- σH+A 
 σH+h )tf f Bqqf oejy H*0 X f bmtp vtf ui f csbodi joh
gsbdujpot ui bu tbujtgz-

Br)A � ν”ν*A Br)h � ν”ν*A 211’ . )5047*

X f ti px ui f sbujp pg ui f dsptt tf dujpot pg I jhht qbjs qspevdujpo boe hbvhf cptpo qbjs qspevdujpo jo
Gjh050230 X i f o I jhht n bttf t bsf e f hf of sbuf mA A mH+ A 311)HfW*- ui f sbujp pg ui f dsptt tf dujpo jt
bcpvu 2.5 ∗ 21−3 gps

†
se+e− A 2111)HfW*0Jo x i bu gpmmpx t- x f vtf ui jt wbmvf bt b c f odi n bsl qpjou gps

ui f sbujp pgui f dsptt tf dujpot jo Fr0)5046*0 Ui f pui f s csbodi joh gsbdujpot x i jdi bqqfbs jo Fr0)5046* bsf
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rvpuf e gspn ui f Qbsujdmf Ebub Hspvq )QEH* ]33a-

Br)W+ � τ+ν* A 22.36 • 1.31’

Br)W+ � μ+ν* A 21.68 • 1.26’

Br)W+ � e+ν* A 21.86 • 1.24’

Br)Z � ν”ν* A 31.11 • 1.17’ .

)5048*

Vtjoh ui f ovn f sjdbmwbmvf t- pof dbo x sjuf rl)l A e, μ, τ* bt-

re A 1.576 ∗ Br)H+ � e+ν*
3σH+A

σWZ

rμ A 1.584 ∗ Br)H+ � μ+ν*
3σH+A

σWZ

rτ A 1.555 ∗ Br)H+ � τ+ν*
3σH+A

σWZ
, )5049*

x i f sf Br)H+ � lν* jo ’ ti pvme c f tvctujuvuf e0 Ui f di bshf e I jhht dbo efdbz joup di bshf e mfqupot boe
of vusjop0 Jo dpousbtuup ui f mfqupojd efdbz pgX cptpo- ui f csbodi joh gsbdujpot gps fbdi ¯bwps pgdi bshf e
mfqupo bsf pcubjof e gspn Fr0)3023* ]2a-

Br)H+ � l+νl*A

∑3
i=1 m

2
i√Vli√2∑3

i=1 m
2
i

∗ 211’ , )504: *

x i f sf V jt ui f N bl j Obl bhbx b Tbl bub )NOT* n busjy )3024*- X f vqebuf ui f csbodi joh gsbdujpo up
fbdi mfqupo ¯bwps n pef vtjoh ui f sf df ou sf tvmut po √Ve3√0 Efqf oejoh po n btt i jf sbsdi jf t pg of vusjopt-
x f x sjuf ui f csbodi joh gsbdujpo pgFr0)504: *0

20 Opsn bmi jf sbsdi z dbtf )m2
1 < m2

2 < m2
3*

Jo ui jt dbtf - m2
1 ef opuf ui f mjhi uf tu of vusjop n btt0

Br)H+ � l+νl*A
m2

1 , Φm2
sol√Vl2√2 , )Φm2

sol. , Φm2
atm*√Vl3√2

4m2
1 , 3Φm2

sol , Φm2
atm

∗ 211’ , )5051*

x i f sf Φm2
sol A m2

2 m2
1- Φm2

atm A m2
3 m2

20

30 Jowf suf e i jf sbsdi z dbtf )m2
3 < m2

1 < m2
2*

Jo ui jt dbtf - m2
3 ef opuf ui f mjhi uf tu of vusjop n btt0

Br)H+ � l+νl*A
m2

3 , Φm2
atm)√Vl1√2 , √Vl2√2* Φm2

sol√Vl1√2
4m2

3 , 3Φm2
atm Φm2

sol

∗ 211’ , )5052*

x i f sf Φm2
sol A m2

2 m2
1- Φm2

atm A m2
2 m2

30

X f i bwf vtf e ui f wbmvf t gps ui f n jyjoh bohmf t boe n btt.tr vbsf e e jfif sf odf t rvpuf e gspn Ubcmf 502 ]33a
Jo Gjh05024- x f ti px rl A )l A e, μ, τ* gps ui f opsn bmi jf sbsdi jdbmdbtf bt gvodujpot pg ui f mjhi uf tu

of vusjop n btt m10 Jo Gjh05025- x f ti px rl gps ui f jowf suf e i jf sbsdi jdbmdbtf bt gvodujpot pg ui f mjhi uf tu
of vusjop n btt m30 Bt x f dbo tf f gspn Gjh05024 boe Gjh05025- x f dbo fyqfdu 3’ � 4’ mfqupo ¯bwps
ef qf oef odf gspn di bshf e I jhht efdbz0 X f tvn n bsj–f ui f ¯bwps ef qf oef odf bt gpmmpx t-
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Qbsbn fuf s c f tu.flu)• 2σ* 4σ

Φm2
sol]21

−5eV 2a 8.69+0.22
−0.26 70: : .9029

√Φm2
atm√]21−3eV 2a 3.46+0.12

−0.09 3017.3078
tjo2 θ12 1.417)1.423*+0.018

−0.015 1036: )10376*.10467)10475*
tjo2 θ23 1.53+0.08

−0.015 1045.1075
tjo2 θ13 1.132)1.136*+0.007

−0.008 10112)10116*.10155)10161*

Ubcmf 502; tjo2 θ12 A 1.417, tjo2 θ23 A 1.53, tjo2 θ13 A 1.132,m2
atm A 3.46 ∗ 21−3)eV 2* boe m2

sol A
8.69 ∗ 21−5)eV 2*0 Ui f tvctdsjqut (tpm( boe (bun ( gps ui f n btt trvbsf e e jfif sf odf t jn qmz tpmbs ofvusjopt
boe bun ptqi f sjd of vusjopt sf tqfdujwfmz0

� �

Gjhvsf 5024; rl)l A e, μ, τ* gps ui f opsn bmi jf sbsdi jdbmdbtf bt gvodujpot pg ui f mjhi uf tu of vusjop n btt
m1)eV *0 Ui f epuuf e mjof dpssf tqpoet up re- ui f ebti f e mjof dpssf tqpoet up rμ boe ui f tpmje mjof dpssf .
tqpoet up rτ0 Ui jt flhvsf x bt sf qspevdf gspn S f g0]5a0
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Gjhvsf 5025; rl)l A e, μ, τ* gps ui f jowf suf e i jf sbsdi jdbmdbtf bt gvodujpot pg ui f mjhi uf tu of vusjop n btt
m3)eV *0 Ui f epuuf e mjof dpssf tqpoet up re- ui f ebti f e mjof dpssf tqpoet up rμ boe ui f tpmje mjof dpssf .
tqpoet up rτ0 Ui jt flhvsf x bt sf qspevdf gspn S f g0]5a0

≡Gps ui f opsn bmi jf sbsdi jdbmdbtf - gps 1 ≥ m1 ≥ 1.16)fW*- rτ > rμ → re0 Gps mbshf s m1 vq up 103
fW- rμ �re �rτ A 1.130

≡Gps ui f jowf suf e i jf sbsdi jdbmdbtf - re > rμ > rτ gps 1 < m3 < 1.3)fW*0
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Chapter 5

Conclusions and discussions

Jo ui jt qbqf s- I jhht tf dups pg ui f Ejsbd ofvusjop n btt n pefmpg Ebwjetpo boe Mphbo jt tuvejf e0 X f
f yuf otjwfmz tuvez cpui ui f psf ujdbmbtqfduboe qi f opn f opmphjdbmbtqfdu0 Jo ui f n pefm- pof pgui f wbdvvn
fyqfdubujpo wbmvf t pgux p I jhht epvcmfut jt wf sz tn bmmboe juc fdpn f t ui f psjhjo pgui f n btt pgof vusjopt0
Ui f sbujp pgui f tn bmmwbdvvn fyqfdubujpo wbmvf v2 boe ui bupgui f tuboebse mjl f I jhht v1 jt ubo β A v2

v1
0

Ui f sf gpsf ubo β jt wf sz tn bmmboe uzqjdbmmz ju jt O)21−9*0 Ui f tn bmmof tt pg ubo β jt hvbsbouf f e cz ui f
tn bmmof tt pgui f tpgu csf bl joh uf sn pgV)2* 0

Up tvn n bsj–f pvs sf tvmut- x f ti px ui f sf jt b qbsbn fuf s tqbdf jo x i jdi ui f WFWt pgui f ux p I jhht bsf
tubcmf bhbjotu ui f sbejbujwf dpssf dujpo0 X f bmtp tuvez bo fyqf sjn f oubmtjhobuvsf pg ui f n pefm=di bshf e
mfqupo ¯bwps ef qf oef odf pg ui f di bshf e I jhht efdbz- x i jdi gpmmpx t gspn ui f qbjs qspevdujpo pg ui f
di bshf e boe ui f of vusbmI jhhtf t jo fmfduspo boe qptjuspo dpmmjtjpot0 Npsf e f ubjmt pg ui f tvn n bsjf t boe
ejtdvttjpot bsf hjwfo c fmpx 0

X f i bwf usfbuf e ui f tpgu csf bl joh uf sn bt qf suvscbujpo boe dbmdvmbuf e ui f wbdvvn fyqfdubujpo pg
I jhht jo ui f mfbejoh psef s pg ui f qf suvscbujpo qsfdjtfmz0 Gps usf f mfwfm- ui f hmpcbmn jojn vn jt ui f dbtf
)2* pgUbcmf 4020 Ui f o pof dbo tubuf ui f sf hjpo pg qbsbn fuf s tqbdf x i jdi jt dpotjtuf ou x jui ui f dbtf jt
Fr0)4026* ps Fr0)4028*0

Cf zpoe ui f usf f mfwfm- x f tuvez ui f r vbouvn dpssf dujpo up ui f wbdvvn fyqfdubujpo wbmvf t boe ubo β
jo b rvboujubujwf x bz0 Jo pof mppq mfwfm- x f dpoflsn f e ui bu usf f mfwfmwbdvvn jt tubcmf - j0f 0- ui f pse f s
qbsbn fuf st x i jdi wbojti bu usf f mfwfmep opu i bwf ui f wbdvvn fyqfdubujpo wbmvf bt rvbouvn dpssf dujpo0
Jo pof mppq mfwfm- x f e f sjwf ui f f ybdu gpsn vmb gps ui f r vbouvn dpssf dujpo up β jo ui f mfbejoh psef s pg
f yqbotjpo pg ui f tpgu csf bl joh qbsbn fuf s m120 X f i bwf dpoflsn f e opu pomz ui bu ui f mppq dpssf dujpo
up ubo β jt qspqpsujpobmup ui f tpgu csf bl joh uf sn cvu bmtp gpvoe ui bu ui f dpssf dujpo ef qf oet po ui f
I jhht n btt tqfdusvn boe tpn f dpn cjobujpo pg ui f r vbsujd dpvqmjoh dpotubout pg ui f I jhht qpuf oujbm0
Ufdi ojdbmmz- x f dbssjf e pvu ui f dbmdvmbujpo pg ui f pof mppq ffifdujwf qpuf oujbmcz fn qmpzjoh P)5* sfbm
sfqsf tf oubujpo gps TV)3* I jhht epvcmfut0

Efqf oef odf pgui f dpssf dujpot po ui f I jhht tqfdusvn jt tuvejf e ovn f sjdbmmz0 Jgui f di bshf e I jhht n btt
jt bt mjhi ubt 211 )HfW*�311 )HfW*- bmmpx joh ui f n btt e jfif sf odf pgdi bshf e I jhht boe qtf veptdbmbs I jhht
jt bcpvu 211)HfW*- ui f r vbouvn dpssf dujpot up cpui β boe v bsf x jui jo b gf x ’ gps )λ3, λ2*�)1.6, 2*0
Jg ui f di bshf e I jhht jt i f bwz mH+ A 611 )HfW*- b tmjhi u jodsfbtf pg ui f qtf veptdbmbs I jhht n btt gspn
ui f e f hf of sbuf qpjoumfbet up wf sz mbshf dpssf dujpot up β boe v0

Pof dbo bshvf ui f tj–f pg ui f r vbouvn dpssf dujpot up ui f of vusjop n btt pg ui f n pefm- c fdbvtf ui f
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sbujp pgui f usf f mfwfmofvusjop n btt boe pof mppq dpssf dujpo dbo c f x sjuuf o bt-

m
(1)
ν

mν
A

v(1)

v
,

β(1)

β
, )602*

x i f sf x f ubl f bddpvou pg ui f dpssf dujpot pomz evf up I jhht wbdvvn fyqfdubujpo wbmvf t0 Ui f gpsn vmb
Fr0)602* jn qmjf t ui busbejbujwf dpssf dujpo up ofvusjop n btt jt sfmbuf e up ui f I jhht n btt tqfdusvn 0 Ui f sf .
gpsf podf I jhht n btt tqfdusvn jt n fbtvsf e jo MI D- pof dbo dpn qvuf ui f sbejbujwf dpssf dujpo up ui f n btt
pgof vusjopt vtjoh ui f gpsn vmb Fr0)602*0

Bt gps qi f opn f opmphjdbmbtqfdu pg ui f n pefm- x f tuvez ui f qbjs qspevdujpo pg di bshf e I jhht boe
of vusbmI jhht cptpot jo ui f tbn f ux p.I jhht.epvcmfun pefm0Ui f qbjs qspevdujpo qspdf tt jt oputvqqsf ttf e
cz ui f V)2* di bshf dpotf swbujpo0 Jo pui f s x pset- ui f bqqspyjn buf hmpcbmtzn n fusz bmmpx t ui f qbjs
qspevdujpo up pddvs0

X f tuvez ui f upubmdsptt tf dujpo gps ui f qbjs qspevdujpo jo bo e+e− dpmmjtjpo0 Ui f qbjs qspevdujpo
pddvst ui spvhi W cptpo boe Z cptpo gvtjpo0 X f tuvez ui f qbjs qspevdujpo boe ui f e f dbzt gps efhf of sbuf
n bttf t pgdi bshf e I jhht boe of vusbmI jhht bt x fmmbt ui f opo.e f hf of sbuf dbtf 0 Ui f dsptt tf dujpo jodsfbtf t
gspn 21−4 gc up 21−3 gc bt ui f dn f of shz pg e+e− wbsjf t gspn 2 )UfW* up 3 )UfW*0Ui f dsptt tf dujpo
jt dpn qbsf e x jui ui bu pgW - Z qbjs qspevdujpo0 X f ti px ui f e jfif sf oujbmdsptt tf dujpot x jui sf tqfdu
up ui f fmfduspo boe di bshf e I jhht n pn f oub0 Ui f e jfif sf oujbmdsptt tf dujpot x jui sf tqfdu up ui f bohmf t
pg ui f fmfduspo boe ui f di bshf e I jhht jo ui f flobmtubuf t bsf bmtp ti px o0 X f ti px ui bu ui f I jhht
qbjs qspevdujpo jt bcpvu 21−3 ujn f t tn bmmf s ui bo ui f qbjs qspevdujpo dsptt tf dujpo pg hbvhf cptpot0
Dpn qbsf e x jui ui f tf - ui f W boe Z efdbz csbodi joh sbujp jo ui f tbn f flobmtubuf jt tn bmmf s ui bo ui bupg
I jhht efdbzt boe jt ¯bwps.cmjoe0 Ui f sf gpsf - cz tuvezjoh ui f di bshf e bouj.mfqupo ¯bwps jo ui f flobmtubuf -
x f n bz ejtujohvjti ui f I jhht qbjs qspevdujpo boe jut e f dbzt gspn ui bu pghbvhf cptpot0 X f f yqfdu 3’
�4’ ¯bwps ef qf oef odf - x i jdi jt ovmmgps ui f hbvhf cptpo efdbzt0

Efqf oejoh po ui f opsn bmps jowf suf e i jf sbsdi z pgui f n btt tqfdusvn pgofvusjopt- ui f pse f s pgefdbz
sbuf t gps bouj.mfqupo ¯fwps )re- rμ- boe rτ* di bohf t0
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Appendix A

Derivation of one-loop effective
potential
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Appendix B

Derivation of Eq(A.7)
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Appendix C

Calculation of ϕ
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Appendix D

v(1) and β(1)
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Appendix E

Orthogonal matrix O in Eq.(C.3)

I f sf x f ti px ui f psui phpobmn busjy P jo Fr0)D04*0

O A

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

1 tjo β 1 1 1 1 dpt β 1
tjo β 1 1 1 1 dpt β 1 1
1 1 1 tjo γ dpt γ 1 1 1
1 1 tjo β 1 1 1 1 dpt β
1 dpt β 1 1 1 1 tjo β 1

dpt β 1 1 1 1 tjo β 1 1
1 1 1 dpt γ tjo γ 1 1 1
1 1 dpt β 1 1 1 1 tjo β

⎧
∑∑∑∑∑∑∑∑∑∑⎜

. )F02*

57



Appendix F

[OT ∂M2

∂ϕI
O]jj and LIJ

Jo ui jt Bqqf oejy- x f ti px ]OT ∂M2

∂ϕI
Oajj boe LIJ x i jdi bsf of f e f e up dbmdvmbuf pof mppq dpssf dujpot up

ui f pse f s qbsbn fuf st ϕ
(1)
I jo Fr0)D02*0 ]OT ∂M2

∂ϕI
Oajj)I A 2, 3, 4, 5* bsf hjwfo bt-

]OT ∂M2

∂α
Oajj A 1, ]OT ∂M2

∂θ′
Oajj A 1. )G02*

]OT ∂M2

∂v
Oajj A 3v]OT ∂M2

∂v2
Oajj

A
v

5

⎞
⎟⎟⎟⎟⎠

1
2 ]λ1 , λ2 , 7λ3 3λ4 dpt)5β*}λ1 , λ2 3)λ3 , λ4*〈a
1
2 ]λ1 , λ2 , 7λ3 3λ4 dpt)5β*}λ1 , λ2 3)λ3 , λ4*〈a
1
2 ]λ1 , λ2 , 7λ3 7λ4 dpt)5β*}λ1 , λ2 3)λ3 , λ4*〈a

23)λ2 dpt
2 γ tjo2 β , dpt2 β tjo2 γλ1*, )4 dpt)β γ* dpt 3)β , γ*, 3*)λ3 , λ4*

23)λ2 dpt
2 β dpt2 γ , tjo2 β tjo2 γλ2*, ) 4 dpt)β γ*, dpt 3)β , γ*, 3*)λ3 , λ4*

⎧
∑∑∑∑⎜ ,

)G03*

boe-

]OT ∂M2

∂β
Oajj

A v2
tjo 3β

3

⎞
⎟⎟⎟⎟⎠

λ2 dpt
2 β λ1 tjo

2 β )λ3 , λ4*dpt 3β
λ2 dpt

2 β λ1 tjo
2 β )λ3 , λ4*dpt 3β

λ2 dpt
2 β λ1 tjo

2 β )λ3 , λ4*dpt 3β
4λ2 dpt

2 γ 3λ1 tjo
2 γ , 1

2 sin 2β tjo 3)β , γ* 4 tjo 3)β γ*)λ3 , λ4*

4λ1 dpt
2 γ 3λ2 tjo

2 γ , 1
2 sin 2β tjo 3)β , γ* 4 tjo 3)β γ*)λ3 , λ4*

⎧
∑∑∑∑⎜ . )G04*

Ofyu x f ti px LIJ jo Fr0)D03*0 Opuf ui buLIJ jt tzn n fusjd LIJ A LJI boe jut opo.–f sp fmfn f out bsf -

L11 A dpt2 βm2
11 , tjo2 βm2

22 3 dpt β tjo βm12

58



,
2

3

]
4v2}λ1 dpt

4 β , tjo2 β)3)λ3 , λ4*dpt
2 β , tjo2 βλ2*〈

{
L22 A v2} dpt 5β

5
)λ1 , λ2 3)λ3 , λ4**v

2 ,
dpt 3β

5
)λ2 λ1*v

2

, 3m2
12 tjo 3β dpt 3β)m11 m22*〈

L12 A L21 A v} tjo 5β

5
)λ1 , λ2 3)λ3 , λ4**v

2 ,
2

3
tjo 3β)λ2 λ1*v

2

3m2
12 dpt 3β tjo 3β)m2

11 m2
22*〈

L33 A
2

9
v2 tjo 3β)v2 tjo 3βλ4 5m2
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Appendix G

Amplitude of W+±+ Z±� H+ + h

Jo ui jt bqqf oejy- x f ti px ui f pfi.ti fmmdi bshf e I jhht boe DQ.fwfo of vusbmI jhht )h* cptpo qspevdujpo
bn qmjuvef gps hbvhf cptpo gvtjpo W+∗ , Z∗ � H+ , h0

Thμν A
g2 dpt)β , γ*

3 dpt θW
)ahgμν , dhqhνqH+μ , bhqH+νqhμ*, )H02*

x i f sf x f dpn qvuf ui f gpvs Gf zon bo ejbhsbn t dpssf tqpoejoh up- ui f dpoubdu jouf sbdujpo )Gjh0503*- ui f
T di boofmW+ f ydi bohf )Gjh0504* ui f V di boofmdi bshf e I jhht f ydi bohf )Gjh0 505*- boe ui f U di boofm
DQ.pee I jhht )A* fydi bohf )Gjh0506*0 ah- bh- boe dh jo Fr0)H02* bsf hjwfo bt-

ah A tjo2 θW
p2Z p2W

M2
Z

M2
h M2

H+ M2
W

sH+h M2
W

dpt2 θW
th uh , p2Z p2W

sH+h M2
W

bh A
3dpt 3θW
uh M2

H+

,
3)dpt 3θW , 2*

sH+h M2
W

dh A
3

th M2
A

3)dpt 3θW , 2*

sH+h M2
W

, )H03*

x jui th A )qH+ pW *2- uh A )pW qh*
2 boe sH+h A )qH+ , qh*

20 Cz ubl joh ui f wbojti joh mjn ju pgui f
V)2* csf bl joh uf sn - j0f 0- m12 � 1- β boe γ wbojti 0 Opuf bmtp ui bu- jo ui jt mjn ju- pof dbo ti px mh A mA

boe iTAμν A Thμν x jui ui f bqqspqsjbuf sf qmbdfn f ouqA � qh )tf f Fr0)505**0 Ui f sf gpsf jo ui jt mjn juui f
qspevdujpo bn qmjuvef t gps H+A boe H+h bsf je f oujdbmup fbdi pui f s- σH+A A σH+h0
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We study a Dirac neutrino mass model of Davidson and Logan. In the model, the smallness of the

neutrino mass is originated from the small vacuum expectation value of the second Higgs of two Higgs

doublets. We study the one-loop effective potential of the Higgs sector and examine how the small vacuum

expectation is stable under the radiative correction. By deriving formulas of the radiative correction, we

numerically study how large the one-loop correction is and show how it depends on the quadratic mass

terms and quartic couplings of the Higgs potential. The correction changes depending on the various

scenarios for extra Higgs mass spectrum.

DOI: 10.1103/PhysRevD.85.055002 PACS numbers: 12.60.Fr, 14.60.St, 14.80.Ec, 14.80.Fd

I. INTRODUCTION

The smallness of the neutrino mass compared with the

other quarks and leptons is one of the mysteries of nature.

Recently, a new mechanism generating small Dirac mass

terms for neutrino has been proposed [1–3]. The similar

mechanism generating the small neutrino Dirac mass term

for the TeV seesaw mechanism is also proposed in [4] and

phenomenology is studied in [5,6]. There are also models

with radiatively generated Dirac mass term in [7,8]. The

interesting feature of the model proposed in [1,2] is the tiny

vacuum expectation value for an extra Higgs SU(2) doublet

[9]. The small neutrino mass is realized without introduc-

ing tiny Yukawa coupling for neutrinos. A softly broken

global U(1) symmetry guarantees the tiny vacuum expec-

tation value for the extra doublet. In addition to the small

softly breaking mass parameter, the mass squared parame-

ter for the extra Higgs is chosen to be positive so that the

light pseudo Nambu-Goldstone bosons due to the softly

broken global symmetry do not appear. This is a contrast to

the mass squared parameter for the standard model like

Higgs boson.

In the present paper, we study the global minimum of the

tree level Higgs potential by explicitly solving the sta-

tionary conditions. There are many studies of the tree level

Higgs potential of general two Higgs doublet model

[10–15]. (See also [16] for recent review of two Higgs

doublet model). It has been shown that the charge neutral

vacuum is lower than the charge breaking vacuum [10].

Also, the vacuum energy difference of two neutral minima

was derived [12,14]. We make use of the results and

identify the vacuum of the present model. When the U(1)

symmetry breaking term is turned off, the tree level Higgs

potential and the phase structure of the present model is

rather similar to the model with Z2 discrete symmetry

[17,18]. In contrast to Z2 symmetric case, it is essential

to keep the soft breaking term when finding the true

vacuum. If we set the symmetry-breaking term at zero,

then the order parameter corresponding to the softly bro-

ken U(1) symmetry becomes redundant parameter and can

not be determined. We treat the soft breaking term as small

expansion parameter and obtain the vacuum expectation

values and the vacuum energies in terms of the parameters

of the Higgs potential.

The constraints on the parameters of the model for

which the desired vacuum can be realized are derived

and they are rewritten in terms of Higgs masses and a

few coupling constants, which can not be directly related

to the Higgs masses. These constraints are fully used when

we study the radiative corrections to the vacuum expecta-

tion values numerically.

Beyond the tree level, we study the radiative correction

to the Higgs potential and the vacuum expectation values

of Higgs. Since the neutrino masses are proportional to the

vacuum expectation value of one of Higgs, one can also

compute the radiative corrections to neutrino masses. As

already noted in [1], the radiative correction to the softly

breaking mass parameter is logarithmically divergent and

it is renormalized multiplicatively. We derive the formulas

for the one-loop corrected vacuum expectation values for

two Higgs doublets by studying one-loop corrected effec-

tive potential. The corrections are evaluated numerically

by exploring the parameter regions allowed from the

global minimum condition for the vacuum. We show how

the radiative corrections change depending on the extra

Higgs spectrum. The radiative corrections are also eval-

uated for the case that a relation among the coupling

constants is satisfied.

The paper is organized as follows. In Sec. II, we derive

the condition for the desired vacuum being global mini-

mum. In Sec. III, one-loop effective potential is derived,

and one-loop corrections to the vacuum expectation values

are obtained in Sec. IV. In Sec. V, the corrections are

evaluated numerically for various choices of parameters

of the Higgs potential. Section VI is devoted to summary

and discussion.
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II. MODEL FOR DIRAC NEUTRINO WITH ATINY

VACUUM EXPECTATION VALUE

The model of the Dirac neutrino is proposed in [1].

In [1], two Higgs SU(2) doublets are introduced,

�1 ¼
1ffiffiffi
2

p �1
1 þ i�2

1

�3
1 þ i�4

1

 !
; �2 ¼

1ffiffiffi
2

p �1
2 þ i�2

2

�3
2 þ i�4

2

 !
; (1)

where �1’s vacuum expectation value is nearly equal to

the electroweak breaking scale and the second Higgs

�2 has a small vacuum expectation value, which gives

rise to neutrino mass. The Higgs potential in [1] is:

Vtree ¼
X
i¼1;2

�
m2

ii�
y
i �iþ

�i

2
ð�y

i �iÞ2
�
�ðm2

12�
y
1�2þH:c:Þ

þ�3ð�y
1�1Þð�y

2�2Þþ�4j�y
1�2j2: (2)

Uð1Þ0 charge is assigned to the second Higgs. The Uð1Þ0
global symmetry is broken softly with the term m2

12. In

this paper, we introduce the following real O(4) repre-

sentation for each doublet, because this parametrization

is convenient when computing the one-loop corrected

effective potential.

�a
1 ¼

�1
1

�2
1

�3
1

�4
1

0
BBBBB@

1
CCCCCA; �a

2 ¼

�1
2

�2
2

�3
2

�4
2

0
BBBBB@

1
CCCCCA; ~�a

1 ¼

��2
1

�1
1

��4
1

�3
1

0
BBBBB@

1
CCCCCA: (3)

Using the notation above, the tree level effective poten-

tial introduced in Eq. (2) can be written as:

Vtree ¼ m2
11

1

2

X4
a¼1

ð�a
1Þ2 þm2

22

1

2

X4
a¼1

ð�a
2Þ2

�m2
12

X4
a¼1

�a
1�

a
2 þ

�1

8

�X4
a¼1

�a2
1

�
2 þ �2

8

�X4
a¼1

�a2
2

�
2

þ �3

4

�X4
a¼1

�a2
1

��X4
a¼1

�a2
2

�
þ �4

4

��X4
a¼1

�a
1�

a
2

�
2

þ
�X4
a¼1

~�a
1�

a
2

�
2
�
; (4)

where one can choose m2
12 real and positive. With the

notation of Eq. (3), the softly broken global symmetry

Uð1Þ0 corresponds to the following transformation on �a
2:

�0
2 ¼ OUð1Þ0�2

¼

cos� � sin� 0 0

sin� cos� 0 0

0 0 cos� � sin�

0 0 sin� cos�

0
BBBBB@

1
CCCCCA�2: (5)

�1 does not transform under Uð1Þ0. Therefore, Uð1Þ0 is
broken softly when m2

12 does not vanish. Without loss of

generality, one can choose thevacuumexpectationvalues of

Higgs with the form given as

h�1i¼

0

0

vcos�

0

0
BBBBB@

1
CCCCCA; h�2i¼

vsin�sin�cos�0

�vsin�sin�sin�0

vsin�cos�cos�0

�vsin�cos�sin�0

0
BBBBB@

1
CCCCCA; (6)

where the range for �0 is ½0; 2�Þ and the range for� and� is

½0; �
2
�. We call the four order parameters as ’I ¼

ðv;�; �; �0Þ, (I ¼ 1, 2, 3, 4). Whenm12 vanishes, by taking

� ¼ �0 in Eq. (5), one can rotate �0 away in Eq. (6). For the
most general case, in total, there are four independent order

parameters when Uð1Þ0 symmetry is broken.

For completeness of our discussion, we give the con-

straints on the quartic couplings from condition that the

tree level potential is the bounded below[1,10,19]:

�1 > 0; �2 > 0; (7)

� ffiffiffiffiffiffiffiffiffiffiffi
�1�2

p � �3; (8)

� ffiffiffiffiffiffiffiffiffiffiffi
�1�2

p � �3 þ �4: (9)

In addition to the conditions on the quartic terms, one can

constrain the parameters, including the quadratic terms so

that the desired vacuum satisfies the global minimum con-

ditions of the potential. About the global minimum of the

tree potential, it was shown that the energy of charge

neutral vacuum is lower than that of the charge-breaking

vacuum [10]. We therefore set � zero. We also require the

vacuum expectation value of the second Higgs is much

smaller than that of the first Higgs, which implies that tan�
is small. In terms of the parametrization in Eq. (6) with

� ¼ 0, the potential can be written as

Vtreeðv;�; �0Þ ¼ Að�Þv4 þ Bð�; �0Þv2; (10)

where

Að�Þ ¼ �1

8
cos4�þ �2

8
sin4�þ

�
�3

4
þ �4

4

�
cos2�sin2�;

Bð�; �0Þ ¼ m2
11

2
cos2�þm2

22

2
sin2��m2

12 cos�
0 cos� sin�:

(11)

We first find the global minimum of Vtree. The stationary

conditions @Vtree

@’I
¼ 0 (I ¼ 1, 2, 4), are written as

vð2Av2 þ BÞ ¼ 0; (12)

2r4 ¼ sin2�
ð1� r1r2Þ cos2�þ r2 � r1r3

r2cos
22�þ ðr3 þ 1Þ cos2�þ r2

; (13)

m2
12 sin�

0 sin2� ¼ 0; (14)

where riði ¼ 1� 4Þ are defined as,
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r1 ¼
m2

11 �m2
22

m2
11 þm2

22

; r2 ¼
�1 � �2

�1 þ �2 � 2�3 � 2�4

;

r3 ¼
�1 þ �2 þ 2�3 þ 2�4

�1 þ �2 � 2�3 � 2�4

; r4 ¼
m2

12 cos�
0

m2
11 þm2

22

:

(15)

The stationary conditions in Eq. (12) and (13) correspond

to Eq. (36) of [14]. Here we solve them explicitly by

treating the soft breaking term m12 as perturbation. The

nonzero solution for v2 in Eq. (12) is written as

v2 ¼ � B

2A

¼ �4
m2

11 þm2
22

�1 þ �2 � 2�34

1þ r1 cos2�� 2r4 sin2�

cos22�þ r3 þ 2r2 cos2�
;

(16)

where �34 ¼ �3 þ �4. Substituting it into Vtree, one

obtains,

Vtree � Vmin ¼ � ðm2
11 þm2

22Þ2
2ð�1 þ �2 � 2�34Þ

� ð1þ r1 cos2�� 2r4 sin2�Þ2
cos22�þ 2r2 cos2�þ r3

: (17)

For nonzero m2
12 and sin2�, the solution of Eq. (14) is

sin�0 ¼ 0. One still needs to find � among the solutions

of Eq. (13), which leads to the minimum of Vmin. We

solve Eq. (13) and determine � by treating r4ðm2
12Þ as a

small expansion parameter. One can easily find the

approximate solutions as:

8>>>>>><
>>>>>>:

ð1Þ sin� ¼ �1m
2
12

jm2
22
�1�m2

11
�34j ; cos�0 ¼ signðm2

22�1 �m2
11�34Þ;

ð2Þ cos� ¼ �2m
2
12

jm2
11
�2�m2

22
�34j ; cos�0 ¼ signðm2

11�2 �m2
22�34Þ;

ð3Þ cos2� ¼ m2
11
ð�34þ�2Þ�m2

22
ð�34þ�1Þ

m2
11
ð��34þ�2Þþm2

22
ð��34þ�1Þ þOðr4Þ:

(18)

Corresponding to each solution, ð1Þ � ð3Þ of Eq. (18), the vacuum expectation value v2 and the minimum of the potential

are obtained.

ðv2; VminÞ ¼

8>>>>>>>><
>>>>>>>>:

ð1Þ
�
� 2m2

11

�1
þ 2�1ðm2

22 �m2
11Þ
�

m2
12

m2
22
�1�m2

11
�34

�
2

;� m4
11

2�1
þ m4

12
m2

11

m2
22
�1�m2

11
�34

�
;

ð2Þ
�
� 2m2

22

�2
þ 2�2ðm2

11 �m2
22Þ
�

m2
12

m2
11
�2�m2

22
�34

�
2

;� m4
22

2�2
þ m4

12
m2

22

m2
11
�2�m2

22
�34

�
;

ð3Þ
�
2
ð�34��2Þm2

11
þð�34��1Þm2

22

�1�2��2
34

þOðr4Þ; � �2m
4
11
�2m2

11
m2

22
�34þ�1m

4
22

2ð�1�2��2
34
Þ þOðr4Þ

�
:

(19)

The leading terms of the vacuum expectation values agree

with those obtained in Z2 symmetric model [18]. If

sin2� ¼ 0, then r4 must be vanishing and cos�0 ¼ 0
from Eq. (13) and (14). The vacuum energies of the non-

zero sin2� solutions are shown in Tables I. In Table II, the

vacuum energies of the solutions with sin2� ¼ 0 are

summarized.

Next, we derive the constraints on the parameters so that

the solution corresponding to (1) in Table I becomes the

global minimum of the potential. Since the other cases

(2)–(5) do not have desired properties, we restrict the

parameter space so that these solutions can not be a global

minimum. Since v must have large positive vacuum ex-

pectation value, m2
11 must be negative. In order that the

vacuum energy of (1) is lower than that of (4),

m2
22�1 �m2

11�34 > 0; ðcos�0 ¼ 1Þ: (20)

When Eq. (20) is satisfied and the solution (1) does exist,

one can show that the vacuum energy of solution (3) is

higher than that of (1). Furthermore, when m2
22 > 0, the

solutions corresponding to (2) and (5) are not realized.

Then one can state the region of parameter space, which

TABLE I. Classification of the solutions with nonzero sin2�
of the stationary conditions of Higgs potential. For (3), Oðr4Þ
correction is not shown.

(1) sin� ¼ Oðr4Þ � m4
11

2�1
� m4

12

�3þ�4�
m2
22

m2
11

�1

(2) cos� ¼ Oðr4Þ � m4
22

2�2
� m4

12

�3þ�4�
m2
11

m2
22

�2

(3) cos2� ¼ Oð1Þ � �1m
4
11
�2m2

11
m2

22
ð�3þ�4Þþ�2m

4
22

2ð�1�2�ð�3þ�4Þ2Þ

TABLE II. Classification of the solutions with sin2� ¼ 0.

cos�0 ¼ 0

(4) sin� ¼ 0 � m4
11

2�1

(5) cos� ¼ 0 � m4
22

2�2
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is consistent with the case that the vacuum (1) becomes

global minimum is

m2
11 < 0; m2

22 > 0; �34 >
m2

22

m2
11

�1: (21)

Next, we consider the case with negative m2
22. In this case,

we impose the additional condition so that the vacuum

energies corresponding to (2) and (5) are higher than that

of (1):

m4
11

�1

>
m4

22

�2

: (22)

Then, the condition for (1) is global minimum in this

case is

m2
11 < 0; m2

22 < 0; �34 >
m2

22

m2
11

�1;

�2

m2
11

m2
22

> �1

m2
22

m2
11

:

(23)

In the following sections, we explore the regions for the

parameters obtained in Eq. (21), (23), (8), and (9).

III. EFFECTIVE POTENTIAL IN ONE-LOOP

AND RENORMALIZATION

In this section, we derive the effective potential within

one-loop approximation. We introduce a real scalar fields

with eight components as �i ¼ ð�1
1; �

2
1; �

3
1; �

4
1; �

1
2; �

2
2;

�3
2; �

4
2ÞT , (i ¼ 1� 8). With the notation above, the one-

loop effective action is given as

�
1loop
eff ¼ i

1

2
lndetD�1ð�Þ; D�1 ¼ hþM2

T; (24)

whereM2
T is themass squaredmatrix of the Higgs potential,

M2
T ¼M2ð�Þþ m2

11� 1 0

0 m2
22� 1

 !
�m2

12�1;

M2ð�Þij ¼
@2Vð4Þ

tree

@�i@�j

; (25)

and where 1(0) denotes 4� 4 unit (zero) matrix. �1 is

defined as

�1 ¼
0 1

1 0

 !
: (26)

In Eq. (26), 1(0) also denotes a four by four unit (zero)

matrix. In modified minimal subtraction scheme, the finite

part of the one-loop effective potential becomes

V1loop ¼
	4�d

2

Z ddk

ð2�Þdi TrLnðM
2
T � k2Þ þ Vc;

¼ 1

64�2
Tr

�
M4

T

�
Ln

M2
T

	2
� 3

2

��
: (27)

Vc denotes the counterterms and the derivation of Vc can be

found in Appendix A.

IV. ONE-LOOP CORRECTIONS TO THE VACUUM

EXPECTATION VALUES

In this section, we compute the one-loop corrections to

the vacuum expectation values. Using the symmetry of the

model, in general, one can choose ’I ¼ ðv;�;�; �0Þ as the
vacuum expectation values of Higgs potential. Their values

are obtained as the stationary points of the one-loop cor-

rected effective potential V ¼ Vtree þ V1loop,

@V

@’I

¼ 0: (28)

By denoting the vacuum expectation values as sum of

the tree level ones and the one-loop corrections to them,

’I ¼ ’ð0Þ
I þ ’ð1Þ

I , one obtains the one-loop corrections,

’ð1Þ
I ¼ �ðL�1ÞIJ

@V1loop

@’J

��������’¼’ð0Þ
;

¼ � 1

32�2
ðL�1ÞIJ

X8
i¼1

�
OT @M

2

@’J

��������’¼’ð0Þ
O

�
ii

�M2
Di

�
ln
M2

Di

	2
� 1

�
; (29)

where M2
D is a diagonal 8� 8 tree level mass squared

matrix of Higgs sector and LIJ is 4� 4 matrix given by

the second derivatives of the tree level Higgs potential

with respect to the order parameters,

LIJ ¼
@2Vtree

@’I@’J

��������’¼’ð0Þ
: (30)

The diagonal Higgs mass matrix squared M2
D is related

to 8� 8 Higgs mass matrix squared M2
T in Eq. (25).

OTM2
T0O ¼ M2

D

¼

M2
Hþ 0 0 0 0 0 0 0

0 M2
Hþ 0 0 0 0 0 0

0 0 M2
A 0 0 0 0 0

0 0 0 M2
h 0 0 0 0

0 0 0 0 M2
H 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
;

(31)

where M2
T0 is obtained by substituting the vacuum expec-

tation values toM2
T .O is shown in Appendix D. SinceMD is

the 8� 8 diagonalmatrix which elements correspond to the

Higgs masses and zero mass of the would be Nambu-

Goldstone bosons, one may write Eq. (29) in a simple

form. The Higgs masses squared in Eq. (31) are given by
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M2
Hþ ¼ 1

2

�
1

8
ð�1 þ �2 þ 6�3 � 2�4 � cosð4�Þð�1 þ �2 � 2ð�3 þ �4ÞÞÞv2 þ ð1� cosð2�ÞÞm2

11 þ ðcosð2�Þ þ 1Þm2
22

þ 2 sinð2�Þm2
12

�
;

M2
A ¼ M2

Hþ þ �4v
2

2
;

M2
h þM2

H

2
¼ 1

4
ðð3�1cos

2ð�Þ þ 3sin2ð�Þ�2 þ �3 þ �4Þv2 þ 2m2
11 þ 2m2

22Þ;
M2

H �M2
h

2
¼ 1

8

�
f6 cosð2
Þðcos2ð�Þ�1 � sin2ð�Þ�2Þ þ ðcosð2ð�þ 
ÞÞ � 3 cosð2ð�� 
ÞÞÞð�3 þ �4Þgv2

þ 4 cosð2
Þm2
11 � 4 cosð2
Þm2

22 þ 8 sinð2
Þm2
12

�
; (32)

where 
 is an angle with which one can diagonalize the 2� 2 mass matrix for CP-even neutral Higgs. tan2
 is given as

tan2
 ¼ �4m2
12 þ 2 sin2�ð�3 þ �4Þv2

ð3ð��1cos
2�þ �2sin

2�Þ þ cos2�ð�3 þ �4ÞÞv2 � 2ðm2
11 �m2

22Þ
: (33)

To compute Eq. (29), we still need to calculateOT @M2

@’I
O and LIJ. They are shown in Appendix C. Using Eqs. (29) and (C1),

one can find the quantum corrections for � and �0 vanish:

�ð1Þ ¼ 0; �0ð1Þ ¼ 0: (34)

For vð1Þ and �ð1Þ, one obtains,

vð1Þ ¼ � 1

32�2

1

detL0

�
L22

X5
j¼1

�
OT @M

2

@’1

O

�
jj
M2

Dj

�
ln
M2

Dj

	2
� 1

�
� L12

X5
j¼1

�
OT @M

2

@’2

O

�
jj
M2

Dj

�
ln
M2

Dj

	2
� 1

��
;

�ð1Þ ¼ � 1

32�2

1

detL0

�
�L12

X5
j¼1

�
OT @M

2

@’1

O

�
jj
M2

Dj

�
ln
M2

Dj

	2
� 1

�
þ L11

X5
j¼1

�
OT @M

2

@’2

O

�
jj
M2

Dj

�
ln
M2

Dj

	2
� 1

��
;

(35)

where L0 is

L0 ¼ L11 L12

L12 L22

� �
: (36)

The elements of L0 are shown in Eq. (C4). Equation (35) corresponds to the one-loop exact formulas and is a main result

of the present paper. In the leading order of the expansion with respect to the symmetry breaking term m2
12, the

correction to v becomes

vð1Þ ¼ � v

32�2

�
3�1

�
ln
M2

H

	2
� 1

�
þ 2�3

M2
Hþ

M2
H

�
ln
M2

Hþ

	2
� 1

�
þ ð�3 þ �4Þ

�
M2

A

M2
H

�
ln
M2

A

	2
� 1

�
þ M2

h

M2
H

�
ln
M2

h

	2
� 1

��	
: (37)

The Higgs masses in the formulas are the ones in the limit of m12 ! 0,

M2
H ’ m2

11 þ
3

2
�1v

2; M2
A ’ M2

h ’ m2
22 þ

�3 þ �4

2
v2; M2

Hþ ’ m2
22 þ

�3

2
v2; (38)

where v is related to m2
11 as,

�1

2
v2 ’ �m2

11: (39)

The approximate formulas for the physical Higgs masses in Eq. (38), which are valid to the limit m12 ! 0, agree with
the ones given in [1] except the notational difference of MH and Mh. The one-loop correction to � in the leading order

expansion of m2
12 is given as
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�ð1Þ ¼ � �

32�2

�
2

�
�2 � �4 �

�3ð�3 þ �4Þ
�1

�
M2

Hþ

M2
A

�
ln
M2

Hþ

	2
� 1

�
þ
�
�2 �

ð�3 þ �4Þ2
�1

��
ln
M2

A

	2
� 1

�

þ
�
3�2 þ

�
2�� �3 þ �4

�1

�
ð�3 þ �4Þ

�
M2

h

M2
A

�
ln
M2

h

	2
� 1

�
� 2ð1þ �Þð�3 þ �4Þ

M2
H

M2
A

�
ln
M2

H

	2
� 1

�	
; (40)

where

� ¼ lim
m12!0




�
¼

M2
A �M2

H
�3þ�4

�1

M2
H �M2

A

: (41)

Equation (40) shows that the quantum correction is also

proportional to the soft-breaking parameter m2
12, which is

expected. We also note that the correction depends on the

Higgs mass spectrum and quartic couplings. The correla-

tion to Higgs spectrum is studied in the next section.

V. NUMERICAL CALCULATION

In this section, we study the quantum correction to� and

v numerically. As shown in Eq. (37) and (40), the quantum

corrections are written with four Higgs masses and the four

quartic couplings. Since the neutral CP even and CP -odd

Higgs of the second Higgs doublet are degenerate asMA ¼
Mh in the limit m12 ! 0 (See Eq. (38)), the three Higgs

masses ðMH;MA;MHþÞ are independent. Moreover, for a

given charged Higgs mass and neutral Higgs mass, �1 and

�4 are given as

�1 ¼
M2

H

v2
; �4 ¼ 2

M2
A �M2

Hþ

v2
: (42)

�2 and �3 are the remaining parameters to be fixed. The

lower limit of �3 obtained from Eq. (8) and (9) is written as

Max

�
�MH

v

ffiffiffiffiffiffi
�2

p
;�MH

v

ffiffiffiffiffiffi
�2

p �2
M2

A�M2
Hþ

v2

�
<�3: (43)

One can also write �3 with the charged Higgs mass

formulas,

�3 ¼
2

v2
ðM2

Hþ �m2
22Þ: (44)

Depending on the sign of m2
22, the upper bound and the

lower bound of �3 can be obtained for a given charged

Higgs mass. Combining it with Eq. (43), the constraints for

positive m2
22 case are,

Max

�
�MH

v

ffiffiffiffiffiffi
�2

p
;�MH

v

ffiffiffiffiffiffi
�2

p � 2
M2

A �M2
Hþ

v2

�
< �3

<
2M2

Hþ

v2
; ðm2

22 > 0Þ: (45)

When m2
22 � 0, in addition to the lower bound on �3, the

constraint on �2 in Eq. (22) should be satisfied:

2M2
Hþ

v2
� �3;

ffiffiffiffiffiffi
�2

p
>

�
�3 � 2

M2
Hþ

v2

�
v

MH

;

ðm2
22 < 0Þ: (46)

Now we study the quantum corrections numerically. We

fix the standard model like Higgs mass as MH ¼
130 ðGeVÞ. There are still four parameters to be fixed

and they are �2, �3, MA, and MHþ . Focusing on the

Higgs mass spectrum of the extra Higgs, we study the

radiative corrections for the following scenarios for

Higgs spectrum and the coupling constants.

A. Case for MA ¼ MHþ; degenerate charged Higgs

and pseudoscalar Higgs and a relation for vanishing

quantum correction �ð1Þ

We first study the corrections for degenerate charged

Higgs and pseudoscalar Higgs. In this case, for a given

degenerate mass, one can identify the values of coupling

constants �2 and �3, for which �ð1Þ vanishes. With MA ¼
MHþ , the relation for coupling constants which satisfies

�ð1Þ ¼ 0 is

�2¼
�2
3

3�1

8<
:2þ M2

H

M2
H�M2

Hþ

0
@1� M2

H

M2
Hþ

log
M2

H

	2 �1

log
M2

Hþ
	2 �1

1
A
9=
;

��3

3

0
@ M2

Hþ

M2
H�M2

Hþ
� M2

H

M2
H�M2

Hþ

M2
H

M2
Hþ

log
M2

H

	2 �1

log
M2

Hþ
	2 �1

1
A:
(47)

The set of coupling constants ð�3; �2Þ, which satisfy the

relation Eq. (47), are shown in Table III. We note that when

�2 is as large as 10, �3 is at most about 3. If �2 is 1, �3 is

lies in the range 0:55� 0:7.

TABLE III. The coupling constants ð�3; �2Þ which satisfy the

relation, Eq. (47) for the three degenerate masses MHþ ¼ MA ¼
100, 200 and 500 (GeV).

�2 �3 (MHþ ¼ 100) �3 (MHþ ¼ 200) �3 (MHþ ¼ 500)

0.14 0.19 0.16 0.18

0.28 0.28 0.28 0.28

0.56 0.41 0.47 0.42

1.0 0.55 0.69 0.59

10 1.8 2.8 2.0
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B. Non-Degenerate case MA � MHþ with the coupling

constants satisfying Eq. (47)

Next we lift the degeneracy by shifting the pseudoscalar

Higgs mass from the charged Higgs mass and study the

effect on �ð1Þ and vð1Þ. The nondegeneracy of the charged

Higgs mass and the pseudoscalar Higgs mass is con-

strained by � parameter. We change the pseudoscalar

Higgs mass within the range jMA �MHþj< 100 ðGeVÞ
allowed from the electro-weak precision studies. The cou-

pling constants ð�3; �2Þ are chosen from the sets of their

values satisfying the relation Eq. (47). In Fig. 1, we show
�ð1Þ
�

as a function of MA with charged Higgs mass MHþ ¼
100 ðGeVÞ. When MA ¼ 100 ðGeVÞ, the correction van-

ishes exactly. As we increase MA from 100 (GeV) (the

mass of charged Higgs), the correction becomes nonzero

and is negative. The corrections are at most about 1.3%

when �2 � 1. By increasingMA further, we meet the point

around at MA ’ 200 ðGeVÞ corresponding to that the cor-

rection vanishes again. In Fig. 2, we study the correction

�ð1Þ with larger charged Higgs mass case, MHþ ¼
200 ðGeVÞ. In contrast to the case for MHþ ¼
100 ðGeVÞ, by increasing MA from 200 (GeV) where the

correction vanishes, it increases and becomes positive. We

also note that the correction tends to be larger than the

lighter charged Higgs mass case. When �2 � 1, increasing
the pseudoscalar Higgs mass from 200 (GeV) to

300 (GeV), the correction is about 10%. As the pseudo-

scalar Higgs mass decreases from 200 (GeV) to 100 (GeV),

the correction becomes negative for 0< �2 � 1. With

the larger value �2 ¼ 10, we meet the point around at

MA ’ 150 ðGeVÞ where the correction vanishes again. In

Fig. 3, we study the further larger charged Higgs mass case,

i.e., MHþ ¼ 500 ðGeVÞ. With MA ’ 600 ðGeVÞ, the cor-

rection is positive and about 100%. The correction stays

small for 0< �2 � 1when decreasingMA from 500 (GeV)

to 400 (GeV).

FIG. 1. The quantum correction �ð1Þ
�

(gray lines) and vð1Þ
v

(black

lines) due to the nondegeneracy of charged Higgs and pseudo-

scalar Higgs masses. The pseudoscalar Higgs mass MA ðGeVÞ
dependence of the quantum corrections xð1Þ

x
(x ¼ �, v) is shown,

while the charged Higgs mass is fixed as MHþ ¼ 100 ðGeVÞ.
The set of parameters ð�3; �2Þ are chosen so that the correction

�ð1Þ vanishes for the degenerate case; MHþ ¼ MA ¼
100 ðGeVÞ. The values ð�3; �2Þ are taken from Table III and

they are (0.19, 0.14) (solid line), (0.28, 0.28) (dashed line), (0.41,

0.56) (dotted line), (0.55, 1) (dotdashed line), and (1.8, 10)

(thick solid line).

FIG. 2. The quantum correction �ð1Þ
�

(gray lines) and vð1Þ
v

(black

lines) due to the nondegeneracy of charged Higgs and pseudo-

scalar Higgs masses. The pseudoscalar Higgs mass MA ðGeVÞ
dependence of the quantum corrections xð1Þ

x
(x ¼ �, v) is shown

while charged Higgs mass is fixed as MHþ ¼ 200 ðGeVÞ. The
set of parameters ð�3; �2Þ are chosen so that the correction �ð1Þ

vanishes for the degenerate case; MHþ ¼ MA ¼ 200 ðGeVÞ.
The values ð�3; �2Þ are taken from Table III and they are

(0.16, 0.14) (solid line), (0.28, 0.28) (dashed line), (0.47, 0.56)

(dotted line), (0.69, 1) (dotdashed line), and (2.8, 10) (thick solid

line).

FIG. 3. The quantum correction �ð1Þ
�

(gray lines) and vð1Þ
v

(black

lines) due to the nondegeneracy of charged Higgs and pseudo-

scalar Higgs masses. The pseudoscalar Higgs mass MA ðGeVÞ
dependence of the quantum corrections xð1Þ

x
(x ¼ �, v) is shown

while charged Higgs mass is fixed asMHþ ¼ 500 ðGeVÞ. The set
of parameters ð�3; �2Þ are chosen so that the correction �ð1Þ

vanishes for the degenerate case;MHþ ¼ MA ¼ 500 ðGeVÞ. The
values ð�3; �2Þ are taken from Table III and they are (0.18, 0.14)

(solid line), (0.28, 0.28) (dashed line), (0.42, 0.56) (dotted line),

(0.59, 1) (dotdashed line), and (2, 10) (thick solid line).
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C. The correction vð1Þ
v

In Figs. 1–3, we also show the correction vð1Þ
v
as functions

of MA. v
ð1Þ is independent of �2 and does not necessarily

vanish at the same points where�ð1Þ vanishes. With �3 � 2
and MHþ � 200 ðGeVÞ, when the pseudoscalar Higgs

mass is much larger than that of charged Higgs mass; we

find a very large correction to v. In Fig. 4, we show that the

two dimensional surface, which corresponds to vð1Þ ¼ 0.
We find that the interior of the surface corresponds to the

region of the positive correction vð1Þ > 0, while the exte-

rior region of the surface corresponds to the negative

correction vð1Þ < 0.
In Fig. 5, we have shown the regions of (MHþ ;MA)

which correspond to that the corrections of jvð1Þj and

j�ð1Þj have the definite values (0, 0.01, 0.1). The dark

gray shaded area corresponds to the region where both

vð1Þ and �ð1Þ can vanish with taking account of the

conditions in Eqs. (7)–(9). We note that for MHþ ;MA >
200 ðGeVÞ, the quantum corrections vanish around the

region where the charged Higgs degenerates with the

pseudoscalar Higgs. When the corrections become larger,

the larger mass splitting of the pseudoscalar Higgs and

charged Higgs is allowed. However, as the average mass of

the charged Higgs and pseudoscalar Higgs increases, the

allowed mass splitting becomes smaller.

VI. DISCUSSION AND CONCLUSION

In this paper, the Dirac neutrino mass model of

Davidson and Logan is studied. In the model, one of the

vacuum expectation values of two Higgs doublets is very

small and it becomes the origin of the mass of neutrinos.

The ratio of the small vacuum expectation value v2 and

that of the standard-like Higgs v1 is tan� ¼ v2

v1
. Therefore,

tan� is very small and typically it is Oð10�9Þ. The small-

ness of tan� is guaranteed by the smallness of the soft

breaking term of Uð1Þ0.
We have treated the soft-breaking term as perturbation

and calculated, in particular, the vacuum expectation of

Higgs in the leading order of the perturbation precisely. As

summarized in Table I, only by including the soft breaking

terms, one can argue which of the local minima minimizes

the potential and becomes the global minimum. We have

studied the global minimum of the tree-level Higgs poten-

tial, including the effect of the soft breaking term as

perturbation.

Beyond the tree level, we study the quantum correction

to the vacuum expectation values and tan� in a quantitative

way. In one-loop level, we confirmed that tree-level vac-

uum is stable, i.e., the order parameters which vanish at

tree level do not have the vacuum expectation value as

quantum correction. In one-loop level, we derived the

exact formulas for the quantum correction to � in the

leading order of expansion of the soft breaking parameter

m2
12. We have confirmed not only that the loop correction to

tan� is proportional to the soft breaking term, but also

found that the correction depends on the Higgs mass

spectrum and some combination of the quartic coupling

constants of the Higgs potential. Technically, we carried

out the calculation of the one-loop effective potential by

employing O(4) real representation for SU(2) Higgs

doublets.

Dependence of the corrections on the Higgs spectrum

is studied numerically. We first derive a relation of the

FIG. 4. The two dimensional surface for vð1Þ ¼ 0.

FIG. 5. The regions of ðMHþ ;MAÞ, which correspond to

ðj vð1Þ
v
j; j �ð1Þ

�
jÞ ¼ ð0; 0Þ (dark gray), (0.01, 0.01) (gray), and

(0.1, 0.1) (light gray).
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coupling constants, which corresponds to the condition

that the correction to � vanishes for degenerate extra

Higgs masses. Next, we study the effect of nondegeneracy

of the charged Higgs and pseudoscalar Higgs on the

correction. If the charged Higgs mass is as light as

100 ðGeVÞ � 200 ðGeVÞ, allowing the mass difference

of charged Higgs and pseudoscalar Higgs is about

100 (GeV), the quantum corrections to both � and v
are within a few % for ð�3; �2Þ � ð0:5; 1Þ. If the charged

Higgs is heavy MHþ ¼ 500 ðGeVÞ, a slight increase of

the pseudoscalar Higgs mass from the degenerate point

leads to very large corrections to � and v.
One can argue the size of the quantum corrections to the

neutrinomass of themodel, because the ratio of the tree level

neutrino mass and one-loop correction can be written as

mð1Þ
�

m�

¼ vð1Þ

v
þ �ð1Þ

�
; (48)

where we take account of the corrections only due to Higgs

vacuum expectation values. The formulas in Eq. (48) imply

that radiative correction to neutrino mass is related to the

Higgs mass spectrum. Therefore, once Higgs mass spectrum

is measured in LHC, one can compute the radiative

correction to the mass of neutrinos using the formulas

of Eq. (48).
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APPENDIX A: DERIVATION OF ONE-LOOP

EFFECTIVE POTENTIAL

In this appendix, we give the details of the derivation of

the one-loop effective potential and the counterterm in

Eq. (27). One can split M2ð�Þij in Eq. (25) into the

diagonal part and the off-diagonal part as M2ð�Þij ¼
M2ð�Þij �M2ð�Þiiij. The divergent part of V1loop can be

easily computed by expanding it up to the second order of

M2,

V1loop ¼ Vð1Þ þ Vc;

Vð1Þ ¼ 	4�d

2

Z ddk

ð2�Þdi TrLnfðD
0–1
ii þM2

iið�ÞÞij þ M2
ij � �1m

2
12g

¼
X8
i¼1

	4�d

2

Z ddk

ð2�Þdi lnfD
0–1
ii þM2

iið�Þg �
X8
i;j¼1

	4�d

4

Z ddk

ð2�Þdi DiiðM2 � �1m
2
12ÞijDjjðM2 � �1m

2
12Þji þ . . . ;

(A1)

where

D�1
ii ¼ D0–1

ii þM2
iið�Þ;

¼
�
M2

ii þm2
11 � k2 ð1 � i � 4Þ;

M2
ii þm2

22 � k2 ð5 � i � 8Þ: (A2)

The diagonal parts of the propagators are given as,

Dii ¼
8<
:

1
M2

iiþm2
11
�k2

ð1 � i � 4Þ;
1

M2
iiþm2

22
�k2

ð5 � i � 8Þ: (A3)

In the modified minimal subtraction scheme, Feynman

integration is carried out with help of the well known

formulas of dimensional regularization

	4�d 1

2

Z ddk

ð2�Þdi logðm
2 � k2Þ

¼ � 1

64�2 ��
m4 þ m4

64�2

�
log

m2

	2
� 3

2

�
; (A4)

and

	4�d
Z ddk

ð2�Þdi
1

ðm2
i � k2Þðm2

j � k2Þ
��������div

¼ 1

16�2

1

��
;

(A5)

with 1
��
¼ 1

�
� log4� and � ¼ 2� d

2
. The divergent part of

Vð1Þ is
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Vð1Þ
div ¼ � 1

64�2 ��

�X4
i¼1

ðM2
ii þm2

11Þ2 þ
X8
i¼5

ðM2
ii þm2

22Þ2
	
� 1

64�2 ��

X8
i�j¼1

ðM2 �m2
12�1ÞijðM2 �m2

12�1Þji;

¼ � 1

32�2 ��

�
m2

11

X4
i¼1

M2
iið�Þ þm2

22

X8
i¼5

M2
iið�Þ þ 2ðm4

11 þm4
22Þ
�
� 1

64�2 ��
Tr½ðM2ð�Þ �m2

12�1ÞðM2ð�Þ �m2
12�1Þ�;

¼ � 1

64�2 ��
Tr½M4

T�: (A6)

The trace of Eq. (A6) is calculated in Eq. (B6) and (B11) of Appendix B, and the result is,

Vð1Þ
div ¼ � 1

32�2 ��
½m2

11f6�1ð�y
1�1Þ þ 2ð2�3 þ �4Þð�y

2�2Þg þm2
22f2ð2�3 þ �4Þð�y

1�1Þ þ 6�2ð�y
2�2Þg�

þ 2m2
12

64�2 ��
½ð2�3 þ 4�4Þð�y

1�2 þ�y
2�1Þ� �

8m4
12 þ 4ðm4

11 þm4
22Þ

64�2 ��

� 1

64�2 ��

h
ð12�2

1 þ 4�3�4 þ 4�2
3 þ 2�2

4Þð�y
1�1Þ2 þ ð12�2

2 þ 4�3�4 þ 4�2
3 þ 2�2

4Þð�y
2�2Þ2

þ ð12�1�3 þ 4�1�4 þ 8�2
3 þ 4�2

4 þ 12�2�3 þ 4�2�4Þð�y
1�1Þð�y

2�2Þ
þ ð4�1�4 þ 16�3�4 þ 8�2

4 þ 4�2�4Þj�y
1�2j2

i
: (A7)

Now the counterterms for the one-loop effective potential are simply given by changing the sign of the divergent part of

Eq. (A7),

Vc ¼ �Vð1Þ
div ¼

1

64�2 ��
Tr½M4

T�: (A8)

Using Eq. (A8) and (A4), one can derive the finite part of the one-loop effective potential given in Eq. (27).

APPENDIX B: DERIVATION OF EQ. (A7)

In this section, we present the derivation of Eq. (A7). We start with the quartic interaction terms of the Higgs potential,

Vð4Þ ¼ �1

8

�X4
i¼1

�2
i

�
2 þ �2

8

�X8
i¼5

�2
i

�
2 þ �3

4

�X4
i¼1

�2
i

��X8
j¼5

�2
j

�

þ �4

4
ðð�1�5 þ�2�6 þ�3�7 þ�4�8Þ2 þ ð�1�6 þ�3�8 ��2�5 ��4�7Þ2Þ: (B1)

By taking the derivatives of Vð4Þ, one can obtain the mass squared matrixM2ð�Þ. One first computes the first derivative of

Vð4Þ with respect to �i,

@Vð4Þ

@�i

¼

8>>>>>>>><
>>>>>>>>:

�1

8
2

�P
4
j¼1 �

2
j

�
2�i þ �3

2
�i

P
8
j¼5 �

2
j þ �4

2
fð�1�5 þ�2�6 þ�3�7 þ�4�8Þ�iþ4

þ ð�1�6 þ�3�8 ��2�5 ��4�7Þð1i�6 � 2i�5 þ 3i�8 � 4i�7Þg; ð1 � i � 4Þ
�2

8
2

�P
8
j¼5 �

2
j

�
2�i þ �3

2
�i

P
4
j¼1 �

2
j þ �4

2
fð�1�5 þ�2�6 þ�3�7 þ�4�8Þ�i�4

þ ð�1�6 þ�3�8 ��2�5 ��4�7Þð�5i�2 þ 6i�1 � 7i�4 þ 8i�3Þg: ð5 � i � 8Þ:

(B2)

The second derivatives are given as
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@2Vð4Þ

@�i@�j

¼

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�1

2

�
ij

P
4
k¼1�

2
kþ2�j�i

�
þ�3

2
ij

�P
8
k¼5�

2
k

�
þ�4

2
f�jþ4�iþ4

þð1j�6�2j�5þ3j�8�4j�7Þð1i�6�2i�5þ3i�8�4i�7Þg; ð1� i;j�4Þ;
�3�i�jþ�4

2

�
�iþ4�j�4þ

P
4
k¼1iþ4;j�k�kþ4þð�5j�2þ6j�1�7j�4þ8j�3Þ

�ð1i�6�2i�5þ3i�8�4i�7Þþð�1�6þ�3�8��2�5��4�7Þ
�ð1i6jþ3i8j�2i5j�4i7jÞ

	
; ð1� i�4;5� j�8Þ;

�3�i�jþ�4

2

�
�i�4�jþ4þ

P
4
k¼1i�4;j�k�kþ4þð1j�6�2j�5þ3j�8�4j�7Þ

�ð�5i�2þ6i�1�7i�4þ8i�3Þþð�1�6þ�3�8��2�5��4�7Þ
�ð1i6jþ3i8j�2i5j�4i7jÞ

	
; ð5� i�8;1� j�4Þ;

�2

2

�
ij

P
8
k¼5�

2
kþ2�j�i

�
þ�3

2
ij

�P
4
k¼1�

2
k

�
þ�4

2
f�j�4�i�4þð�5j�2þ6j�1�7j�4þ8j�3Þ

�ð�5i�2þ6i�1�7i�4þ8i�3Þg; ð5� i;j�8Þ:
(B3)

With Eq. (B3), the diagonal sums of M2 are given as

X4
i¼1

M2
ii ¼ 3�1

X4
i¼1

�2
i þ 2�3

X8
i¼5

�2
i þ �4

X8
i¼5

�2
i ¼ 6�1�

y
1�1 þ ð4�3 þ 2�4Þ�y

2�2; ð1 � i � 4Þ;

X8
i¼5

M2
ii ¼ 3�2

X8
i¼5

�2
i þ 2�3

X4
i¼1

�2
i þ �4

X4
i¼1

�2
i ¼ 6�2�

y
2�2 þ ð4�3 þ 2�4Þ�y

1�1; ð5 � i � 8Þ: (B4)

The counterterm in Eq. (A8) includes the following contribution:

Tr ½ðM2ð�Þ �m2
12�1ÞðM2ð�Þ �m2

12�1Þ� ¼ Tr½M2ð�ÞM2ð�Þ � 2m2
12�1M

2� þ 8m4
12: (B5)

The second term of Eq. (B5) is proportional to

Tr ½m2
12�1M

2� ¼ ð2�3 þ 4�4Þð�1�5 þ�2�6 þ�3�7 þ�4�8Þm2
12 ¼ ð2�3 þ 4�4Þð�y

1�2 þ�y
2�1Þm2

12: (B6)

The first term of Eq. (B5) can be decomposed as

Tr ½M2ð�ÞM2ð�Þ� ¼
X4
i;j¼1

M2ð�ÞijM2ð�Þji þ 2
X4
i¼1

X8
j¼5

M2ð�ÞijM2ð�Þji þ
X8
i;j¼5

M2ð�ÞijM2ð�Þji: (B7)

Each term of Eq. (B7) is given as

X4
i;j¼1

M2ð�ÞijM2ð�Þji ¼ 3�2
1

�X4
i¼1

�2
i

�
2 þ 3�1�3

X4
i¼1

�2
i

X8
j¼5

�2
j þ �1�4

�X8
i¼5

�2
i

X4
j¼1

�2
j þ ð�1�5 þ�2�6 þ�3�7 þ�4�8Þ2

þ ð�1�6 þ�3�8 ��2�5 ��4�7Þ2g þ �3�4

�X8
i¼5

�2
i

�
2 þ �2

3

�X8
i¼5

�2
i

�
2 þ �2

4

2

�X8
i¼5

�2
i

�
2

¼ 12�2
1ð�y

1�1Þ2 þ ð12�1�3 þ 4�1�4Þð�y
1�1Þð�y

2�2Þ þ 4�1�4j�y
1�2j2

þ ð4�3�4 þ 4�2
3 þ 2�2

4Þð�y
2�2Þ2; (B8)
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X4
i¼1

X8
j¼5

M2ð�ÞijM2ð�Þji ¼ �2
3

X8
i¼5

�2
i

X4
j¼1

�2
j þ 2�3�4

�X4
i¼1

�i�iþ4

X4
j¼1

�j�jþ4 þ ð�1�6 ��2�5 þ�3�8 ��4�7Þ2
	

þ �2
4

2

�X4
i¼1

�2
i

X8
j¼5

�2
j þ 2

�X4
i¼1

�i�iþ4

�
2 þ 2ð�1�6 ��2�5 þ�3�8 ��4�7Þ2

	

¼ ð4�2
3 þ 2�2

4Þð�y
1�1Þð�y

2�2Þ þ ð8�3�4 þ 4�2
4Þj�y

1�2j2; (B9)

X8
i;j¼5

M2ð�ÞijM2ð�Þji ¼ 3�2
2

�X8
i¼5

�2
i

�
2 þ 3�2�3

X8
i¼5

�2
i

X4
j¼1

�2
j þ �2�4

�X4
i¼1

�2
i

X8
j¼5

�2
j þ ð�1�5 þ�2�6 þ�3�7 þ�4�8Þ2

þ ð�1�6 þ�3�8 ��2�5 ��4�7Þ2
	
þ �3�4

�X4
i¼1

�2
i

�
2 þ �2

3

�X4
i¼1

�2
i

�
2 þ �2

4

2

�X4
i¼1

�2
i

�
2

¼ 12�2
2ð�y

2�2Þ2 þ ð12�2�3 þ 4�2�4Þð�y
1�1Þð�y

2�2Þ þ 4�2�4j�y
1�2j2

þ ð4�3�4 þ 4�2
3 þ 2�2

4Þð�y
1�1Þ2: (B10)

From Eqs. (B8)–(B10), one obtains,

Tr½M2ð�ÞM2ð�Þ� ¼ ð12�2
1 þ 4�3�4 þ 4�2

3 þ 2�2
4Þð�y

1�1Þ2 þ ð12�2
2 þ 4�3�4 þ 4�2

3 þ 2�2
4Þð�y

2�2Þ2
þ ð12�1�3 þ 4�1�4 þ 8�2

3 þ 4�2
4 þ 12�2�3 þ 4�2�4Þð�y

1�1Þð�y
2�2Þ

þ ð4�1�4 þ 16�3�4 þ 8�2
4 þ 4�2�4Þj�y

1�2j2: (B11)

Using Eqs. (B4)–(B6) and (B11), one can derive Eq. (A7).

APPENDIX C: ½OT @M2

@’I
O�jj AND LIJ

In this appendix, we show ½OT @M2

@’I
O�jj and LIJ, which are needed to calculate one-loop corrections to the order

parameters ’ð1Þ
I in Eq. (29). ½OT @M2

@’I
O�jj (I ¼ 1, 2, 3, 4) are given as

�
OT @M

2

@�
O

�
jj
¼ 0;

�
OT @M

2

@�0
O

�
jj
¼ 0: (C1)

�
OT @M

2

@v
O

�
jj
¼ 2v

�
OT @M

2

@v2
O

�
jj

¼ v

4

1
2
ð�1 þ �2 þ 6�3 � 2�4 � cosð4�Þð�1 þ �2 � 2ð�3 þ �4ÞÞÞ

1
2
ð�1 þ �2 þ 6�3 � 2�4 � cosð4�Þð�1 þ �2 � 2ð�3 þ �4ÞÞÞ

1
2
ð�1 þ �2 þ 6�3 þ 6�4 � cosð4�Þð�1 þ �2 � 2ð�3 þ �4ÞÞÞ

12f�2cos
2
sin2�þ cos2�sin2
�1g þ ð3 cos2ð�� 
Þ � cos2ð�þ 
Þ þ 2Þð�3 þ �4Þ

12f�1cos
2�cos2
þ sin2�sin2
�2g þ ð�3 cos2ð�� 
Þ þ cos2ð�þ 
Þ þ 2Þð�3 þ �4Þ

0
BBBBBBBBB@

1
CCCCCCCCCA
; (C2)

and

�
OT @M

2

@�
O

�
jj
¼ v2

sin2�

2

�2cos
2ð�Þ � sin2ð�Þ�1 � cosð2�Þð�3 þ �4Þ

�2cos
2ð�Þ � sin2ð�Þ�1 � cosð2�Þð�3 þ �4Þ

�2cos
2ð�Þ � sin2ð�Þ�1 � cosð2�Þð�3 þ �4Þ

3�2cos
2ð
Þ � 3sin2
�1 þ 1

2 sin2� ðsinð2ð�þ 
ÞÞ � 3 sinð2ð�� 
ÞÞÞð�3 þ �4Þ
�3�1cos

2ð
Þ þ 3sin2ð
Þ�2 � 1
2 sin2�

ðsinð2ð�þ 
ÞÞ � 3 sinð2ð�� 
ÞÞÞð�3 þ �4Þ

0
BBBBBBBBB@

1
CCCCCCCCCA
: (C3)
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Next, we show LIJ in Eq. (30). Note that LIJ is symmetric LIJ ¼ LJI and its nonzero elements are:

L11 ¼ cos2�m2
11 þ sin2�m2

22 � 2 cosð�Þ sinð�Þm2
12 þ

1

2
½3v2f�1cos

4ð�Þ þ sin2ð�Þð2ð�3 þ �4Þcos2ð�Þ þ sin2ð�Þ�2Þg�;

L22 ¼ v2

�
� cos4�

4
ð�1 þ �2 � 2ð�3 þ �4ÞÞv2 þ cos2�

4
ð�2 � �1Þv2 þ 2m2

12 sin2�� cos2�ðm2
11 �m2

22Þ
	
;

L12 ¼ L21 ¼ v

�
� sin4�

4
ð�1 þ �2 � 2ð�3 þ �4ÞÞv2 þ 1

2
sin2�ð�2 � �1Þv2 � 2m2

12 cos2�� sin2�ðm2
11 �m2

22Þ
	

L33 ¼ � 1

8
v2 sinð2�Þðv2 sinð2�Þ�4 � 4m2

12Þ;
L44 ¼ v2 cosð�Þ sinð�Þm2

12: (C4)

APPENDIX D: ORTHOGONAL MATRIX O IN EQ. (31)

Here we show the orthogonal matrix O in Eq. (31).

O ¼

0 � sin� 0 0 0 0 cos� 0

� sin� 0 0 0 0 cos� 0 0

0 0 0 sin
 cos
 0 0 0

0 0 � sin� 0 0 0 0 cos�

0 cos� 0 0 0 0 sin� 0

cos� 0 0 0 0 sin� 0 0

0 0 0 cos
 � sin
 0 0 0

0 0 cos� 0 0 0 0 sin�

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

: (D1)
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Pair production of the neutral and charged Higgs bosons is a unique process that is a signa-
ture of the two-Higgs-doublet model. In this paper, we study the pair production and decays of
the Higgses in the neutrinophilic two-Higgs-doublet model. The pair production occurs through
the and gauge boson fusion process. In the neutrinophilic model, the vacuum expectation
value (VEV) of the second Higgs doublet is small and is proportional to the neutrino mass. The
smallness of VEV is associated with the approximate global U(1) symmetry, which is slightly
broken. Therefore, there is a suppression factor for the U(1) charge breaking process. The sec-
ond Higgs doublet has U(1) charge; its single production from gauge boson fusion violates the
U(1) charge conservation and is strongly suppressed. In contrast to the single production, the
pair production of the Higgses conserves U(1) charge and the approximate symmetry does not
forbid it. To search for the pair productions in a collider experiment, we study the production
cross section of a pair of charged Higgs and neutral Higgs bosons in + − collisions with a center
of energy from 600 GeV to 2000 GeV. The total cross section varies from − fb to − fb for
the degenerate (200 GeV) charged and neutral Higgs mass case. The background process to the
signal is the gauge boson pair + + production and their decays. We show that the signal over
background ratio is about 2–3% by combining the cross section ratio with ratios of branching
fractions.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1. Introduction

While LHC have already started constraining many new physics models, there are a few aspects
in the beyond-standard models into which future + − colliders [1,2] could make unique searches
because of their clean environments. In this paper, we study the signature of the neutrinophilic two-
Higgs-doublet model [3] in + − collisions by focusing on the pair production and decays of the
charged Higgs and neutral Higgs bosons.

In the neutrinophilic model, a second Higgs doublet is introduced and the neutrino masses are
generated from the tiny VEV (vacuum expectation value) of the second Higgs doublet. The new U(1)
global symmetry is introduced. The second Higgs doublet and right-handed neutrinos have the U(1)
charge +1 and the other fields do not have that charge. The U(1) global symmetry is approximate and
is broken explicitly by the soft breaking bilinear term with respect to the second Higgs doublet and to
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the standard-model-like Higgs doublet. The tiny VEV of the second Higgs generated is proportional
to the coefficient of the mass dimension two in the bilinear term.

In the model, any U(1) charge-violating process is suppressed by the tiny VEV. This also implies
that the probability amplitude is suppressed and is proportional to neutrino mass. An example of a
suppressed process is a single second Higgs production with gauge boson fusion. In contrast to the
single second Higgs production, the pair production of the second Higgs is a U(1) charge conserv-
ing process. Therefore, it is not suppressed. The processes in this category are ∗(γ ∗) → + −,

+ + − → + + −, and + + → + + ( = , ), where +, , and denote the
charged Higgs, CP-odd Higgs, and CP-even Higgs in the second Higgs doublet, respectively.

In the LHC set-up, the charged Higgs pair production + → ∗(γ ∗) → + + − is studied
in Ref. [4]. In Ref. [5], vector boson fusion into the light CP-even Higgs pairs is studied at the LHC.
In Ref. [6], di-Higgs production in various scenarios is discussed. In Ref. [7], the standard model
Higgs boson pair production is studied. In addition, see Ref. [8] for the ratio of the cross section of
the single Higgs boson and the pair production cross section in the context of the standard model.

In our work, in + − collisions, the pair production of the charged Higgs ( +) and neutral Higgs
( ) in the second Higgs doublet is studied. We derive the pair production cross section, + + − →
ν + − + + + ( = , ).

The paper is organized as follows. In Sect. 2, we set up the Lagrangian that is used in the calculation
of charged Higgs and neutral Higgs production. In Sect. 3, we derive the expression of the cross
sections for pair production from + + − collisions. In Sect. 4, the cross sections, including the
various differential cross sections, are numerically computed and compared to the standard model
background cross section. In Sect. 5, the decays of the charged Higgs and neutral Higgs are discussed
and the dependence on the charged lepton flavor in the final state is studied. Section 6 is devoted to
the summary.

2. Two-Higgs-doublet model with softly broken global symmetry

In this section, we present the Lagrangian to set up the notation and also to display the interaction
terms that are relevant to the calculation in later sections. The Higgs potential is given by [3]:

=
∑
= ,

(
� � + λ

(� � )

)
− ( � � + . .)

+ λ (� � )(� � ) + λ |� � | . (1)

The two Higgs doublets in the unitary gauge are parameterized as [9]:

� =
⎛
⎝v β√

⎞
⎠ +

⎛
⎝ − β +

γ + γ − β√

⎞
⎠ ,

� =
⎛
⎝v β√

⎞
⎠ +

⎛
⎝ β +

γ − γ + β√

⎞
⎠ . (2)

The new U(1) charge for � (� ) is (+ ). The term proportional to is the U(1) breaking
term. and denote CP-even Higgses, denotes a CP-odd Higgs. In our notation, is close to
the standard-model-like Higgs, a different notation from Ref. [3]. In most of the present paper, we
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PTEP 2013, 093B02 T. Morozumi and K. Tamai

follow the notation of Ref. [9]. β is the ratio of two VEVs and is given approximately as [3]:

β = . (3)

v is the squared sum of two VEVs. γ is the mixing angle of CP-even Higgses given by [9]:

γ = − − + β(λ + λ )v

( (−λ β + λ β) + β(λ + λ ))v − ( − )
. (4)

Then one can write the covariant derivative terms for the two doublets, including the electroweak
interactions of the Higgses with gauge bosons:

∑
= ,

μ� μ� �
(

+
μ

μ− + μ
μ

)
( (β + γ ) + (β + γ ) )

+ ( μ − μ) ( + μ− + − μ+)( (β + γ ) − (β + γ ))

− ( + μ− − − μ+) + θ

θ
μ(∂μ − + − ∂μ + −)

+ (β + γ )

θ
(∂μ − ∂μ ) μ +

{
(β + γ ) +μ( ∂μ

− − ∂μ
−)

+ +μ( −∂μ − ∂μ
−) + . .

}
. (5)

One notes that a single CP-even Higgs boson ( or ) could be produced by the gauge boson fusion
process + + −( + ) → or . There is no single CP-odd Higgs production from gauge
boson fusion. The absence of terms like +

μ
−μ is due to CP symmetry. We also note that the

CP-even Higgs is mostly the real part of the down component of the second Higgs � . Its coupling
to the gauge boson pair operators +μ −

μ and μ
μ is suppressed as (β + γ ). Since β and

γ are suppressed to zero in the vanishing limit of the U(1) breaking term , the gauge boson
fusion to is forbidden in the limit. As for the decays of charged Higgs and neutral Higgs, the Yukawa
coupling to the right-handed neutrino is important. Assigning the U(1) charge + to the right-handed
neutrino [3], it is written in terms of mass eigenstates as:

L = − ν ψ �̃ ν

� −ν

(
ν

v

)
ν

γ − γ

β
+ ν

(
ν

v

)
γ ν β

+
√

β

(
ν

v

)
ν − + . ., (6)

where ν denotes the neutrino masses and denotes the Maki–Nakagawa–Sakata (MNS) matrix.

3. Cross section of e+ + e− → ν̄ + e− + W+∗ + Z∗ → ν̄ + e− + H+ + A

In this section, we present the formulae for the cross section of + + − → ν̄ + − + +∗ + ∗ →
ν̄ + − + + + (see Fig. 1).

3/16

 at (D
) H

iro
sh

im
a U

 C
h
u
o
 L

ib
 o

n
 Jan

u
ary

 1
3
, 2

0
1
4

h
ttp

://p
tep

.o
x
fo

rd
jo

u
rn

als.o
rg

/
D

o
w

n
lo

ad
ed

 fro
m

 



PTEP 2013, 093B02 T. Morozumi and K. Tamai

Fig. 1. Feynman diagram of charged Higgs + and CP-odd Higgs production in + − collisions. The
production occurs through + and fusion, which is shown by the circle.

Fig. 2. Contact interaction.

We define

σ + ≡ σ( + + − → ν + − + + + ); = , . (7)

We write the cross section for + production as:

σ + =
+ −

∫
( π)

+

( π) ( +) ( π) ( )

ν

ν̄

×
∑

| | ( π)δ ( + + − + − − − ν̄ ). (8)

+ − is the center-of-mass (cm) energy of the + and − collision. + and denote the momenta
of the positron and electron of the initial state. , + , , and ν̄ are the momenta of the final states,
i.e., electron, charged Higgs, neutral Higgs, and anti-neutrino respectively. The transition amplitude

is given by

= − μν
( − )( − )

√ ( )γ ν( + ) ( )v +( +)γ μ vν̄( ν̄), (9)

where = − and = + + − . denotes the chiral projection = −γ . ( )

denotes sine (cosine) of the Weinberg angle. μν denotes the off-shell amplitude for +∗
μ + ∗

ν →
+ + production. This corresponds to the circle in Fig. 1, and the Feynman diagrams that

contribute to μν are shown in Figs. 2–5.
The second-rank tensor μν is given as:

μν = μν =
θ

(
μν + ν +μ + +ν μ

)
, (10)

4/16
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PTEP 2013, 093B02 T. Morozumi and K. Tamai

Fig. 3. S channel exchange.

Fig. 4. U channel.

Fig. 5. T channel.

where we introduce the real amplitude ∗
μν = μν (the on-shell case is shown in Ref. [10]). , ,

and in Eq. (10) are given as:

= + − − + −
+ − + − + −

+ − ,

5/16
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PTEP 2013, 093B02 T. Morozumi and K. Tamai

= − θ

− +
− ( θ + )

+ − ,

= (β + γ )

− + ( θ + )

+ − , (11)

with = ( + − ) , = ( − ) , and + = ( + + ) . The spin-averaged ampli-
tude squared is given as:

∑
| | = |( − )( − )| μν

∗
ρσ

νσ μρ
+ν̄

, (12)

where νρ is a leptonic tensor of the neutral current and μσ
+ν̄

is that of the charged current. They
are written in terms of the symmetric part and the anti-symmetric part :

νσ = νσ + νσ ,

νσ = ( + + )( ν σ − νσ · + σ ν),

νσ = ( + )ενασβ
α β, (13)

μρ
+ν̄

= μρ
+ν̄

+ μρ
+ν̄

,

μρ
+ν̄

= (
μ
ν̄

ρ
+ − μρ

ν̄ · + + ρ
ν̄

μ
+),

μρ
+ν̄

= εμαρβ
ν̄α +β. (14)

We define the transpose matrix as μν = νμ. In terms of these, one can write the differential cross
section as:

σ + =
+ − π

∣∣∣∣∣(( − ) − )(( + − ν̄ ) − )

∣∣∣∣∣
× ( μν

νσ
σρ

ρμ
+ν̄

+ μν
νσ

σρ
ρμ
+ν̄

) , (15)

where denotes an -dimensional phase space integral. For = , this is defined as:

= + ν̄

+ ν̄

δ ( + + − − ν̄ − + − ). (16)

In the center-of-mass frame of the + − collision, the amplitude is independent of the rotation around
the beam axis. One can also set the direction of the + beam to the direction and the momentum
of the electron in the final states to the plane. Therefore, after one integrates the azimuthal angle
and the anti-neutrino momentum, one obtains as:

= π θ θ φ θ φ

× + +

+
δ(

√ − + − − − ν̄ ). (17)

The momentum of the electron in the final states is specified by a polar angle (θ ) in the orthogonal
frame in which the positron momentum is chosen as the axis:

pe+ =
√

+ −
e3, pe = −

√
+ −

e3,

qe = |qe|( θ e2 + θ e3),

e1 = e2 × e3. (18)

6/16
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PTEP 2013, 093B02 T. Morozumi and K. Tamai

One can define a new orthogonal coordinate spanned by the basis vectors e′ ( = –3):

e′
3 = qe

|qe|
= θ e2 + θ e3,

e′
2 = − θ e3 + θ e2,

e′
1 = e1. (19)

θ and φ denote the momentum direction of the charged Higgs relative to that of the electron in
the final state:

qH+ = |qH+|( θ φ e′
1 + θ φ e′ + θ e′

3). (20)

Finally, (θ , φ ) denote the direction of momentum for the neutral Higgs . θ is a polar
angle measured from the direction qe + qH+ :

qA = | |( θ φ e′′
1 + θ φ e′′

2 + θ e′′
3), (21)

e′′
3 = qe + qH+

|qe + qH+| , e′′
1 = qe × qH+

|qe × qH+| , e′′
2 = e′′

3 × e′′
1. (22)

In terms of the angles defined, the phase space integration is written:

= π θ θ φ θ φ

× + +

+ ν̄

δ(
√ − + − − − ν̄ )

ν̄ =
√

|qe + qH+| + + θ |qe + qH+|, (23)

where we denote = |qA|, + = |qH+|, and = |qe|. The integration over the variable θ

is carried out and we obtain:

= π θ θ φ φ
+

+
+ |qe + qH+|

× θ( ν̄ − ||qH+ + qe| − ||)θ(|qe + qH+| + − ν̄ ), (24)

where

ν̄ = √
+ − − − − + . (25)

The step functions in Eq. (24) imply phase space boundaries. Using Eq. (24), the differential cross
section is:

σ +

+ θ θ φ φ
(26)

=
π

∣∣∣∣∣(( − ) − )(( + − ν̄ ) − )

∣∣∣∣∣
× ( μν

νσ
σρ

ρμ
+ν̄

+ μν
νσ

σρ
ρμ
+ν̄

)
+

+ |qe + qH+|
× θ( ν̄ − ||qH+ + qe| − ||)θ(|qe + qH+| + − ν̄ ). (27)

We carry out the rest of the integration numerically.
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PTEP 2013, 093B02 T. Morozumi and K. Tamai

Fig. 6. The gauge boson pair production cross section (σ ) for + + − → + + + ν + − (solid
line) and the Higgs pair production cross sections (σ + ) for + + − → + + + ν + −. The horizon-
tal axis denotes center-of-mass energy,

√
+ − (GeV), of the + − collision. The long dashed line with the

cross symbol × corresponds to the case ( + , ) = ( , ) (GeV). The dotted line with the boxes �

corresponds to ( +, ) = ( , ) (GeV) and the short dashed line with asterisks ∗ corresponds to
( + , ) = ( , ) (GeV).

4. Numerical results

In this section, we present the numerical results for the cross sections. We have carried out the phase
space integrations by using the Monte Carlo program, bases [11]. We have studied three sets of
charged Higgs and neutral Higgs masses:

( +, ) = ( , ), ( , ), ( , ) ( ). (28)

As shown in Ref. [9], for these input values of charged Higgs and neutral Higgs masses, the radiative
corrections to the VEVs, β and v, are within .

We show the total cross sections σ + with respect to the center-of-mass energy (
√

+ −) of the
+ − collision in Fig. 6. Then we plot the following 1D differential cross sections in Figs. 7–11:

�σ + ( ) =
∫ +�

−�

σ +
, � = (GeV), (29)

�σ + ( +) =
∫ ++� +

+−� +
σ +

+
+, � + = (GeV), (30)

�σ + ( θ ) =
∫ θ +� θ

θ −� θ

σ +

θ
θ , � θ = . , (31)

�σ + ( θ ) =
∫ θ +� θ

θ −� θ

σ +

θ
θ , � θ = . , (32)

�σ + (φ ) =
∫ φ +�φ

φ −�φ

σ +

φ
φ . �φ = π

. (33)

8/16
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PTEP 2013, 093B02 T. Morozumi and K. Tamai

Fig. 7. The differential cross sections �σ + and �σ as functions of the momentum (GeV)
for the final state electron. We have chosen the width of each bin as � = (GeV). The solid line
marked with the plus sign + corresponds to + + − → + + + ν + −. The other lines denote the
three cases for + + − → + + + ν + −. The long dashed line marked with the cross symbol ×
corresponds to the case ( + , ) = ( , ) (GeV). The dotted line marked with the boxes � corre-
sponds to ( + , ) = ( , ) (GeV) and the short dashed line marked by asterisks ∗ corresponds to
( + , ) = ( , ) (GeV). The center-of-mass energy is (GeV).

For comparison, we have also computed the gauge boson production cross section. We used the
formulae in Ref. [12] for the + → + scattering amplitude:

σ ≡ σ ( + + − → ν + − + + + ). (34)

We plot σ in Fig. 6 as well as the differential ones, �σ ( = – ) for the weak gauge boson
pair ( + and ) production in the standard model; see Figs. 7–11. This can be a background process
to Higgs pair production. Explicitly, we write the differential cross section �σ ( = – ), which
is defined analogous to those defined for the case of Higgs production in Eqs. (29)–(33):

�σ ( ) =
∫ +�

−�

σ
, � = (GeV), (35)

�σ ( ) =
∫ +�

−�

σ
, � = (GeV), (36)

�σ ( θ ) =
∫ θ +� θ

θ −� θ

σ

θ
θ , � θ = . , (37)

�σ ( θ ) =
∫ θ +� θ

θ −� θ

σ

θ
θ , � θ = . , (38)

�σ (φ ) =
∫ φ +�φ

φ −�φ

σ

φ
φ , �φ = π

. (39)
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Fig. 8. The differential cross section �σ + with respect to the charged Higgs momentum + .
The horizontal axis denotes + (GeV). The long dashed line marked with the cross symbol × cor-
responds to the case ( +, ) = ( , ) (GeV). The dotted line marked with the boxes � corre-
sponds to ( + , ) = ( , ) (GeV) and the short dashed line marked by asterisks ∗ corresponds to
( + , ) = ( , ) (GeV). The center-of-mass energy is (GeV) and the width of each bin (� + )
is (GeV). For comparison, we also show the solid line with the plus sign + for the , pair production
cross section, �σ as a function of the momentum of the boson in the final state (GeV). For the cross
section, the horizontal axis denotes the boson momentum.

 θe

Fig. 9. The differential cross sections �σ + for + + − → + + + ν + − with respect to θ , where
θ denotes the angle between the final electron momentum and the initial positron momentum. The long dashed
line marked with the cross symbol × corresponds to the case ( + , ) = ( , ) (GeV). The dotted line
marked with the boxes � corresponds to ( + , ) = ( , ) (GeV) and the short dashed line marked
by asterisks ∗ corresponds to ( + , ) = ( , ) (GeV). The center-of-mass energy is (GeV) and
the width of each bin (� θ ) is 0.2. For comparison, we show the cross section �σ of the process
+ + − → + + + ν + − with a solid line. We use the formulae for the + → + scattering

in Ref. [12]. The center-of-mass energy of the + − collision is (GeV).
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θeH θeW

Fig. 10. Differential cross sections for �σ + and �σ . The horizontal axis corresponds to θ and
θ . θ (θ ) is the angle between the momentum of the final electron and that of the charged Higgs

boson ( boson). The solid line marked with the plus sign + corresponds to production. The other
three lines are Higgs pair production. Among them, the long dashed line marked with the cross symbol ×
corresponds to the case ( + , ) = ( , ) (GeV). The dotted line marked with the boxes � corre-
sponds to ( + , ) = ( , ) (GeV) and the short dashed line marked by asterisks ∗ corresponds to
( + , ) = ( , ) (GeV). The center-of-mass energy is (GeV) and the bin widths � θ and
� θ are . .

φ φeH eW

Fig. 11. Differential cross sections �σ + and �σ . The horizontal line denotes the azimuthal angles
φ and φ (radian). The solid line marked with the plus sign + corresponds to production. The other
three lines are Higgs pair production. Among them, the long dashed line marked with the cross symbol ×
corresponds to the case ( + , ) = ( , ) (GeV). The dotted line marked with the boxes � corre-
sponds to ( + , ) = ( , ) (GeV) and the short dashed line marked by asterisks ∗ corresponds to
( + , ) = ( , ) (GeV). The center-of-mass energy is (GeV) and the bin widths �φ and �φ

are π .
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We summarize what one can read from these cross-section figures (Figs. 6–11) as follows:

◦ The total cross section for Higgs pair production σ + increases as the center-of-mass energy
of the + − collision grows until it reaches to 2000 (GeV). Even in the case for the lightest
Higgs pair masses that we have chosen, the cross section is at most . fb. Compared with
gauge boson pair production σ , the ratio

σ +
σ

is of the order of ∼ − .
◦ The differential branching fractions with respect to the electron momentum in final states and

with respect to the charged Higgs spectrum are limited by phase space and, for lighter Higgs
pair masses, the momentum of the electron is larger.

◦ The distribution of the direction of the electron in the final states peaks strongly at θ = − .
This implies that the electron is scattered in the forward direction with respect to the incoming
electron. This happens because the virtuality of the ∗ boson is minimized in this case.

◦ Regarding the azimuthal φ angle distributions, we find that the charged Higgs momentum is
more likely to lie within the range ≤ φ ≤ π than in π ≤ φ < π .

5. The signature of charged Higgs and neutral Higgs pair production

As we have seen from the studies of the previous section, the cross section and the differential cross
sections of the Higgs pair production are much smaller than gauge boson pair production. Consid-
ering this smallness, one may wonder if such Higgs pair production and its decays have distinct
signals. Here we consider the charged lepton flavor dependence of the charged Higgs decays into
an anti-lepton and a neutrino. Note that the dominant neutral Higgs decay channel is a neutrino and
anti-neutrino pair when the neutral Higgs and charged Higgs are degenerate as | − +| < .
We study the degenerate case. In this case, the neutral Higgs decay products are invisible and the
visible decay product is a charged anti-lepton + from the charged Higgs decay. Therefore, the whole
process starting from the + − collision to Higgs decays looks like:

+ + − → ν + − + + +
→ ν + − + +ν + ν ν . (40)

One finds the same final state as in Eq. (40) in the gauge boson pair production process of the + −

collision as follows. By replacing the charged Higgs boson with a + boson and the neutral Higgs
boson with a boson in Eq. (40), the decay channels → ν ν and + → +ν lead to the same
final state as that of Eq. (40):

+ + − → ν + − + + +
→ ν + − + +ν + ν ν . (41)

Since Eq. (41) has a common final state with Eq. (40), they look indistinguishable. However, as
pointed out in Ref. [3], the branching fraction of the charged Higgs decay into an anti-lepton is flavor
non-universal and depends on the lepton family. It is written in terms of the neutrino mixings and
masses, for which precise data, excluding the lightest neutrino mass and CP-violating phase, are
now available. Since the boson decay into an anti-lepton is flavor-blind, we study the lepton flavor
dependence of charged Higgs decay by taking the ratio with the weak gauge boson pair production
and decay branching fractions. The ratio we define is

=
∑

= , σ + ( → νν̄)

σ ( → νν̄)

( + → +ν )

( + → +ν )
, (42)
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PTEP 2013, 093B02 T. Morozumi and K. Tamai

Fig. 12. The ratio of the cross sections of Higgs pair production and gauge boson pair production σ + +σ +
σ + as a

function of the center-of-mass energy of the + − collision
√

+ − (GeV). The solid line corresponds to the case
for ( + , ) = ( , ) (GeV). The dashed line corresponds to the degenerate case, = + =
(GeV). The dotted line corresponds to the case ( + , ) = ( , ) (GeV).

where we use the shorthand notation ( → νν̄) = ∑
( → ν ν̄ ) for = , , . Using the

notation, one can write as

= σ +

σ

( → νν̄)

( → νν̄)

( + → +ν )

( + → +ν )
, (43)

where we use the fact that the production cross sections for CP-even and CP-odd Higgs with ( )

charge are almost identical to each other, i.e., σ + � σ + (see Appendix A). We also use the
branching fractions that satisfy

( → νν) = ( → νν̄) = . (44)

We show the ratio of the cross sections in Fig. 12. When Higgs masses are degenerate,
= + = (GeV), the ratio of the cross section is about . × − for

√
+ − =

(GeV). In what follows, we use this value as a benchmark point for the ratio of the cross sections
in Eq. (43). The other branching fractions that appear in Eq. (43) are quoted from the Particle Data
Group (PDG) [13]:

( + → τ+ν) = . ± . ,

( + → μ+ν) = . ± . ,

( + → +ν) = . ± . ,

( → νν̄) = . ± . . (45)

Using the numerical values, one can write ( = , μ, τ) as:

= . × ( + → +ν)
σ +

σ
,

μ = . × ( + → μ+ν)
σ +

σ
,

τ = . × ( + → τ+ν)
σ +

σ
, (46)

where ( + → ν) in should be substituted. The charged Higgs can decay into charged leptons
and a neutrino. In contrast to the leptonic decay of the boson, the branching fractions for each
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Fig. 13. ( = , μ, τ) for the normal hierarchical case as functions of the lightest neutrino mass (eV).
The dotted line corresponds to , the dashed line corresponds to μ, and the solid line corresponds to τ .

flavor of charged lepton are obtained from Eq. (6) [3]:

( + → +ν ) =
∑

= | |∑
=

× . (47)

We update the branching fraction to each lepton flavor mode using the recent results on | |. For
the normal hierarchy case, the branching fractions are written as:

( + → +ν ) = + � | | + (� + � )| |
+ � + �

× . (48)

In the formulae of Eq. (48), denotes the lightest neutrino mass. For the inverted hierarchical case,
they are written as:

( + → +ν ) = + � (| | + | | ) − � | |
+ � − �

× , (49)

where denotes the lightest neutrino mass. We have used the following values for the mixing angles
and mass-squared differences quoted from Table 13.7 in Sect. 13 of Neutrino Mass, Mixing, and
Oscillation of Ref. [13]: θ = . , θ = . , θ = . , = . × −

(eV ), and = . × − (eV ). The subscripts ’sol’ and ’atm’ for the mass squared differences
imply solar neutrinos and atmospheric neutrinos respectively. In Fig. 13, we show ( = , μ, τ)

for the normal hierarchical case as functions of the lightest neutrino mass . In Fig. 14, we show
for the inverted hierarchical case as functions of the lightest neutrino mass . As we can see

from Figs. 13 and 14, we can expect 2–3% lepton flavor dependence from charged Higgs decay. We
summarize the flavor dependence as follows:

◦ For the normal hierarchical case, for ≤ < . (eV), μ > τ � . For larger up to
. eV, μ ∼ ∼ τ = . .

◦ For the inverted hierarchical case, > μ > τ for < < . eV.

6. Conclusions and discussions

In this paper, we study the pair production of charged Higgs and neutral Higgs bosons in the neu-
trinophilic two-Higgs-doublet model. The pair production process is not suppressed by the U(1)
charge conservation. In other words, the approximate global symmetry allows the pair production to
occur.
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Fig. 14. ( = , μ, τ) for the inverted hierarchical case as functions of the lightest neutrino mass (eV).
The dotted line corresponds to , the dashed line corresponds to μ, and the solid line corresponds to τ .

We study the total cross section for the pair production in an + − collision. The pair produc-
tion occurs through boson and boson fusion. We study the pair production and the decays for
degenerate masses of charged Higgs and neutral Higgs as well as the non-degenerate case. The cross
section increases from − fb to − fb as the cm energy of + − varies from 1 (TeV) to 2 (TeV).
The cross section is compared with that of , pair production. We show that the Higgs pair produc-
tion is about − times smaller than the pair production cross section of gauge bosons. Therefore, if

decays invisibly into neutrino pairs and the boson decays into an anti-lepton and a neutrino, the
gauge boson pair production and its decays become a background to the signal. When the charged
Higgs ( +) and neutral Higgs ( = , ) are degenerate as | + − | < , which is favored
from the electroweak precision data, the charged Higgs dominantly decays into an anti-lepton and a
neutrino and the neutral Higgs dominantly decays into a neutrino and anti-neutrino pair. Compared
with these, the and decay branching ratio in the same final state is smaller than that of Higgs
decays and is flavor-blind. Therefore, by studying the charged anti-lepton flavor in the final state, we
may distinguish the Higgs pair production and its decays from that of gauge bosons. We expect 2–3%
flavor dependence, which is null for the gauge boson decays. Depending on the normal or inverted
hierarchy of the mass spectrum of neutrinos, the order of , μ, and τ changes. We show the differ-
ential cross sections with respect to the electron and charged Higgs momenta. The differential cross
sections with respect to the angles of the electron and the charged Higgs in the final states are also
shown. These are also important in identifying the signals.

Appendix. Amplitude of W+∗ + Z∗ → H+ + h

In this appendix, we show the off-shell charged Higgs and CP-even neutral Higgs ( ) boson
production amplitude for gauge boson fusion +∗ + ∗ → + + :

μν = (β + γ )

θ

(
μν + ν +μ + +ν μ

)
, (A1)

where we compute the four Feynman diagrams corresponding to the contact interaction (Fig. 2), the
S channel + exchange (Fig. 3), the U channel charged Higgs exchange (Fig. 4), and the T channel
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CP-odd Higgs ( ) exchange (Fig. 5). , , and in Eq. (A1) are given as:

= − − − − + −
+ − − − + −

+ − ,

= θ

− +
+ ( θ + )

+ − ,

= − − − ( θ + )

+ − , (A2)

with = ( + − ) , = ( − ) , and + = ( + + ) . By taking the vanishing limit
of the U(1) breaking term, i.e., → , β and γ vanish. Note also that, in this limit, one can show

= and − μν = μν with the appropriate replacement → (see Eq. (10)). Therefore,
in this limit, the production amplitudes for + and + are identical to each other, σ + = σ + .
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