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Chapter 1 

Introduction 

For αεC and r > 0， set IDl(α，r) = {zεC: Izーα|くr}and IDl = IDl(O， 1). For 
c E IDl and 0 < pく1we also setム(c， p) = {z E IDl : 1 z -cl/ 11 -ez 1 < p}. Let 

旬(IDl)be the class of analytic functions in the unit disk IDl endowed with the 

topology of uniform convergence on compact subsets of IDl. Let p E (0，∞) . 

For a function f ε冗(IDl)， we put 

μp(f， z) = (1 -lzI2)Plf'(z)l， z E IDl. 

A function 1 is called a p-Bloch function provided 

11/11伽=supμp(f， z) = sup(l -IzI2)PI/'(z)1 
zε][)) zεD 

is finite. We denote byap the complex Banach space consisting of p-Bloch 

functions 1 on {l} normalized by 1(0) = 0:怒p= {f E冗(IDl): f(O) = 
O，lIfll!Bpく∞}.We aIso denote by 23"f the closed unit baII of !.BP， i.e.， 

ai = {f E ap : IIfll伊豆 1}.

In [9] K-J.Wirths proved the fol1owing 
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TheoremA11 1ε9311 then (1' -l' (0)) / s E 931+1，ωhe陀

s = 2(α+ l)i1r/2ua(1ーY!)日+1

Uα=ホ((勺己+1)'"-1) 
As an application of Bonk's result， Sugawa and the author obtained the 

following Fekete・Szegotype inequality. 

Theorem B. Letμεc. Then Ib2 +μb~1 ~ C(μ) is valid lor every lunction 

F(z) = b1 + b2z2 +・・・ tnsi， ωhe陀

( 1+ 3v'31μ13 + (1 + 31μ12)3/2 

C(μ) = ~ω 州μ12 (!μ1> 3~) 
(!似 3~)

Furthermore we derived a sharp inequality for the thirdcoefficient of a 

uniformly locally univalent function 1 (z) = z +α2Z2 +α3Z3 +・・・ on the 

unit disk with pre-:Schwarzian norm 11勾IID= sUPzED(l -Iz12)1勾(z)1~λ 
for a given入>0， where T， = 1"/1' is the pre-Schwarzian derivative 
of f. In the present article we shall determine the variabi1ity region for 

fヤ。)when 1 ranges over the class 931 with 1'(ZI) =ωbiι， VP(Zoi ZI，ω1) 
:= {f'(zo) : 1 E 931， f'(ZI) = Wl}， where Zo， ZIε]]))，ω1 E C with Zo -:/: ZI 

and IW11三1/(1ー IZI12)P.We shall also give sharp distortion estimates as its 

corollary. When p = 1， for related results see [4]， [5]， [10] and [11]. 
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Chapter 2 

Preliminaries 

For αεlIT， set 

九(z)=ξ吉正D
Then 九 isa conformal automorphism of lIT and T;l = La. For αE lIT and 

fE冗(lIT)put 

{Z，，， '~\\_"~\"-'~ (Z ~， f' ー α\(1-1α12)P
九f(z)= Jo f' (Ta(())T~(()P d( = Jo f' ¥可)è~ _ ;，)~P d(， z E lIT 
It is easy to田ethat T;l = T_a・Fromthe identity IT~(z)I/(l -ITa(z)12) = 
1/(1 -Iz12) we have 

μp(丸f，z) = (1 -IzI2)PI(Taf)' (z)1 (2.1) 

- M  
11ーαZl2p 1"' ¥1-az 

一 (1-1亡;J)l'(:二)1
一(1-ITa(z)12)Plf'(Ta)1 

ー (1-IzI2)PIf' (Ta(z))IIT~(z)IP 

ー μ'p(f，Ta(Z)). 
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Therefore Ta acts on ap as an isometry. 
It is not difficult to see that for any 8， <p E IR 

VP(e旬ZO;eirpzt， eiOωd = ei6Vf(zo; Zt，ω1)' (2.2) 

Actually if Woε VP(zo; Zt，ω1)， then there exists f E ai s吋 1that f(Zj) = Wj 

for j = 0，1. Put j(z) = ei(rp+6) f(e~irpz). Then j E怒fand f'(eirpzj) = 

♂f(Zj) = ei6ωIj for j = 0，1. Thus eiO初oE VP(eirpzo; eirpzt， ei6wt} and hence 

we have 

ei6VP(zO; Zt，Wt} C VP(e旬ZO;eirp ZI， e九1)'

By replacing zo， ZI and Wl with e-iψZo， e-irpzl and e-i6wt， we have 

ei6VP(e-irpzo; e-irpzt， e-i6wl) C VP(zo; Zt，ωt}. 

By replacing 8 and ψwith -8 and-机 wehave 

VP(ei勺0;ei伊ZI，eωWl)C eωVP(Zo; Zb Wl)' 

For any αε JI)) we also have 

VP(九(zo);Ta(Zt}， WdT~(Zt}P) =ーと-VP(zo;zhW1)・ (2.3) 
T~(ZO)P 

For f E ai with f'(Zj) =ωj for j = 1， 2 and αε JI)) we have T-af εai and 

f'(T-a(Ta(Zj)))T~a(Ta(Zj))P = Wj/ 

and hence 

合 εVP(九(ZO川合)

-LvP(Z仙川)c VP ( Ta(ZO); Ta(Zl)， _1 ~1 ¥n ) 
T~(ZO)P \'ァ~(Zt}p) 



By replacing αwith -αand then Zj with Ta(Zj) for j = 0，1， the reverse 

inclusion relation follows. 

By virtue of (2.2) and (2.3)， without loss of generality we may assume 

ZI = 0，ω-αE [0，1] and Zo = r E (0，1). Indeed for any zo， z!， t九 weput 

α= Zl. Then 

VP(z仏間)= T:
1 
(zo)PVP ( TZ1 (zo);九(Z1)」」)¥ ， T;l (Zl)P ) 
(1 -IZlI2)P T TfJ ( ¥ ( 1~Oζ~ ; 0， (1 -IZlI2)句d
(1一言i"zO)2p ¥1- ノ

Put re勾=台三;andmt8=(1-lZ1|2)PttJI，where nα三oandψ，8 E R 

Then 
(1 -IZlI2)P 

VP(Zo;九初1)= ei9VP(T;o，α) 
(1ー宥ZO)2p

wh附e白悦町…r問町e付…T戸=1阿鵠矧|ドい同同ε則仰州叩山山(仰似仰川川0仏仰川叫，1)，り仏)， α刊=引=(1ο1 一|附z勾叶d机川d♂川仰12門12)pりザ)P
for z，勾0εID>and 0 ~壬5α5三; 1 

り(ZO)= VP(zo; 0， 0:) = {f勺。): f ε街(α)}， (2.4) 

where ai(α) = {f E ap : 1'(0) =α， IIflh~p 壬 1}. Note that Vt(zo) = 

り(lzo1). 

For any fixed αε[0，1] and rε(0，1) it is easy to see that the制 V:(r・)is 

a compact convex subset of C. This is a consequence of the fact that ai(α) 

is also compact and convex in 冗(ID>).We next see thatαis an interior point 

ofり(r).It is proved by using 

G(Z) =αH52z3 

for ωwhich belongs to 1日(α，pr2).Then we have G E al(α)， because G(O) = 
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Figure 2.1: 

0， G'(O) =αand 

IG'(z)l(l -Izl2)p = Iα+午 z21(1 -Izl2)p 

孟(α+plzI2)(1 -IZJ2)p ~ (1 + plzI2)(1 -Izl2)p ~ 1. 

Furthermore it follows from 

G'(r) =α+宅O'r2=ω 
.，.- () 

thatωE Vt(r). As a result， since D(α，pr2) C η(r)，αis an interior point 

of l守(r).

Thus η(r) is a closed Jordan domain， i.e.，θ1守(r)is a simple closed 

curve and Vt ( r) is the union ofθVt(r) and its inner domain. Since we have 

the trivial relation 

lτ(zo) C D(O， (1 -IzoI2)-P)， 

the following simple but useful fact holds. 

Lemma 2.1・lfIf'(zo)I =" (1-両市 forsome f E笥(α)，then f'(zo)巴
θり(zo)(see Figure 2.1). 
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Chapter 3 

Extremal functions and main 

results 

To state our theorem explicitly we need to introduce some functions which 

are extremal for the results in this article. 

Let M(t) =初計(努rt(1 -t2)p， 0幻壬1. Then M(t) is 
strictly increasing on [0，1/ v'布芋i]，strictly decreasing on [1/ゾ布字i，1] and 

M(l/V2P宇i)= 1. The function 

B(←牢(ヰ)Pz2， zeID> 
satisfies 

ゆ)=占有(2Po~1) P Izl(1 -lzI2)P = M(lzl)三1，zeID> 
¥ 2p ) 

with equality if and only if Izl = 1/ゾ布宇T.Let m : [0， 1]→[0，1/ゾ事宇可
be the inverse function of the restriction M![O，llゾ相]・ The function m is 

strictly increasing with m(O) = 0， m(1) = 1/ V2P宇T.
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A half cl制 ofextremal functions is obtained by putting for αE [0，1] 

Bα(z) = Tm(a)B(z) (3.1) 

= l
z
ρz))Bg引凡'(仇らh同刈凶州)バμ刈((ωCο)川 ω 

r(叫
p

lz…川)
-() 

2p
ー

(1-m(α)()肘 1

Precisely by integration and M(m(α))=αwe have 

Bα(z) = 
2p(2~p -1)m(α)3 
α 

{1+ド1+川+川(σ2いい
pト刊川一→寸引1)伽附)川m

一1-(σ2p -1り)m(い例α吋)戸2~ ， (ο1一m(α)μ川z吟)2
p ，-r -，.."'-， J 

when p =/: t， and 
L__ 1m(α)(1 -m(α)2)z) 

Ba(z) =一一{log - } 
(α)3 r-o 1 -m(α)z 1 -m(α)z J 

when p = t. By (2.1) we have jJ，p(Bα， z)三1with equa1ity if and only if 
ITm(α)(z)I=1/ゾ布平τ.From 

広(z)=布訂(叫
p
(1-m(α)2)p加(α)-z) 

¥ 2p} (1-m(α)Z)2p+1 

we obtain 

B~(Ò) =布可2p土lym(叫(1-m(α)2)p = M(m(α)) =α(3.2) 
¥ 2pノ

Thus for each αE [0，1] the function Ba satisfies Bα(0) = 0， B~(O) =αand 

jJ，p(Ba， z) ~ 1 on ]IJ) with equality if and only if ITm(α)(z)1 = 1/ゾ事宇T.In 

particular Ba E af(α). 

Theorem 3.1. For Zo Eム(m(α)，1/ゾ布すわ therelation B~ (zo)εθVt(zo) 

holds. Furthermore for f E af(α)， !'(zo) = B~(zo) holds if and only if 

f=Ba. 
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Figure 3.1: 

We shall prove Theorem 3.1 in chapter 4. By Theorem 3.1 and V~(zo) = 

η(lzoD we have.for fixed r E (0，1) the mapping 8 1-+ B~(rei8) gives an arc 

contained in a九(r)，whenever問 i8εム(m(α)，1/";布字1).By an elementary 
calculation we have 

ム(m(α)，1/布訂)=Df2:pm(α) 冴訂(1-m(α)22) 
¥2p+1-m(α)2' 2p + 1-m(α)2 ) 

Hence 

lI} (0.~ - .ftP宇Im(α2')
\~' ..;事宇I-m(α)) 

is the 1町gestdisk with center 0 which is contained inム(m(α)，1/、/事τ1)

and 

JI)l (0. ~+初計m(α2')
\~' ..;事宇I+m(α)) 
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is t蜘h恥esr庇ma

3斗Fui"抗the児ermo町re1百fz，勾oE8ム(仰m(伊例α吋)，1/-./布宇T苛)，t出he叩nwe have 

μ'p(B，α，ZO) =μp(Tm(a)B， ZO) =μp(B， Tm(a) (ZO)) = M(ITm(α)(zo)l) = 1. (3.3) 

By Lemma 2.1， this shows B~(zo) εδり(zo) ，when勾巴θム(m(α)，1/ゾ事宇τ).
From these considerations it seems natural that the following theorem holds. 

Theorem 3.2. Forαε[0，1] and r E (0，1) the variability regionη(r) is α 

convex closed Jordan domain bounded byθり(r).

(i)附くT41rm，the加倒的何(r)町附1， byい仰ng
(-7r， π] ヨ 0 ←→ B~(re勺.

(ii) For与気味;)くTく克詑羽}，ルt抗恥h恥ebot仰側u町md
oザift包ωω10α問rcsr1 and r 2 • He陀 r1 is given by the mα:pping [一九(r)，Oa(r)]3 

o I-t B~(reiIJ) ， ωhe陀

((2p+ 1-m(α)2)r2 + (2p + l)m(α)2 _1¥ 
Oa(r) =ぽCCosll

¥ 4prm(α) ) 

The α陀 r2 is the， circular a陀∞ntainedinδ1Dl(0， (1 -r2)-P)ωth 
endpoints B~(reiIJQ(r)) ιnd B~(re-iIJQ(r)) 的αt passes through the point 

(1 -r2)-p. 

(五i)bVZ忠135TくL的e伽 nd仰 θη(r)ωincides州 thewhole 
circle θ1Dl(0， (1 -r2)-P). 

Furthermore I'(r) = B~(ré6) hold，s for some f E a-i(α)αnd (r，O)ε 

(0，与1T33)×ROT(rj)ε[可否ヨロ)，!諮問)日(帆(r))， 
if and only if f(z) = e-iIJ Bα(eiIJ z). 
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Wheη= 2 and α=会(1)2，we candraw l守(r)by Mathematica. 

B 

'.1 

Figure 3.2: r = 0.06 Figure 3.3: r = 0.4 Figure 3.4: r = 0.8 

To show r2 c ol守(r)in case (ii) and θlD>(0， (1 -r2)-P)= ol守(r)in case 
(iii)， we shall construct a function f E af (α) satisfying f' (r) = Wo for any 

ωo E r 2 in case (ii) and for any ωo E olD>(O， (1 -r2)-P) in case (iii). For 
αε[0，1)，入ε(O，p]and ()εIR put 

{Z (1-a2)λ(α-() .11" 

，o(z) = I ん h(入，1/../荻宇1)(1ーバ)払+l{1_ (e-iO()2}p-λづ (3.4) 

where h(λ，x) = x(1-x2)λ，0:::; x 三1，is strictly increasing on [0，1/必ヌτ1]

and strictly decreasing on [1/../2文字τ，1].We note that 
h(λ，α) 

F:λ，0(0) = 
h(A， 1/../2文字1)

13 
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and 

μp(凡，.¥，0，z) 
(1 -a2)λ|α-zl 

= (1 -lzI2)P 
h(入，1/必支宇i)11-αZl2λ+111-(e-iOz)2Ipーλ

ITa(Z)"T~(z)1λ 
= (1 -lzI2)P 

h(入，1/..;2丈宇i)11-
(1 -lzI2)P-λ 

= 一一一ー‘|九(z)1(1-ITa(z)12)λ 

-h(λ，1九(z)1) ( 1-lzl2 ¥P-λ 
h(入，1/必文字i)¥11-(e-内)21ノ
. < 1 

(3.6) 

with equality if and only if ITa(z)1 = 1/必丈τiand e-iOzεR  

Proposition 3.1. Let αE [0，1]. 

(i)-Ifαε[0， 1)， then for αny Zo E ID>¥ム(m(α)，1/ゾ号τi)the陀 exists

a unique pair (α(zo)， A(zo))ωth 0く λ(zo)く pand 0三α(zo)く
1/~宇T such thαt 

h(入(z仏α(Zo))=αh(入(z仏1/、12λ(Zo)+ 1)， (3.7) 
|九(zo)(勾)/= r，;、)、 4 ・ (3.8)

The functionsα(zo)αd入(zo)α陀 co耐 nuoωonID>¥ム(m(α)，1/、/事宇i).

(ii)庁α=1， then forαny Zo E IDl(1/2， 1/2)¥[ム(1/.fti宇T，1/V2P宇T)u
{0，1}] the陀 uniquelyexistsλ(zo) such thαt 

|九1"'2.¥(zo)+1{zo)1 = JA、，l、 4 ・ (3・9)
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The function入(ZO)is continuous on 11)(1/2，1/2)¥[s(m(1)， 1/.j2p宇i)u

{0，1}]. 

Combining Proposition 3.1， (3.5) and (3.6) it follows that凡(叫λ(zo)ん ε

~Hα) and F!(お)，λ{叫内(ZO)E θ11)(0，1/(1 -IzoI2)p)， where 90 = argzo・This

and some more analysis on behavior of F!(.oω(叫ん(zo)will complete the 

proof of Theorem 3.2. See Chapter 5 for details. Furthermore as a conse-

quence of Theorem 3.2， we obtain the following corollary. 

Coroll町 3.1.Supposeαε [0，1] and f ε~i(α). 

f2p + 1 ¥ P (1 -m(α)2)p(m(α) -Izl) 
Re f'(坊さ B~(lz l) = .J2p + 1 (一一)

¥ 2.p) (1-m(α)Izl)勾+1

ωth e伊αl均 αtz = rei9， rε(0，写智治~)，ザαndonly if f(z) = 
♂Bα(e-i9z). In partic仇 r，ωehαve Rβf'(z) > 0 for Izl < m(α). 

(ii) For Izlく与気23
f2p+ 1 ¥P (1-m(α)2)p(m(α) + Izl) 

If'(z)1 ~ B~(ー Iz l) = ..fiP宇i(一一一)
¥2p) (1 + m(α)IZI)2P+l 

ωth equality at z = rei9， r E (0，与訳おt)， if and川 f(z)= 
-e9Bα(-'e-i9 z). 

The proof of Corollary 3.1 will be given in Chapter 3. The following 

corollary is obtained directly by integrating inequalities in Corollary 3.1. 

Corollary 3ふ SupposeQ' E [0， 1] and f E ~i (α). 
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(i) FOT | z l g xrm p ω悦eh伽m仰附y汚eRe釧f汽作削(μωz吟)沿主Bι削aバ0(1り|ド州附zlめ1)μ)い川川t包ωlJ1.幼t抗heq伊仰t
何 t叱9ペFザandonl匂y~ザiff(μωz吟)= eiω8Bαa(e-iω8らz吟).

(ii) For Izl $与rmpωehave If(z)1三一Bα(一Izl)ωithequαl均 αt
z = rei8， if and only if f(z) = _ei8 Ba( _e-i8z). 

From CorolIary 3.1 and the Wolff-Warschawski・NoshiroTheorem it fol-

lows that f E af (α) is univalent in lIJ)(0， m(α))， when 0く α三1.Since 

B~(m(α)) = 0， Ba is not univalent'in any larger disk lIJ)(0， m(α)+ε) for any 

ε>0. 

Corollary 3 ふ The radiω of univalence for af ( α ) is m( α吋).Mo 陀 p 陀問cisel匂y，

ザαE(卯0，1可]αndfεg渇3巧f引(α)，then f i白sun山t
unlessf(μz) = eiω8B.αバ(e-→tω8Z吟)for 80me 0 E R. 
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Chapter 4 

Proofs of Theorem 3.1 and 

Corollary 3.1 

First， we consider the case thatαε[0，1) in Theorem 3.1. We need the 

following lemma. 

Lemma 4.1. Let IDl1 αnd IDl2 be disks 凶thCl E IDl1 and C2 E IDl2 • Suppose 

that F : IDl1→IDl2 isαconformal mα:ppmgωth F(cI) = C2・LetdllJ)lαnd dllJ)2 
be the hyperbolic distαnces on IDl1αnd IDl21陀spectively.lf f : IDl1→IDl2 is an 

αnαlytic function似thf(Cl) = C21 then 

ð~ (J(z)， C2)三dllJ)l(z， Cl)， z E IDl1・

Fu仙 rmoref(zo) = F(zo)αt some ZoεIDl1¥{叶 holdsif and only if f = F. 

We can easily verify Lemma 4.1， and so we omit its proof. 

Proof of Theo陀m3.1 in the case when 0 ~α く1. Let f ε窓口α). Then 
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IDl1 

f 

F 

Figure 4.1: 

from T_m(α)!εaHα) we have for Izlく1/、/事宇T

(2p+ 1 ¥P I (T_m(α)/)'(z) Iくく(-l'n~ 4 J 
リー(1-lzI2)p ¥ 2p ) 

and by M(m(α))=α，we have 

IDl2 

(T叩 J)'(-m(α))= α =占有 (2p()~1) p m(α) = 'Ypm{α)， 
ハーI~.\2\n ¥ 2p ) 

whe門=布訂(等)P.Letting IDl1 = { z E C: Izlく市)叩d防=
(ωεC:Iω|く(等)P}，(T_m(α)!)' is aωalytic map向 ofIDl1 into IDl2 
with (T_m(α)!)'(-m{α)) = 'Ypm{α). Applying Lemma 4.1 we have for Izlく

1/、/事宇T

6防 ({T_m(α)!)'(z)，'Ypm(α))壬6肌(z，-m(α)). (4.1) 

Take Zo Eム(m(α)，1/.j2pτT) = T_m(α) (IDld with Zo # 0 arbitrarily 

and put Zl = Tm(α) (zo)(εIDld. Let JI))o be the closed hyperbolic subdisk of 

IDl2 with目前er'Ypm(α) and radius dllJil (z!， -m(α)). Then by (4.1) we have 
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(T-m(a)/)'(zt)ε]]))0. Thus 

f'(Lm(α)(ZI))T~m(α) (Zt}p E ]]))0・

This implies 

一臥
"
r
-
q
 

α
一、
m
一，

C
」ou z
 

f
J
 

Hence we have 
(1-m(α)2)Pー

η(zo)C D0・ (4.2)
(1-m(α)zo)勾

Since B~(z) = (Tm(α)B)'(z)， we have (T_m(α)Bα)'(z) = B'(z) = -，pz. 
Thus (T_m(α)Bα)' is a conformal mapping Of]]))1 onto ]]))2 with (T_m(白)Bα)'

(-m(α)) = ，pm(α). In particular we have (T-m(a)Bα)ヤ1)E 8]]))0 and hence 
(1-m(α)2)p 

B~(zo) ε8]]))0・ (4.3)(1-m(α)ZO)2p 

Since B~(zo) ε Vt(勾)，it follows from (4.2) and (4.3) that B~(zo) εθVt(zo). 

Next， we prove the uniqueness. Assume that Zo Eム(m(α)，1/'，1寄宇T)

with Zo :f. 0 and I'(zo) = B~(zo) for some 1 ε93i(α). Then we have 

(T_m(α)/)'(Zl) = (T_m(α)Bα)'(Zl)， where Zl = Tm(α)(zo). Applying the unique-

ness part of Lemma 4.1 at Zl (:f. -m(α)) we obtain (T_m(α)/)' = (T_m(a)Ba)' 

and hence l' = B~. Since 1(0) = Ba(O) = 0 we have 1 = Ba・ロ

Prool 01 Corolla叩 3.1in抗ecαse that 0 ~α く1.'W恥eu脱s配etωh恥esame n附o叫ta州“o叩n 

部山in川ntωhea叫e日叫aぬb加W側仇e仏.包b加包山kez勾Zo=戸=r刊ε(や0， 1~z宮?r:羽βω)a剖刷I
(σT-m(aα)戸Bαy勺)=一守η'pzma戸 D肌1Cωonぱfおorma叫11砂yonto ]]))2 and -'j'pZlく，pm(α)，
we have 

ml旦Reω=-，pZl = -i'pTm(α)(r) 
wε。。

and hence for 1 E 93i (α) 

Re/'(Lm(α)(Zd)T~m(a)(Zl)P = Re(T-m(a)J)'(zt)三一方Tm(α)(r).
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Ref'(r) = Ref'(Lm(α)(zt)) ~ -')'pTm(α)(r)合(日)(r)P= B:(r). (4A) 

It is not difficultωsee that equality holds in (4.4) if and 0nly if f = BO/. 

Now let f E窓口α)and (0 = roeiOo with 0くい判官33andOod・
Applying (4.4) to j(z) = e-iOo f(♂o z)ε23i(α) at ro we have 

ReJ.'((o) = Ref'(ro)さB:(ro)= B:(I(ol) 

with equality if and only if j = Bαi.e.， f(z)=e仇 Bα(e一的z).

Take Zo = -r with r E (山rm)mdzl=Tm(α)( -r)・ Since
Oく')'pm(α)< -')'pZl' we have 

m笹川=一')'pZl= -')'pTm(O/) ( -r). 
wEllJio 

Hence for f E 23f (α) we have 

If'(Lm(O/)(Zt))T~m(O/)(Zl)PI ~ -')'pTm(α)(-r) 

and七】lUS

If'(-r)l三 -')'pTm(α)(-r)r，ム(α)(-r)P = B:( -r) 、 (4.5)

with equality if and only if f = BO/. 

Let 1 E 2lf(α) and (0 =一向e仇 with0く向く与克己:umdOoeR.

Applying (4.5)ω f(z) = -e一的f(_eiOo z)ε23i(α)前一町 wehave 

1/'((0)1 = If'( -ro)l~ B:( -ro) = B:(ー1(01)

with equality if and only if j = B，α i.e.， f(z) = -eiOoBα(-e-仇z). ロ

In order to prove Theorem 3.1 in the case that α=  1， we need the 

following result known as J uliaゐlemma.
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Lemma 4.2 (Julia). Let 9 be anαnalytic funCtion on ~ U {1 }凶thg(l) = 1 

αnd Ig(z)1く1for z E~. Then s = g'(l) > 0 and 

|1 -g(z)12/。|1-42
、-

1 -Ig(z)12よ /'"'1-lzI2'
z ε~. 

Equαlity ocωrs in (4.6) at Zo E ~ 切幼 ω。=g(zo) if and onlyザ
1一肌 l-Zn

凶作))=-J--h(z)
1-窃o1-Zo 

(4.6) 

For a proof of the inequality (4.6) see [1， Theorem 1・5].For a proof of 

the uniqueness pぽtsee [11]. 

Proof of Theo陀m3.1 in the case的αtα=1. First we note that m(l) = 1/ 

ゾ事宇1.We consider the following composite functions to apply Julia's 

lemma in the disk s(m(l)， l/v停宇1).For f εai(l) put 

町(z)= ( O_2~1 ) P (T-m(l)!Y ( ---m:斗 (4.7)¥.2p + 1) ¥"'-mll)J J ¥. J事字1)

=べ(よ引)勾勺勺f'ベ，(~伺阿同事軒澗何向字訂司司1(1ο川1
2勾:p+ 1) J ¥ (2勾:p+1り)一z

Then we have for Izl < 1 

IgI山

(2p/(2p + 1))Pμp(f，に m(l)(-z/、/布宇1))
一 (l-lz/初計|γ
~ (2p/(2p + 1))p 噌

二 (1ーIz/布羽12)P，，~ 
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and 9，(1) = 1'(0) = 1. In view of the inequality 
1 + Re (f"(O)z) +・・・=1f'(z)1 ~ 11 ~ _.I?¥.. = 1 + plzl2 +・・・ ， 一(1-lzI2)p 

1"(0) = 0 holds for each 1 E ai(l). From this and (4.7) 

9，(1) _ ..j事宇T1"(0) 
9，(1) =一一=一一一一一一+1 = 1. 
9，(1) 2p 1'(0) 

Applying Lemma 4.2， we have 

|1 -9/(z)12 ./ 11 -zl2 
く一一一言=8(z). 

1ー 19，(z)12~ 1 -Izl 
Since we can rewrite (4.8)部

it fol1ows that 

111<6(Z) 9，(Z)一一一一 一一一
1 + 8(z)一1+8(z)' 

町川

(4.8) 

(4.9) 

for al1 z E lD>. Take Zo Eム(m(l)，l/..J2Pτ1)arbitrarily. Substituting z = 
-..j事芋TTm(l)(ZO)in (4.9)， we obtain 

川 ε(与rr'm(l) {zo}P lIl> C + ~(可'ポお)， (4.10) 

where 

J(zo) = 8(-vfiP宇lTm(l)(zo)). 

Thus we have 

内)c (与)Pい (4.11) 
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Now let us consider the case that f = Bl・SinceBl = Tm(l)B， we have 

g卯払叫B品以1パ(z吟巾)片=(去晶剥l)PμP¥V〉(σ侭(T-m(l)一

=(合)Pベ一市)=Z  
This implies gBl(Z) E 8lDl(1/(1 +d(z))，d{z)/(1 +d(z))) for all z εlDl. Hence 

we have 

(2p+ 1 ¥P ー(1 d{zo) ¥ 
B~ (zo)εli--14{1}(zo)PθlDl(一一?一一-F-l¥ 2p ) 'm(l)¥."'UJ "'.... ¥ 1 + 8(zo) ， 1 + 8(zo) J ( 4.12) 

Since B~ (zo)εVf(zo)， we ir伽 from(4.11) and (4.12) that BHzo)εθVf(zo). 

Finally， we deal with uniqueness. Suppose f'(zo) = B~(zo) for some f E 

93f(1) and Zo E s(m(1)，1/../事τ1).Then we have g/{zd = gBl (zd = ZI， 

where Zl = -v'2PττTm(l) (zo). By Lemma 4.2 we obtain g/(z) = z in ][t 

and hence f'{z) = B~{z) inム(m(1)，1/、/事τ1).By the identity theorem 

for analytic functions， the relation f' (z) = B~ (z) holds on ][t.針。mthis and 

f(O) = B1{O) = 0 we have f = Bl・Thereforewe complete the proof of 

Theorem 3.1. ロ

Proof of Corollary 3.1 in the case伽 tα=1. Since m(1) =涜知， (ii) in 
Corollary 3.1 never occurs. We use the same notation出 inthe proof of The-

orem 3.1 in the case thatα= 1. Let Zo = r E (0，ユ知ω=(0軒)
Then by (4.1O) we have 

(2p + 1 '¥ P ，..' (... ¥P 1 -d (r) 
Ref'(z)三{一一)T:n(l) (r)一一ー-¥ 2p ) "'PJ" 1+6{r) 

Sinω話=号制i叫ん)= 6(-.，j2p計 Tm(l)(r))，
(2p+ 1 ¥P 

Ref'(r)三ーゾ五すi(一一一)Tm(l)(r)合(l)(r)P= Bt(r). ¥ 2p ) ...¥'， ¥ ， "'\~J 
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The rest of the proof is quite similar as in the case that 0 ~α く 1 and we 

omit it. ロ
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Chapter 5 

Proofs of Proposition 3.1 and 

Theorem 3.2 

We need a technical lemma characterizing a monotone property of a family 

of subdisks of ID>. 

Lemma 5.1. Let c(t) and p(t) be continuously diffe附~tiablefunctions on an 

inter・val1 satisfyi句 c(t)εID>andρ(t)ε(0，1) 0."，1. Then the family of disks 

{ム(c( t)， p( t) ) hEI is nondecreasingザαndonlyザ

lc'(t)I /ρI'(t) 
、-

1 -lc(t)12 ...; 1-ρ(t)2 

on 1. Furthermore引d(t)lj{l-lc(t)12)く〆(t)j(1-ρ(t)2) holds on 1， then 
{ム(c(t)，p(t)) heI白 strictlyincreasing in the sense that互い(t仏p(to))C 
s(c{t1)， p(tt}) for α旬 to，t1 E 1 with to < t1 (see Figu陀 5.1).

Proof. Let to， tlε 1 with toくtl'Put 

c(t) -c{to) 
E可(tの)=九旬(収t句川0

1一c(t向ω0ω)μ川C吋(tの) 

25 



Figure 5.1: 

Then we have Tc(お)(ム(c(t)，p(t))) =ム(e(t)，p(t)) and e(to) = O. 

Assume that {s(c(t)， p(t))hel is nondecreasing. Then {ム(e(t)，p(t)) hel 

is also nondecreasing and hence 

jIJ)(O， p(to)) =ム(e(t仏p(to))Cム(e(tt)， p(tt}) 

_Tnlfi1 -p(tt}2)e(t1) (1 -le(t1)12)ρ(t12'¥ 
-..，い-le(tl)12p(td2'l-le(t1)j2ρ(td2 ) 
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く (1-le(tdI2)ρ(t1)
ー
(1ーρ(td2)le(tt)|=p(t1)- le(tl)1 

p(to) 
~ 1 -le(tdI2p(t1)2 1 -le(tdI2p(t1)2 -1 -le(tdlp(t1)' 

From this it follows that 

p(tl) -p(to) 
le(t1) -e(to)1 = le(tl)1 ~ 

ー1-p(to)p(td' 
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Dividing both sides of the above inequality by t1 -to and then letting t1↓to 

we ob七am
ld (to) 1 _ 1=.1(... ¥ 1./ p' (tO) 
= Ic'(to)1 ~ 1 -lc(to)12 1-'-U/I -' 1ーρ(tO)2

Conversely assume that Id(t)I/(lーIc(t)12)三〆(t)/(l-p(t)2) holds on 1. 
We note that 

jC'(t) 1 Ic'(t)l./ p(t) 一、-
1 -lc(t)12 -1 -Ic(t)12 ~ 1 -ρ(t)2 

and c(to) = O. Since Iが(t)11~ I長e(t)l，we have 

Thus we have 

1 L_1+ le(tdl 
2山1:)1 -le(t1)1 

I rt1 1 d rι' 一1+1伊e(tω州tの引)川11J...I 
一つ|ム2 dt パl山吋o1 一|伊e(例tの)1けJ…つ| 

= l 1ff th 1 TT釘刊惣|t?官i?2tの)1|i|
./ (t1 I長e(t)IA ... 
4 九 1-le(t)12 --
'" (t1 〆(t) J... _ 1

1
__  1 + p(t1) 1 -ρ(to) 

ミム Tてヌt)2UI-= 21UO 1-p(t1) 1王ヌto)"

1 + le(tl)1 '" 1 + p(tt} 1 -p(to) 、一一
l-le(tl)1二 1-p(tt} 1 + p(to) 

and hence from an elementary calculation it follows that 

p(tt}ーρ(to)
le(t1)1く~ 1 -p(to)ρ(tl)' 

Now we put 

α一(1-p(tt}2)e(t1)T一
(1-le(tl)12)p(t1) 

-1 -le(tdI2i(i;)2' ' 
-
1 -le(tdI2p(t1)2

・

Then we haveム(e(td，ρ(tt})= 11))(α，r) and 

(1 -le(tdI2)p(t1)一(1-p(tt}
2)1e(t1)|
一
ρ(t1)-le(t1)1 

r -1α|=1
ー Ic(tdI2p(t1)2

-1 -le(tdp(tl)1
・
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We claimもhatrー lalとp(to)holds， which is a simple consequence of (5.1). 

Thus we have 

Tc(匂)(ム(c(t仏p(to)))= s(O， p(to)) C I!ll(0， r -1αD 

C I!ll(α， r) 

=ム(e(tふρ(tt))= Tc(to)(ム(c(t小ρ(tt}))

and henceム(c(t仏ρ(to))Cム(c(t小p(tt}).

If Id(t)I/(1 -lc(t)I2.)くが(t)/(1-p(t)2) holds on 1， then it is easy to see 

that strict inequality sign holds in (5.1). This implies r -1α1>ρ(to) and 
thus we concludeム(c(t仏p(to))Cム(c(tルp(tt}). 口

L凶 E={(λ，x):0 ~入三 pand 0 ~ xぎ1/J2丈宇T}and 

J x(1 -x2)λ， (入，x)E E¥{(0，1)} 
h(入，x)= < 
1 1， (λグ)= (0，1). 

Lemma 5.2.. The function h(入，x) is nonnegative and continuous on E， 

αnd satisfies h(入，x)三1切thequality if and only if (λ，x) = (0，1). Fur-

thermore for fixed入E[O，p]， h(入，x)isαstrictly increasing function of 

x E [0，1/、/京宇T]and for fixed x E (0，1)， h(λ，x) isαstrictly decreasing 

function ofλε[0， min{2-1(x-2 -1)，p }]. 

Proof. The monotonic properties of h(λ， x) is clear. And it is also clear that 

h(λ，x) is co凶 nuousand satisfies h (λ，x)く 1on E¥{(0，1)}. Thus we only 

have to show that h (入，x)is continuous at (0，1). To show this let 0く6く1.

Then for (入，x)εE¥{(O， 1)} with 1 -8 ~ xく 1and 0 く λ~ 8 we have 

1 > h(λ，x)とh(入，1-8) ~ h(え1-8) = (1 -8)8d(2 -8)d→1 

as 8↓O. 口
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Let αε[0，1]. For each fixedλε[0，見letx = c(入)be the unique solution 

of the equation 

山)=品(入，1川訂)， 05Z5T-
V~A 寸・ 4

Lemma 5ふ庁α=Oorα=1， then c(λ) = 0 or ~(入) = 1/、/荻宇T，陀spec・
tively. 11 0 <α< 1， then the function c(λ) is a continuously diffe陀ntiable

function 01入ε(0，p) satis.かingOくc(λ)く1/ゾ荻宇1and d(入)くoin (O，p)・
Furthermore we have c(O) = lim斗oc(入)=ααndc(p) = limλtp c(入)= m(α). 

Proof. We shall only show the assertions， when 0く αく 1.In this case 

it is easy to see that 0くc(λ)< 1/V2丈宇1.Put H(λ，x) = h(入，x)/h(入，

1/、/荻宇T).Then by Lemma 5ムH(入，x) is continuous on E and continu-

ously di旺'erentiablein Int E. Since 

{1-(2入+1 )x2}(1-x2)M n :LH(入，x)= 
h(λ，1/V2πT) 

(5.2) 

in Int E， it follows from the implicit function theorem that c(λ) is continu-

ously differe凶 ablein (O，p). Since 

h(λ， c(入))=αh(入，1/../2丈宇1)， (5.3) 

we have 

2λ 
logc(入)+川一c(入)2)= logαーが(2A+川 ogE罰

By differentiating both sides of the above formula and 0くc(λ)く1/必丈訂

we obtain 

d(入)-c(λ)(1-c(λ)2)lo 2入、く0・ (5・4)
1ー (2入+l)c(λ)21Og…・唱、内 川、。
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Thus c(λ) is strictly decreasing and hence c(O+) = limA↓o c(λ) and c(p-O) = 

lim.¥tp c(λ) exist. By continuity of h(λ，x) on E we have c(O+) =αand 

c(p -0)(1ーゆ_0)2)p =αh(p，1/V2P芋1).These imply c(O+) =α= c(O) 
and c(pー0)=m(α) = c(p). ロ

Lemma 5.4. 11αε[0， 1)， then the lamily 01 disks {ム(c(入)，1/ゾ荻宇1)}o9$1J

is strictly decreαsmgαnd 

U s(c(λ)，1/花文字I)=ム(α，1)=ID>，
。くλ<p

nム(c(λ)，1/V2πI)=亙(m(α)，1/ゾ宕訂)

11α= 1， then c(入)= 1/";荻芋l'and {ム(1/必文字1，1/ゾ荻τ1)}O<λ三pis 

decreαsing and satisfies 

Uム(1/V2πI，l/0，πI)= ID>(1/2， 1/2)， 
。〈λ<p

nム(1/V2πI，l/0，πI)=亙(1//2P訂，1/0i訂)¥{O}.

Prool. Ifα= 1， then c(入)=1/~文字1and it is not di缶cultto see that the 

assertion of the lemma holds in this case. 

Suppose that 0 :5αく1.Put p(入)= 1/Vff.字1，0<入:5p. Apply-
ing Lemma 5.1 to {ム(c(-t)，ρ( -t))}叩主任0，it su伍cesto show Ic'(λ)1/(1 -

!c(入)12)くーρい)/(1-ρ(入)2).By (5.4) and 0くc(入)く ρ(入)= 1/ゾ荻τT
we obtain 

d(入) c(λ)p(λ)2L-1-c(入)2 ~ n 
ト ゆ)2一-p(入)2ーゆ)21VO亡雨宮、 U
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Thus by making use of the inequality 1 + x ~ eZ and p' (入)=一ρ(入)3we have 

Ic'(入)1 c(λ)p(入)2 1__ (1 I p(入?-c(入)2¥loe: r 1 + 1""¥--， -，--， 
1-lc(入)12-p(入)2-c(入)2--0¥1-ρ(入)2 ) 

...... c(入)p(入)2

..;;: 1ーρ(入)2

く p(λ)3= 〆(入)
一一1-ρ(入)2 1 -p(入)2・

ロ

Proof of Proposition 3.1. Suppose that 0 ~α く1. Then by Lemma 5ムfor

any z εD¥ム(m(α)，1/V2P宇i)there exists a unique λ=λ(z)を(0，吋 such
that 

zεθ6(ゆ)，1/-12文字1)ー (5.5) 

We defineα(z) = c(入(z)). Then by (5.3) and (5.5)， (α(z)，λ(z)) satisfies 

(3.7) and (3.8). Uniqueness and continuity of (α(z)，λ(z)). on JI))¥ム(m(α)，

1/../2P宇i)follow from the monotone property of the function [0， 1/ V2Pτ司
ヨx1-+ h(λ， x) for fixedλE [0， p] and the strictly decreasing property of 

{ム(c(λ)，1/V2J.τT)}ψ9・
Next suppose thatα= 1. Note that c(λ) = 1/ゾ荻芋1'.Then by Lemma 

5.4， for any z E ][JJ(1/2， 1/2)¥6(1/ゾ事すi，1/V2P宇i)there exists a unique 

A=入(z)ε(O，p]such that 

zεθム(1/../2丈τ1.，1/../2文字I).
Then it is easy to see thatα(z) = 1/-/荻す1and入(z)satisfy (3.7) and 

(3.9). For z E 81Dl(1/2， 1/2)¥{O， 1} we defineλ(z) = 0 and α(z) = 1. Then 

it is not di伍cultto see that λ(z) is unique ， and that it is continuous on 

1Dl(1/2， 1/2)¥[6(1/ゾ寄宇τ，1/../2P宇1)U {O， 1}]. 口

31 



Proof of The01宅m3.2. Letα 巴[仏1)・Supposethat 0くTく百T33・
Then， since 

(n 1-♂F宇Tm(α)、広マ
lIJl ( 0， -In_~ ~r. I ~~~-I\~' ) Cム(m(α)，1/、12p+ 1)， ¥'y'布宇T-m(α) } --¥"'¥-" -， V -r I -

we have rei(J Eム(m(α)，1/ゾ布芋T)for all () E (-71"，寸.Thus by Theorem 

3.1 and VJ'(rei(J) = VJ'(r)， the mapping (-71"，寸ヨ()~→ B~(rei(J)gives a closed 

curve contained in θり(r).We show that it is a simple'curve. Assume that 

B~(rei(Jl) = B~(rei(J2) for some ()t， ()2 E (一町r]with ()lく ()2・Putf(z) = 
e-i((J2-(J!l B占(e肋 -(Jdz). Then 1'(問的)= B~(rei(J2) = B~(reiIJ1). Applying 
the uniqueness part of Theorem 3.1 at re的， we have f(z) = B.α(z) and 

hence e-i((J2-(Jd B.α(ei((J2-(Jt}Z) = Bα(z) on lIJl， which is a contradiction. 

Now we have shown that the simple closed curve given by (-71"，π]ヨ

() 1-4 B~(rei(J) is contained in the simple closed curve 。り(r).Since a simple 

closed curve cannot contain any simple closed curve other than itself，θ1守(r)

coincides with the curve given as the mapping (一爪π]ヨ()1-4 B~(rei(J). 

Supp問削沼ヨ13三Tく二位33・ Thenrei(J Eム(m(α)
，1/、/事芋τ)if and only if I()IくOα(r).As in the above argument， it can be 

shown that the arc r 1 given by the mapping [一九(r)，()a(r)] :3 () 1-4 B~(rei(J) 

is simple and contained in 8V!(r). We note that. from (3.3) B~(陀土i(Ja(r)) ε

8lIJl(0， 1/(1 -r2)P). 

Combining Proposition 3.1， (3.5) and (3.6) we have forーπくO三一九(r)

or ()α(r)三8壬πthat凡(同町λ(間町(J E ai(α) and IF~(rei9) ，λ(rei9 ) ，(J (rei(J) I = 
1/(1 -r2)P. Since入(re::i:i(Jα(r))= p andα(re土仇(r))= m(α)， we have 

F~(前向(r)) ，λ(同士i9a (r))，土帥)(re::i:i(Jα(r)) = B:(re土仇(r))・
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R凶hermoresince by (3.4) we have 

F~(_r)ム(ー巾(-r)

1 (1 -α( _r)2)λ(ーペα(-r)+ r) 、 n
h(入(-r)，、/2入(-r)+ 1) (1 + a( -r)r)制ー市1(1-r叩ーλ(-r) ~ v 

it follows that F~(一川(ー巾(-r) = 1/(1 -ρ)P. Thus the circular arc r 2 ( C 

θ11)(0，1/(1 -r2)P)) with endpoints B~(re=f:í8a(r)) ぬat p細目through1/(1 -

r2)P is contained in θη(r). 

Since the union r1 u r2 is a simple closed curve contained in 8VJ'(r)， it 
coincides withθ17(r). 

sumse thqrm三T く 1 恥 n部 inthe above叫 ument

we have IF巧:(hr問e'戸内4ωe勺)刈 dμ8 
F勾:{←-司r)川A刈{ト一司叶T吋)，11'グA宵バ(←一r) = 1ν/パ(1一rρ.2)P. Since r E θム(α (r)，1/ ゾ2入(r) + 1)， we have 
α(r)くr.This imp1ies 

F~(r) ，λ(r) ，O(r) 
1(1ー α(r)2)λ(r)(α(r) -r) ... n 

h(λ(r)，、12入(r)+1)(1ーα(r)r)払 (r)+1(1一同)1-A(r)、u
and F!(r)刈.)，O(r)= -1/(1 -r2)P. It is easy to see thatα(re-i8) =α(rei8) 

and λ(re-ω)=λ(rei8). Thus we have 

F~(re-j9p 

By a continuityargument we infer from 

F!(r);λ(r)，O(r) = -1/(1 -r2)P， F!(_r)ム(-r)バ(-r)= 1/(1 -r2)P 

and the above symmetric property， that the image of the mapping (-1f，π]ヨ

6片 F!(rei9)，λ(問 ω)，8(1ザ8)contains the circle θ11)(0，1/ (1 -r2)P) and hence 

8l守(r)= 811)(0，1/(1 -r2)P). 

33 



Finally let α= 1. Then since m(l) = 1/.../2p宇i，the case (i) in Theorem 

3.2 does not occ肌 Suppo叫 at0 < rく 7沼町1= J害.Then加 m
the case that 0 :5αく 1，the arc r 1 given by the mappingト81(r)，81(r)]ヨ

8 1-+ B~ (rei8) is simple and contained in 8Vfれ(r)，and 1回B~(r問e土がtω州8

rρ.2)P. For 8 E (-11"，π]， rei8 E II))(1/2， 1/2)¥ム(1/、/事宇T，l/、/事宇1)holds if 

and only if 81 (r) = arαosr/(2.../事τi):5 181 :5 arccos r. Since入(8)→O邸
181↑arccos r， we have 

F: / /"，，_古でで1，.x(rei8)，8(re
i8
)→-i-J|6|↑arccosr. (5・7)1、/制Tω)+1，λ げ)，8'"-， "(1 -r2)p 

Thus the circular arc r 2 which has er吋po叫i附抗 B~(r陀e土封tω州8

through 1/パ(1-rρ.2)p is contained inθVf(r). Hence the simple closed curve 
r 1 U r 2 is contained in the simple closed curve θVf(r) and we have θり(r)= 
r1 ur2・
Suppose加害計く 1. Then we claim制 theimage of the 

mappingトarccosr， arccos r]ヨ81-+ F: /. /"，，_ヲ¥:"7\I__.~\ ，，(rei8) contains θD 
1/¥/2λ(re9)+1，λ(問 ω)，8

(0，1/(1 -r2)P)， which implies θVf(γ)=θII))(O， 1/(1-r2)P). This is a c∞on附s関e

q伊ue印nc伺eof (σ5.7η)， (伊5ι“.6め)and F: 広 τT士Tでマ (令例Tけ).<O. 
1/¥/2λ(け+1，λ(r)，O

We note that the uniqueness part of Theorem 3.2 directly follows from 

the uniqueness part of Theorem 3.1. ロ
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