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1. Introduction

Considertheregressionproblemonasetofpresponsevariables

y=(yl…V'andasetofqexplanatoryvariablesx-(xl,

Ⅹq)'.Let(写=(ylr…ylp>';誉=(xJLl‥・-x.)
iq′),1-1・-,

n,bethenobservationson(y;x).Theregressionmodelassumedis

1.1
yi =ヨ(誉　　?i

where r¥ = (tjl - np).: Rq→R is afunctionofxwhose shape is

unknown but its smoothness is presumed, and the errors至i - (gil,

-・巳ip)メ i = 1, - , n, are independently and identically

distributed with mean 0 and unknown covariance matrix　∑

Writing this model in matrix form, we have

1.2

where

K^^B5

1　=

Y　=　1　　　S,

>V

yn'

ワ1'

°

空n′

【.(1) - .(p)】,

[叩(1) -,れ(p)】,
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and 6　=

fl
°

?n'

lg(1)　　巳(p)

The measurements誉　i - 1,詛・詛, !!, which are called the design

points are expressed as

?1
°

°

Ⅹ'
_n

=[x(1) -　x<*>]

工tisassumedthatx... -1,fori-1, -　n, i.e. x(1)壬nand

rank(X) =　q　≦　n.

The regression analysis usually involves two important problems;

making inferences about the regression surface　7? and estimating the

covariance matrix　∑　　These problems are closely related。工t ls

easily seen that a good estimator of n immediately yields a good

one of　∑. Conversely, once an adequate estimator of　∑ is available,

it will provide helpful information to explore a good estimator of　印.

When a valid parametric model for n is at hand, some least squares

technique will yield a good result. However, in practical situation

of data analysis it is often difficult to chose a valid parametric

model especially when q or p is large (see, e.g., Cleveland and

- Devlin[4], Silverman[201, Rice【16], Ohtaki【131). For such a

situation, it may be a good strategy to start the analysis by

estimatmg　∑　rather than tl nonparametrically.
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The simplest nonparametric estimator of　∑ may be constructed by

皿akmg use of replicated observations.　Suppose that there are g

distinct sets of replicated observations {(ど且℃,誉且)I l五七` m且)・且-

1, ・-, g, in data.　Then, an unbiased estimator of　∑ is given by

s g m且

(1.3)　2pE .{且蔓1(m且-1)}-1且至1t至1(yAt-ど且・)(ど且七つ且・)′,

m且

where Y且　= m-1至l y且t-　This estimator 2pE is refered to as

(Multivariate) Pure error mean square (PEMS) estimator (see, e.g.

Draper and Smith[7, Section 1.5] Weisberg[23, Section　4.3]).

Unfortunately, this estimator often lose its effectiveness because no

or very few replicated observations are available in most data.

Daniel and Wood 【5] suggested the use of an approximate PEMS

estimator. Their idea is to use a clustering-　algorithm to find the

cases that are almost replicates, and use the variation of the

responses for the al況ost replicates.　An interesting application of

their idea to logistic regression was given by Landwehr et al.[12】。

Recently, Gasser et al.[8] and Ohtaki【14] have proposed a class of

estimator of variance in univariate one-dimensional nonparametric

regression model, i.e., the case of p　= 1 and q　=　2. Some properties

of the estimators have been studied by Gasser et al.[8】, Ohtaki【14]

and Buckley et al.【3].　工n this paper these results in univariate

cases are extended to ones in multivariate situations.　The outline

of this paper is as follows:工n Section　2　we introduce a class of

nonparametric estimators. The biases of those estimators are studied

and their upper bounds are given in Section　3.工n Section　4　we derive
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the exact formulas of covariance matrices of the estimators, and

assess the efficiency by comparing with the best linear unbiased

estimator under the linear regression model.工n Section　5　we

investigate some asymptotic behaviors of the estimators and show the

sufficient conditions for consistency or asymptotic normality.　工n

Section　6　we consider the case when q　=　2 in detail; we provide a

multivanate extention of the estimators which were proposed in

univariate regression model by Gasser et al.[8] and by Ohtaki【14】,

and show that the newly obtained estimators become a natural

extention of PEMS estimator. In Section　7 we propose a new type of

test statistics for assessing goodness of fit of linear models, and

prove that the asymptotic null distribution of the criterion is

N(0,1) under some mild regularity conditions.　工n. Section　8, using

the idea due to Rousseeuw【17】, we construct a robust alternative to

the diagonal elements of covariance matrix, and show that the robust

estimator will have a positive breakdown point in some situation.

2. A class of estimators

Suppose that there is a subset K of　{1,・-　n}　such that every

member 1 of K has an index-set N. which specifies a neighborhood of
l

the designpoint誉i'{誉jl j 。N.}. Here it isassumedthat i卓Ni・

This means that our estimation is based on the cross-varidation

technique which will make the resulting estimate of covariance matrix

more stable. Let yi (i ∈K) be alinear predictor of y　- (yil 。日,

y. )'which is b養edonlyon the neighborhood {(yj;空,)l j∈N.}-　We
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write such a predictor as

(2.1) ど　=Y'w._1

where w. is an n-component vector whose
ー1

only when j　∈　N-　As for the errors r.
1　　　　　　　　　　　　　　　　　　　　　　　　　　_1

that

(2.2) El三i三i] - .-2∑・弓iきi・

jth component w. 。 is nonzero
lJ

=yi ~yi, it is easily seen

1 ∈　K,

where皇-E[r.]=
I'(w.一至i)・至1=(ail'るinJるijisthe

Kronecherdelta,c?-1/(1IIwiH2)andIIWj||-v/W^wi
l

Theresult(2.2)suggeststhatanestimatorof∑maybeobtained

obtainedthroughaveragingc呈:i:i,i∈K.Adoptingthesetof

weights{c?},weproposethefollowingclassofestimatorsof≡:

・2.3)-Jf-t吾KCがli冨K

4ヽ
The(j,A)-elementof∑,j,isexpressedas

(2.4)
;ガ。・且-c至K蝣d"¥誉c?r.

Ki-ijri且,・l≦ョ,且≦p・

′ヽ

REMARK　2.1. The estimator　∑! of (2.3) is expressed in a matrix

notation as

(2.5)

where

㌔ - (trv〟)-lY′Ⅴ∬Y,
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(2.6)
yM一　書Kc4(w　至i)(-i一至i)′・

The matrix V∬ is non-negative definite and its (<x,β)-element v∝β is

expressed as

(2.7)∝β-C孟る∝B工{∝牀K}-c孟W∝βI{a牀K}cgw細工{8∈K}+γ≡K;4wwげ

where工fT-i,=1ifthestatementEistrue,and0otherwise,
it/

工tispossibletouseanothersetsofweightsinsteadof{c呈)in

averagingc呈三i三i(i。K).Forexample,homogeneousweightsn豆(nKIs

thetotalnumberofelementsofK)wasadoptedbyGasseretal.[8]

Anadvantageforusing{c?}asasetofweightsisthattheresulting

estimatorof2becomesanaturalextensionofPEMSestimator.This

willbeshownInEXAMPLE2.1.

Twoimportantspecialcasesoftheestimator(2.3)aregiven

mthefollowinglexamples.

EXAMPLE　2.1(乙oea乙乙y unifor双　weight (LUW) estimator).　Let the

weight-vector w. in (2.1) be an n-component vector having the jth
_1

element

(2.8)

if j∈Ni,

if j4Nl,

′ヽ
wheren.denotesthenumberofelementsinN-Then,yi=ど(i)
11

3きy./n.,sothattheresultingesti

Nl-Jxmatorcanbeexpressedas
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転- 〔i誉K藷11iきK I-) {zi -Zァ)(ziどi).
1　　　　　　1

- 〔i至K慧-11≡K(亨i・ - yi,(亨千・一yi,.,
1

where車1・ - ki i j至Niyj)′(ni+l) ∈ K. This estimatorwill be

refered to as a　乙ocal乙y unlforR weight (LUW) estimator.

Consider the situationwhere every ith set {誉j白。 N, or j - i}1

(i　∈　K) consists of m. replicates and there are g distinct design

points.　Then, using the notation in (1.3), we have

n.

∑　⊥
1∈K n.+1

1

and

i? III且　　　g

且至1 t至1(町l)/m且=且至1(m且- 1),

iきK(yi-ど　My,-yi・)′

g

≡
且=1

m且

エーi-一　　　　fi.

*"i             S¥

This implies that ㌔ - %・ Thus, we see that the PEMS estimator
defined by (1.3) is a special case of LUW estimator. Even though PEMS

estimator is generally biased unless underlying regression function
(

is exactly constant, it has a computational convenience and may also

provide satisfactory information on　∑ in some practical regression

situations.

EXAMPLE　2.2(乙oea乙乙y　乙ineav weight (LLW) estimator).　工t may be

noted that the locally linear model may reduce effectively the

possible bias in the resulting estimator.of　∑　as Stone【22】 has
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ノヽ

suggested m general context of nonparametric regression. Let yi -

B'ixア, where Bァ- [bjJ>]
is the q 冗 p matrix which minimizes

tr[(Y - XBl)'Dl(Y - XBl)]

= j冨Ni(ど3 -聖1)メ(ど了聖i),

whereD. -diag[cL　-・ dエi)] and

(i) if j∈Ni,

if ji Ni'

This linear predictor is based on the least squares estimators in

fitting a linear regression model to the data {(yj・;誉)l J 。 Niレ

Then the predictor is written in the form写i = Y'yl and its

weight-vector ls given by

2.9
竺1 = DjLX(X'Dj[X)　　　　∈ K,

where A" denotes a general inverse of A.　We note that vr'.l
~i~n

1,

sincex=1.TheresultingestimatorofIwillbereferedtoas

′l
a乙oea乙乙y乙inearuelght(LLW)estimatoranddenotedby∑g・Usinga

fewalgebra,weobtainthat∑-^pt-,wheneveryithset{
it,誉JJ。Ni

orj=i>consistsofonlyreplicateddesignpointswhichare

identicalto誉1(i∈K).Thus,weseethattheLUWestimatorisalsoa

natuaralextensionofPEMSestimator.
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3. Upper bounds for biases

lJヽ

Let ∑∬ be a nonparametric estimator of ∑ definded by (2・3)・ A

few calculation yields the following formula for the expectation of

∑∬:

(3.1)

where

3.2

Els,]-∑+〔i至-1

KきKC鮎・

′ヽ

き　=E[三] -E【ど1-号] -1'W--1

工t is easy tO see that the second term of (3.1) is a non-negative

definite matrix, and hence the estimator ∑N Of ∑ is always positively

biased unlessき= 0 for all i ∈ K. The following LEMMAS 3・1 and 3も2

are foundamental in obtaining upper bounds for biases of two
y¥

estimators ㌔ and ∑E・

LEMMA 3.1. Suppose that a function f: Rq ⇒ R is differentiate.

Let△　-wCf - f(誉王), where f - (f(誉1), -, I(誉n))′ and the weight-

vector w. is given by (2.8主　Then
_1

(3.3)
EAiI <中fd.,

1

where中f- S冒P {且蔓1時(?) x-主2fand di -写ax ||x- -x.

Proof. Using a Taylor expansion of f about芝　we have
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f(x) -f(」i)　　甲x-x.

SinceA-(1′n.)冨{f(x.)-f(x.)},wehave

N-J-i

*llvll至N.IIx.-x.*fdi

LEMMA3.2. Suppose that a function f : Rq→R is twice

differentiable. Letム　ーYii - f(誉^, where f = (f(誉　　　　f(誉n))

and the weight-vector w. is given by (2.9).　Then
_1

(3.4)　　IA,　妄γf/nil|wiHd2,

whereγ-supsup|u'H

zu'u=l--芝u|,H芝istheHessianoffat誉=至Ilwi
こ▼コ

!重訂andn.isthenumberofelementsinN-

1

Proof.UsingaTaylorexpansionoffabout誉wehavd

f(x)-f(誉(x一誉I>%喜(x-x.)'H,(x-

~il~Xl)蝣*¥rf

?herebC-琶・・*

t9掛誉-誉H.-H竺andz.-Ti誉+(-誉i

forsomeTin(0,1),i-1,n.Let竺i-吉((誉1-誉i>'Hl<誉了誉1,9

・・・,(誉n一誉i)'Hn(空。一誉jL)J.Sincef-f(誉1)壬n+(X-in誉:)b.

i~i十堅and

w.l=1,wehave
~i~n

mm
_1_

f(x.)xJ(X'DァX)X'D.R.
i~il~1
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Hence,ム-w'f-f(誉i>=5i(X'D-.X)-X'D.R.,i∈K・Notethatthe
～1_

largesteigenvalueofD.R.R'D.canbeevaluatedasfollows:
l-l-i1

supu

u'u=l-"'d.r.r:d.u
i-i-ii-*>^*¥*

1
T sup　{　∑

u～'u=l J∈Ni
uj% - 」i>'Hj(菟j - 」i)}2

`吉trD.sup

lu'u-lj誉Ni酔.-x)'H(x
J-iJ-J-Si)>2

5:与n. sup
4　i

<　　号　n.

u′u=1

A,　　　*>_,

ma芸n'蔓T蔓-1(v'H,v)2

JtV

×∑

j∈Nl
uj%一芝)'(x了xiサ]

sup sup (u′Hx^2di

Ⅹ　u'u=1　　　℃
蝣"t*　　　　　　・>・ォ　　　・"!-ォ

・去γ呈n.dj.

Hence, we obtain

ム呈-*[(*′DjX)'X′d.(d.r.r:d.)d.x(x'd.x)
ii~i~i11i山蓋1

・去γ呈n.dfx:(x

ll~i.DIX)

吉γ呈吋Iwlll2dチ・1

Applying" LEMMAS　3.1 and　3.2　for (3.1), we obtain the following

theorems :
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A　　　　　　　　/¥

THEOREM 3.1. Let玩= 【qu(j,A)】 be a LUW estimator of ∑・

Supppose that the jth and the且th components n and n且of the

regression function n are differentiable, and that

1
炉sup{;

tk蔓1恥(x)x-王2,2
}<+-,

∝　=　j,且。

Then

(3.5)

where

(3.6)

E[cr町(j・且)] - oji　≦　甲且h到,

h刊- (i至K

n.
1

cOROLLARY 3.1. The (j,A)-element a--.(j,A) of ∑朝is unbiased if

the jth or the 且th component of the regress!on function rl is exactly

constant; therefore,瑞is unbiased if空is a constant function with

respect to x.

i*¥　　　　　　　　　/S

THEOREM 3.2. Let ∑望- [gg(j,A)] be a LLW estimator of ∑e

Supppose that the jth and the且th componentsれ　and巧且of the

regression function ;I are twice differentiable, and that

γ∝-supsup　|u'H皇∝U! <　-,
x u'u=l
*v-　　　*fc-　*-,

whereH∝ istheHessianof印∝for∝=j・且　ThenX
hJコ

-　12　-
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(3.7)

where

(3.8)

l"¥

|E[<7*(j且)】 - gJ且J i γjγ且hE・

hE-去(i…KCf〕11i至cfn.

11K-wlll2dj.

COROLLARY 3.2. The (j且卜element cr (j且) of ∑望is unbiased if

the jth or the　且th component of the regression function r¥ is exactly

linear; therefore, ≡,g is unbiased if n is a linear function with

respect to x.

4. Efficiency

In this section, we assume that the distribution of竪(i - 1

-・　n) have finite fourth moments about 0.　To give an unified

expression for all third or fourth moments, we use the following

notation:

4.1

(4.2)

M3U>k一旦) =　E【gijSikEi且]・

M4(j,k,A,m) =　E[Eij8ikei且」im]'

for i　= 1, -　　n, for 1 * J. k A, m　≦　　　First we give a general

expression for the covariances of、 linear functions of

ノヽ

THEOREM 4.1. Let ∑!,, be the estimator of ≡ defined by (2.3)・

Suppose that竪1, °=・竺n are independently distributed with finite
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third and fourth moments given by (4.1) and (4.2)　工f A　=

【bJki
are any p x p symmetric matrices, then

(4.3)　Cov[tr(A∑∬), tr(B∑∬)]

【a.,] and B

(trV [v拍{誉吾夏喜ajkb且mfi4(右k,且・m)

- tr(A∑)tr(B∑) - 2tr(A∑B∑)}　　2(trV孟)tr(A∑B∑)

十2亨夏至≡ ajkb且m{fX3(k'且,m)n(j) + M-(m,j,k)n(A),}yJIZM

十4tr(A∑Bl′Ⅴ孟1)],

where V,, is given by (2.6) and v,, is the column vector of the

diagonal elements of V∬・

′ヽ

Proof・ Note that tr(A∑∬) = (trV〟)-1tr(AY'Ⅴ∬Y) and V∬ is

symmetric.　Then the results follows from THEOREM A.I in Appendix。

COROLLARY4.1. Let a∬fj・且)・ 1 ≦3,且ip, be the (j且トelement
′ヽ

of∑∬・

Then, under the same assumptions as in THEOREM　4.1

(4.4)
ノヽノヽ
cov[a^(j,k)V且・m)】

(trvj)-2[Vふvy{M4(J,k,A,m)-a.,a
jk且m-gj且kmJjmg姐)

(trv孟Hc-j且kmCTjmak且)

・Mo(k,A,m)vふVNヨ(j)サg(J.且>m)lF*空(k)
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・ji3(m,j,k)vふVN竺(且+^3(且j,k)vふVNワ(m)

+≡,富。C4C4u

K∝β(gJ且考k品βjm考如考AB

+gk且号j∝考mo+0km考Jce考且β)],

where u∝β　　w　　至。)'(TB ~至8)・

Proof.Theresultisobtainedfrom(4.3)bylettingA-(至j至孟+

至k至)/2,B-(5且至孟十至皿至五)/2andV-(trV^)"^andusingthe

identities巧(a)'Vxヮ(β)-i冨C4fe

K∝考iβ・

COROLLARY 4・2. If至1・ '‥・至　are independently distributed

according-　to N (0　∑), then

(4.5)　　Cov[tr(A∑ ), tr(B≡n)】 - 2(trVJf)"2[trV孟tr(A∑B∑)

+ 、4tr(A∑Bl′Ⅴ孟1)] ,

for any p x p symmetric matrices A and B.

Proof.　The result is obtained from COROLLARY A.I by letting: V　=

(trV∬)-iv∬・

ノヽ

工t is interesting to compare ∑望(or ㌔) with the best linear

unbiased estimator 毛LUE under the linear regression model. Let V」

and Vむbe the matrices obtained, from the matrix Vu in (2.6) by using-
1′ヽ

the weight-vectors (2.9) and (2.8), respectively. To compare ∑g with

㌔LUE>　consider the case when the regression function甲is exactly

-　15　-



linear, and is given

E【Y】 =　n　=　xe,

where9isaqxpmatrixofunknownparameters.Letting

aPv=XCX'X)-^,thebest乙{.nearunbiasedestimatorisgivenby

^LUE:.=Y'(I-Py)Y/(n
IIA~q)・

Asacriterionfortheefficiencyof∑weconsidertheratio

pg(A) -　Var[tr(A㌔LUE:」)J/Var[tr(A∑盟)】,

where A is a p X p symmetric matrix.　Note that

(4.6)　V」X -至KC4{DIX(X'DIX)誉- 5i}{Dj.X(X′DjX)~1誉了5ァ}'X

=　onxq・

and (I - PX)X = Onxq・ Using these properties and COROLLARY 4・2, we

obtain

var[tr(A∑空目　　2(trV」)-2trV2tr(A∑)2,

Var[tr(A㌔LUE:」)] - 2(n-qrltr(A∑)2,

if 苧's are normally dlsributed. Thus the ratio p-(A) does not depend

on the choice of A m this situation and is given by

pE　-. {(trV」)2/(trV墨)}/(n-q) -リ望/(n-q).

As for the range of p^ we have the following theorem:

-　16　-



THEOREM 4.2. Let p」 = Vg/(n-q) V」 = (trVg)2/trV呈,

gn =冒呈芸Ilw-,112 and

(4.7)

.Then

U　-max#{OI NβnN∝≠如・
a.∈K

(4.8)　　(n-q)"1-max{
nK

(1+VUn
I llく　　<: min{蓮二, 1)・

UB!I

THEOREM　4.2 is a direct consequence of the following lemma:

LEMMA 4・1. Letリx - (trVj)2/trV盲,リ　- (trVg)2/trV妄and

V別- (trV町)2/trv毒　Then

(1)

(ii)

(ill

max{
nK

(1+vUn
1}　　vx　≦　nK,

リ1　　n-　q,

リ懲　　n-1.

Proof. Since　写-(1 llwl腔)-　<1 fori∈K,we havel

trv孟- ≡冨C4C4{(w∝-至a (?8-!f!>>2

= ∑∑

a giN^nN㌔≠cォcS{(w∝一至∝ (yg一至,)}

*　2
∝∈K

≡

β:N∝nNB≠ C4C4.(1 + Ilwall2)(l蝣V

-　17　-



=志C孟冨:N∝nNβ詔
<　min{(trVlf)2, U trV,,}.

Therefore,itfollowsthatV∬^1and

・(trv^)2/(untrV^)-きKCi/UnとV{(1+W

Theremainingpartof(i)isprovedfromtheCauchy-Schwarz

inequalityasfollows:

・trv^)2-I,冨KC呈y<至K)(2-i-nK

H牀K〔i吾K-i)」nKtrV|.

For the proof of (ii主　consider

(4.9)
wg = (n-qrM工- px} - (trVg)-lvr

Sincetr(Px"Vg)=0yieldsfrom(4.6),wehave

(4.10)trW墨-(n-q)~2tr(工n-PX}(trVg)"2trv墨

-2(n-q)-1(trv」)まtr{(工-PW
nrXJg)

(n-q)~1十リ壷　- 2(n-q)-1(trv」)-1trv盟

-リ壷1 - (n-q)-1

Therefore, noting that trW呈上O, we obtainリE i n-q. Similarly (ill)

is proved by considering
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(4.ll)

where P-

_n

wu=(n-D'^I-P)-(trV
nu)-ivu,
_n

=主11..

n_n_n

Similarly the efficiency of ∑u may be measured by

Pu(A) -　Var[tr(A㌔LUE:魁)】/Var[tr(A㌔)]・

where A is a p x p symmetric matrix and ∑BLUE:魁- (n-D-iY'<v　)Y.
_n

It is easily seen that if亨.s are normally distributed, p到(A) does

not depend on A and is given by

pむ- {(trVu)2/trv晶)/(n-1)　リ朝/(n-1)

As for the range of pg,, we have the following theorem:

THEOREM 4.3. Let puニッむ/(n-1) andリむ- (trVu)2/trv晶・ Then

(4.12)  (n-1)-J-max{且, ll i p臥≦ mint且, 1}.
2U n-1
. n

Proof. The results follows fromLEMMA 4.1 and n.墜　2 - 1

(i∈K) for∑剖・

5. Asymptotic properties

ノヽ

王t is easily expected that the asymptotic behaviors of ∑∬ depend

sensitively on the design of the explanatory variables as well as on

the error distribution.　We first postulate the following conditions
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on them.

coND工T工ONl.　VX- (trVJf)2/trV五　→・-　as n→+-・

COND工で工ON2.ThereexistsapositivenumberGsuchthat

冒呈xn.
K]墜i"2`G<+<*>・

CONDITION 3. The errors至1,至2, °‥　are independently

distributed with finite fourth moments.

REMARK　5.1.　CONDITION　2 is fulfilled for a LUW estimator, since

nitlwi" = 1for alli ∈Kin this case.

工n this section the eigenvalues of several symmetric matrices

will be frequently operated; for simplicity, we shall express the jth

largest eigenvalue of a symmetric matrix A as入](A主

′ヽ

We now prove the consistency of ∑∬ which is given in the

following theorem:

THEOREM　5.1.　Suppose that CONDITIONS 1, 2　and　3　hold. Then, the
ノヽ

nonparametric estimator I.., of (2.2) is consistent if

(5.1)　　　　至Kき^ = o(nR), asn一詛+サ,

whereきi-E【三]fori∈K・

Proof・ It is sufficient to show that tr(A∑) ⇒　tr(A∑) as n　ヰ+oD

m probability, for any symmetric p x p matrix A.　First we show that
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E【tr(A∑x)] -サE[tr(A∑)】 as n→+-. Since |きiAきiJ '聖xJ入(A)|弓iき　and
.1

1/U+G) 」 c? < 1 for any i　牀　K, we obtain from (A.2) in Appendix that
l

′ヽ

匝[tr(A∑'x)] - tr(A∑= - ‖trVlf)-1E[tr(AY'vJfY)1 - tr(A∑)l

- |(trVJf)-1{(trVJf)tr(A∑) + tr(Al′v)} - tr(A∑)i

- (trVJf)-1|tr(Ai′Vni

-(i誉KC呈-1誉Kc4」'

1Si璽iI

・m冒xUjCA)|(1+G)[律i/nK蝣

<*,
Thus,itfollowsfrom(5.1)thatE【tr(A∑∬)]

′ヽ

⇒　tr(A∑) as n　⇒+の.

Next we show that Var[tr(A∑N)] → 0 as n→+o・ Since c写< 1 andl

yふTJ・ <: trv品,

U).v^l 〔ヮ(鉦vN撫ふyサZm)

・ (i≡謹j)圭{入i(VTir)r>与

・ 〔i≡謹)圭{入i(V(t璃),与・

Letting A- 【竺1, …・空p]・

(5.2)　|tr(AZAl'vji>|　誉≡1悟kワ(j''Ⅴ如(k)

・亨≡空　蝣;・:∴十Jt-C豆
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・入i<Vt吾K弘〕誉k=悟k'・

Therefore, using (4.3) we obtain

var[tr(A∑'] `癌=誉k:至喜ajka且mM4(J.k,A,m) - {tr(A∑''2

-　2tr(A∑)2日　十　2tr(A∑)2】

・ 2y(i+G)/vj {入1(VJf)/trV/ c至謹i/nK圭

× ‡‡‡∑
j k　且　m

ajka且m (I灯,(k,A,m)　M3(m,j,k)I}

・ 4(1+G)2〔i至K弘/nK {入KV/nK}誉冨l珊i・
′ヽ

This implies that under COND工で工ONS 1, 2 and 3, Var[tr(A∑∬)】 → 0 as

n　⇒+oo

Finally, using the Chebychev's inequality, we obtain that for

any　巳　>　0

Pr{ tr{A(∑N- ≡)} *8} i
Var[tr(Å∑∬)] + {E[tr{A(∑∬ - ∑))日2

82

as n　ヰ十ォ.　This completes the proof.

COROLLARY　5.1. Suppose that COND工で工ONS 1 and　3　hold and that the

regression function　印is differentiable and satisfies

・5.3)炉S呈雄1恥s)lJ-t)2}i -I α-1,～,p・
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Then a LUW estimator ㌔ of ∑ is consistent if

(5.4)　　　　誉Kdi=-<V asn→十の・

Proof.　For a LUW estimator, CONDITION　2 is automatically

fulfilled (see, REMARK　5.1),　and it yields from LEMMA　3.1 that under

assumptions (5.3) and (5.4)

o `i至Kきi!i/nK ` 〔∝華1刺…KX KJ ・・0,
as n　⇒+Q. Hence, the assertion follows from THEOREM　5.1.

COROLLARY　5.2. Suppose that COND工で工ONS 1, 2　and　3　hold and that

the regression function　7} is twice differentiable and has the

Hessian satisfying

(5.5)　γ∝　supsup u'H皇∝)隻l <十-,
x u u=l
+¥*　　　　　　^*　　　*S^

′l

Then a LLW estimator ∑g Of ∑ is consistent if

(5.6)　　　　至Ka*. 0(nK),

a　= 1　　日, p。

as n　■+--.

Proof.　For a LLW estimator, it yields from LEMMA　3,2　that under

the assumption (5.5) and (5.6)

o ` i誉K!I!i/nK　吉G(。亨1γ粕Kdl/nKトo・
as n　⇒+也. Hence, the assertion follows from THEOREM　5.1.

サーs

To derive the asymptotic normality of　∑',u, somewhat stronger
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conditions are needed on the error distribution and on the design;

we now postulate the following conditions:

COND工T工ON 3サ　The errors至1,号　　　are independently

distributed according to N (0, ∑)e

CONDITION 4.　　人i<V - o(ノ乾),　as n →・軋

THEOREM　5.2.　Suppose that CONDITIONS 1, 2, 3サ　and　4　hold. If

(5.7)

i至Kきi5i = o(嘱　　　　　as n →+①,
I"S

then the asymptotic distribution of Zj, -布(∑N - ∑) is normal with
mean 0 and covariances

(5.8)
E【zjkz紬】 =gJAkm jmk且・

Proof.工t is sufficient to show that every linear function of Z∬

has an asymptotic univariate normal distibution (see, e.g。, Rao【15,

Chapter 8a.2】主　Note that an arbitrary linear combination of Z∬ can

be written as

tr(AZ^) -布trtACZy -・∑)],

where A be a symmetric p x p matrix.　A few algebra yields that the

quantity tr(AZ∬) can be decomposed into the following three terms:

tr(AZjy) - tr(AZ芸) + gJf(A)でJf(A)

where
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zJi - ^{(trV^J-^'V^ - 2}

宝x(A) -ノ輔tr[Al'vHl】/trVjp

<pjf(A) - 2/vy tr〔ArVj^l/trVjj.

Then under CONDITIONS 1, 2　and (5.7) we obtain

はN(A月　-布恒[Ai冨K蔓荘]1/trVJT

/nKきKci'!iA与1/誉KCi

`聖X¥x.(A)|(1+G)きKHi7^J

sma

as n →+d・ Since甲j,(A) is a linear combination of苧　s,甲Jf(A) is

normally dヱstrbuted with mean 0 and variance

var[甲x(A)] - 4vJj(trVjr) 2E【{tr(Ai'V^)}2]

Since (1+G)~1 」c写　< 1 (i ∈K), it follows from (A.5) and (5.2) that
l

E[{tr(Ai′Vj^)}2】 - tr(A2Ai′Ⅴ孟1)

・ (誉碧j〕入i(V至K-

Hence, under COND工で工ONS 1, 2, 4　and (5.7) we obtain
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var[鯨A)] i 4Q+G)2誉鷺3・〕 (vnKJ(入1(VJT>′句(i至Kきi蔓i/ynK. 0,

as n ⇒　　　This implies that q>u(A) →　O as n →+=- in probability.

Next we show that the asymptotic distribution of
tr(AZ^) is

normal with mean 0 and variance　2tr(A∑　　　Let　≠ (t) be the

characteristic function of tr(AZ.,).　Then

(5.9)　　¢ (t) - E【exp{it-tr(AZ蒜))】

1

- E[exp{it(trV|)亨tr[A(<rV^」ト(trVy)tr(A∑)]}].

Using an orthogonal transformation of V∬, we have

n

(5.10)　tr[AU'V^)] - ∝≡声(VfK'A至;,

where至;'s are independently distributed ace。rding to N (0　∑)・

1

Considering the transformationu　∑~TE;I α - 1・ -　n, we can~a

write

(5.ll)

p    1 1

?;-*至芸- j…1人(S2Aヂ)u孟j・

where u .'s are independently distributed according to N(0,1主
∝J

Hence, from (5.9), (5.10) and (5.ll) we obtain that

l              1  1

*A(t) - E[exp{it(trV|)喜入∝<v亨入(SYAヂ'u孟j

- it布tr(A∑))]

-　E[exp{-lt/v7tr(AZ)}
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1　　　1 1

× tt TT E[exp{it(trVj) 7人∝<v入)(ヂA㌘)u孟])】・
a j

expトitノ垢tr (A∑) )

申　naii

a

1　　　　1  1　1

{1 - 2it-(trV孟)-7人∝<v入(Z^AP)√lf

1  1

Note that　∑入∝(V - trvM'∑(入∝<v>2 - trv孟and　∑(入(22Aヂ)}2 -
∝　　　　　　　　　　　　　　∝　　　　　　　　　　　　　　　　　　　　J

tr(A∑　　Then, using a Taylor expansion of log #A(t), we obtain that

for any t　∈ (-0,, +也)

10g¢A(t) =　-t2tr(A∑)2+ ‡∑R∝(t)
∝　j

4 .

R∝(t)=一言l

where

3

(trvj)ラ(入∝(V}3{入」(

1　1

∑2A∑;)}

1-2i8tt(trV打亨入∝(V*j1

(S2A㌔)IS

for some 0, in (0, 1).　Since

3　　　　　　　　　　　　　1　1

".J V l'　　⊥　`'　A A-

it foilows that under COND工で工ONS 1,2　and　4

t3

1　1

Raj(t月≦号ts(trv|)入i(V誓xll且(STAヂ)IU∝(Ⅴ∬)入」(ヂA2?)}2,

[三号R.(t‖ i ≡至極∝(t)

・号t3d+G){入i(V′V^}聖xU.(Z2AZ2)

J|tr(A∑)2-0・

1　1

as n →-　　Therefore, we obtain that 0.(t) →　exp卜tr(A∑)2t2】 as n →-

for any t　∈ (-也, +¢).　This completes the proof.
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Using the similar argument as in the proof of COROLLARY　5.1 or

5.2, we obtain from THEOREM　5.2　the following corollaries:

COROLLARY　5.3. Suppose that CONDITIONS 1, 3+　and　4　hold and that

the regression function rl is differentiable and satisfies (5.3主

Then, the asymptotic distribution of Z朝-・塙(㌔ - ∑) is normal with

′ヽ

mean 0 and covariances given by (5.8) if i≡Kd呈- oC/fi ) as n榊・

COROLLARY　5.確. Suppose that CONDITIONS 1, 2, 3サ　and　4　hold and

that the regression function n is twice differentiate and satisfies

(5.5主　Then, the asymptotic distribution of Zl　布(∑望- ∑) is

normal with mean 0 and covariances given by (5.8) if

aS n　ヰ+00

6. Some special cases when、-q　=　2

i冨Kq - o(/nK)

We will now consider in more detail the case when q　=　2.　The

datamay be described as {(yi,誉1日l<Li <:n} with x. - (1, x.)メ_1

Without loss of generality we assume that x-. < x2よ-・ 」 x and then

number of repeatedobservations at誉ism. i.e, m, - #{j|誉j -誉1,

1 ≦j ≦n}. For simplicity, we denote the observations by (ど　x.)

instead of (yi,空.) henceforth. Let K..- {i| m. ≧2}, K,,- {2　-,

n-1} ~ K且・

KNuK- which

First we define a practical index set N. for each i　∈　K
l

specifies a neighborhood of x‥　Let
_1
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tjl　　-　x,　　≠ 1L
J ifi∈　kjr

u xj=xi-or x.=xi+}, ifi∈Ky"

(6.1)

where i" =　max　且　and i　　=　min　且.

x且<x　　　　　　　且>Ⅹ1
Fori∈K9"letNT-川Ⅹ]

x.-}　NT-ul　-X,十　mア--#N二　andm.千-#N王・工tis possibl占1　　　　　　　　　　　　　　1

to consider a general estimator ∑N Of ∑based on N.,　∈ K. However,

it is natural to consider a simple class of estimators which reflects

on the characteristic of two types of neighborhoくids as follows: For

i　∈　K　=　K..UK,,and given 0. ∈ 【0, 1】, let
l

(6.2)　　ど　- (y(l)　y(P),.Ti

tmiyi/ど1}/(mi - 1)　　if I ∈ KE,

where for i ∈ KJ」'y,

w　(1-B.)yr ifi∈Kg9

-m-1k　≡NiyJandf。…Kg,
yi-=m:i冨Niyandyi+=m-1
i+冨Niyj・

′ヽ

Using三i = yi -ど. as in (2.3), we define a class of estimators

of　∑by

(6.3)
呈G-〔iきKCiy1i至Kc4rr'

l-iti'
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where c?
1

(6.4)

(1 + w^wl)"1 and is given by

1 -　m:1

Or
l

+　・・-.・・・.・・・・.・.・.・.・・・.・・・・・・・・・　+

inn r
1

(トV2
m.+

ifi∈KN,

-1 ifi∈Ky・

A special case of this estimator were introduced by Gasser et al.

[8] and by Ohtaki[14], and a slightly different estimator was

proposed by Rice[16] in univariate regression model.　A simple algebra

yields that

(6.5)
∑G = TjK^pE- (1-でE)∑9,

where!〔i冨Kaq)/{2cj),

-*-'-HITXJi牀KらisthePEMSestimator(1.3)basedon

thedata{(yi,誉1日i∈K^},and

享cfr

4牀KyVi牀KyJlllEi・

Thus,wecanseethatxnisanaturalextensionofPEMSestimator.

Notethat∑¥nincludestwoimportantestimatorsasspecialcases;

adopting0.=m.-メ(m.-十m.+)yieldsaLUWestimator,whichwillbe

denotedby∑G魁,andadoptingQァ-(xl-xァ-)/(x.+-x.-)yieldsaLLW

ノヽ
estimator,whichwillbedenotedby∑Gg・

A,
REMARK6.1.Theestimator2Lisexpressedinaquadraticform,

ノヽ
∑=(trVg)"^'vqY,wherethe(a,&)-elementofVQcanbeexpressed.

asfollows:
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(6.6)
Ⅴ∝β

C昌+VαつC昌一(ト8∝-)　v∝+)C昌+8孟　if∝- 8∈Ky,

(m∝-1)/m∝Ifa=8」K#'

-m-1
-a+m-2.
-a工,(O」-)C芸-(1-9。-)VαつC昌十O孟十),
Cて

ifx=xβ,and∝≠β,
∝

-v∝)C昌d-ea)mai-I^(a+)c昌十8∝十m-1
aifβ-or

工y(。つC昌+e+(i-e.)nrlnri+
。raaa

where for f-K,9,工　-1ifi∈K^and Oifi4Kf

Since ∑ (or ∑G乳・ ∑L^) is a special one of∑∬(

can apply the general theory of ∑∬ in Sections
′ヽ　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　′ヽ

・:-　S,

to　∑

if　&　=　ctA

otherwise ,

I ∑ヱ),
We

(or ∑Gむ,

∑Gg).However,∑isbasedonaspecialindex-setN.andaspecial
b1 l

predictoryandsowecanexpectthattheassertionsandthe

.*.
conditionsinthegeneraltheoryof∑∬canbemorestrengthenedand

simplified.Weshalllooktheseinthefollowing.

EJ

LEMMA 6.1. Let ∑Gむ= l<r,朝(j,且)] be a LUW estimator. Suppose

that the jth and the且th components n蝣and n且of the regression

function rl are differentiable, and that
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(6.7)

Then

where

(6.8)

中∝-S冒pIdx乃∝(x)x-t　-,　∝-3,且e

|E[<7Gu(j・且)] - <r-且l `甲㌔Gu・

hGtl-t冨K2-1Ic

i牀K9呈(Ⅹi十-xl-)2

LEMMA 6.2・ Let ∑Gg = 【gGg(j・且)] be a LLW estimator・ Suppose

that the jth and the且th components乃　and T)A of the regression

function　7}　are twice differentiable, and that

6.9

Then

・∝-S冒p悪症Ⅹ)Ix-t　-I α-j,A.
′ヽ

¥E[OG」U,A)].- "}l¥ *　γ〕γ且hG」'

where

(6.10)h.盟-吉〔i誉K蝣I)-1I

i牀K,cf(x.x.):(x了X.-)

LEMMA　6.3.　Let Vn be the matrix given in REMARK　6.1 and let

リG - (trVG)2/trV昌・ Th色n it holds that

(6.ll)

Proof.　Note that

リG>

n　-　2

24　+　40(n-2)-1
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・6.12)　VG - c至KCi〕2′[i至Kcj{l + 2工y(i+)cJ+(l-81+ei十)2

2Iy(i++)c^++
8至り(ト9.)

)十　∑

tut-
I+1.∈KN.

C呈]・

Since　書くC等< 1 for all i ∈ K, a straightforward calculation yieldsl

that

G t至K蝣0 〔21きKcf+5n主(iきK 〔2+

Hence we obtain the desired result.

n　-　2

24　+ 中岳案
n-2

From LEMMA　6.3 it follows that vn →+- as n →+<=-, and CONDITION 1

in Section　5　are satisfied; therefore, we obtain from THEOREM　5.1 the

foilowing theorems:

THEOREM　6.1. Suppose that CONDIT工ONS　2　and　3 in Section　5　hold。

′ヽ

工f l誉KH　= o(n) as n榊, then the nonparametric estimator ∑G

deined by (6.3) is consistent.

COROLLARY　6.1. Suppose that COND工で工ON　3　holds, and that the

regression function jT is differentiable and satisfies 2*2
α

+①I

where　中's are the quantities given by (6.7). Then a LUW estimator
ォs

∑Gu is consistent if

i至K,(xi.-x )2主o(n),　asn→十の・

Proof.　Using 書くC写1 < 1 (i　∈　K), we obtain from LEMMA　6。1 that
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(6.13)

o`i至K払` 2〔p t誉K,(x.+-Ⅹi→2・

Hence, the assertion follows.

COROLLARY　6.2.　Suppose that COND工で工ON　3　holds, and that the

regression function n is twice differentiable and satisfies
∑γ孟'
α

where　γ　s are the quantities given by (6.9). Then a LLW estimator

∑'nce is consistent if

i誉Kg(xi+-x.):(x- -xi->2_=o(n) asn叫

Proof.　Using a similar argument as in the proof of COROLLARY

6.2, we obtain from LEMMA　6.2　that

・6.14) 0≦iきK写i?l吉LIA誉K;Xi+-*i>*(x. -x.-)

Hence, the assertion foHows.

+<-,

COROLLARY　6.3.　Suppose that CONDITION　3　holds, and that there

exist two numbers a and b such that　-の　く　a　≦　x. 」 b　<　十¢　for all i　∈
1

K. Then, ∑Gu is consistent if the regres、sion functionれis
′ヽ

differentiable on [a, b]; so is also　∑'  if H is twice differentiable

on [a, b主

Proof.　Let t.
J
(j　∈　K-) be the jth design point on which no

replicated observation lies, and assume that t-　< t9く　-　く　　andS

s = #K^ without loss of generality. Then we have

(6.15)
s-1
i≡K(x..-Xj-)'

y蔓(tj+1-t--1'2
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s-1
22{(t

J=2j+l-v(t.-v^}

4(tg-tl)2」4(b-a)

and

(6.16)

s-1
42(t

j=lj+1V2

iき(x

Ki+-xi-)2(x了*!->*`2-4至K(x..

y-*!-)ォs-1

']≡(tj+了与1)4く(b-a)

Hence, the assertion follows from COROLLAR工ES　6.2　and　6.3.

Following similar lines as in the general theory in Section　5,

we obtain the following theorem:

THEOREM　6.2.　Suppose that COND工で工0Ⅳ　3サin Section　5　holds。

Then, the asymptotic distribution ofノ屯(∑G - ≡) is normal with mean

0 and covariances (5.8) if至Ky払= o(,/n) as n→佃e

In the proof of THEOREM　6.2　the following lemma is essential,

LEMMA　6.4. Let Vr be the matrix given by REMARK 6.1, and let

x-(V-J be the largest eigenvalue of V-,.　Then

(6.17)　　　　　吉一五五w `誓・

Proof. Note that入i<V =　sup　　∑∑
u'u=1 ∝　β

V∝gvv where vaβ s are

given in REMARK　6.1.　After some straightforward calculations, we can

show that入i<V £ 17/4. The left hand part of (6.17) follows from
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つ一主` i (n-2)′n<i至KC呈/n- trvn/n≦H(VG主
2　　　n

Proof of THEOREM　6.2.　From LEMMA　6.4, we see that CONDITION　4

in Section　5 is automatically satisfied. Hence, the assertion follows

from THEOREM　5.2.

Using arguments similar to the ones in deriving COROLLAR工ES　6.1,

6.2　and　6.3　from THEOREM　6.1, we obtain the following corollaries of

THEOREM　6.2:

COROLLARY6.4.SupposethatCOND工T工ON3†holds,andthatthe

sameconditionsasinCOROLLARY6.1hold.Thentheasymptotic

distributionof偏(∑G朝一∑)isnormalwithmean0andcovariances

(5.8)if誉(x,

K9◆-x^)*=o(./n)asn→十①'

COROLLARY6.5.SupposethatCON])工で工ON3†holds,andthatthe

sameconditionsasinCOROLLARY6.2hold.Thentheasymptotic

distributionofJ百品(∑GE-∑)isnormalwithmean0andcovariances

(5.8)if≡(x,

K,ヰ~xi)2(xl~X.-)2_=O(菰)asn榊・

COROLLARY6.6.SupposethatCOND工で工ON3†holds,andthat

thereexisttwonumbersaandbsuchthat-①<a<x.≦b<+oofor
l

alli∈K.Then,theasymptoticdistributionofJvZl懲(∑Gu-∑)is

normal with mean 0 and covariances (5.8) if ;I is differentiable on

[a, b]; so is also that of　%^∑GE - ∑) if乃is twice differentiable

on [a, b]
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7. Testing goodness of fit of linear models

工n this section we propose a criterion for testing goodness

of fit of linear models in multivariate regression.　Assume that the

regression relation can be described as in the model (1.1) and that

the.errors至1,号2　‥　are independently distributed according to

V? ∑)・

Suppose that a hypothesized model, say f-Model, is expressed as

(7.1)
1=Xf8,

where Xf is an n X r design matrix induced by a function f = (f ,

-　V':Rq-R,thatis

(7.2)
Ⅹf=

[(*11'

!(-V'

where the function f is known,

[f(1) - .(r)】,

rank(X-p) = r and 8 is an unknown r 冗 p

coefficientmatrix.Whenthereareenoughreplicatedobservationsin

dataset,itispossibletotestthehypothesisHf:-'Modelfistrue''

byusingtheWilks'A-statistics(Wilks[24])derivedbelow.

LetT>E=Y'vY
PEl/(n-g)bethePEMSestimatordefinedby(1.3),

wheregisthetotalnumberofdistinctdesignpointsinthedata.

∧
Hereweassumethatn-g>-p,andlet∑f-y'(In-Pf)Y/-(n-r),where

Pf-Xf(X妄xf)"1x妄Fromthegeneraltheoryofmultivariatelinear

model(see,e.g.,Anderson[l],Seber【19],Siotanietal.[21]主the
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likelihood ratio criterion is based on

(7.3)　　　入　=
(n-g)写EI l∑pE n一g

(n-g)ZpE + {(n-r)∑f - (n-g)SpE.}　　　Z n-r

Under H^, (n-g-)ZpE and (n-r)∑　- (n-g)ちp, have independent Wishert

distributions W (n一g, ≡) and W (g-r, ∑), respectively. Then A has a

A-distribution with degrees of freedom p, g-r, and n-g.　For the

tables of the upper quantile values for the A-distribution, see,

e.g., Seber[19]. If the ratio IspEI/I∑I I is very smaller than the
′ヽ

expected value under H , that is, ifはIS.much greater than　ちE上

we reject Hf and may suspect that there exist some lack of fit in

f-Model.工t is noteworthy that the test based on the A-statistic of

(7.3) is equivalent to the well-known classical F-test when p　= 1

(see, e.g., Seber[18, Section　4.4])

The A-test mentioned above, unfortunately, can not be applied if

there are few replicated observations in the data set. This is the

situation we now consider. One possible、approach to such a situation

is to use the A-statistics

′ヽ

defined by replacingちE by a
ノヽ

nonparametric estimator ∑∬; however, no simple expression of the

exact distribution even when Hf is true is available for the

resulting statistics.　We now consider the asymptotic distribution of
蝣^　　　　　　/¥

はfl/はjrl when n is large.工t is seen that after multiplying a

suitable normalizing constant, log{ ∑ I/I∑JT|} and tr(∑f∑ふ1巨p have

the common asymptotic distribution.　So we study the distribution of

the latter statistics.
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THEOREM 7.1. Suppose that &ァ, s2,・・・　are independently

normally distributed with mean 0 and covariance matrix　∑　　Let

(7.4) KL　- (2p)'1{輔1 - (n-r)"1}"1,

where VJ{ - (trV∬)2/trv孟　Then under Ef the asymptotic distribution

of

(7.5)
- /Kr{tr(∑f∑滋) - p}

is N(0, 1) if the following conditions are fulfilled:

(1)

sIB別

リJf - (trVJf)2/trv孟ヰ+-　as n→叩,

l三m崇V∬/(n-r) < 1.

(ii)　There exists a positive number G such that

冒呈芸nl||wiII2 i G ` +-・

(iii)
入i(V -o(ynK) as n⇒+O・

(iv) There exists a positive definite matrix Qf such that

X妄Xf/n → Q,　　as n →+凸・

(v)　Let　≡　-X, (w.一至),i∈K. Then

i至K無i=o(^v asn榊e
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Proof. Note that Tf - Aytr[(∑f - ∑N)≡-lt工p i (∑N - ≡)=-ll-1】
ノヽ

and from THEOREM 5.1 ∑N → ≡ as n →+O in probability・ Hence, the

asymptotic distribution of T- is the same as that of Tf
44ヽ

Jに.tr{∑11(∑f - ∑N))・ Letting

(7.3)　　　Wf - (n-r)-HIn - Pf) - (trVIVJT'

we have T-　- Jk tr(=-1Y.W-Y). when the null hypothesis is true, there

サ

exists an r 冗 p matrix　8　such that l　=　E【Y] =　X-8, and hence T-　can

be expressed in terms of 」 = Y - X^8 and decomposed as follows:

(7・4)　　　　　　T^, = Af + 2T Lf

where

and

ム　- -y年(trvy)-itr(8∑ー19′Ⅹ妄Ⅴ〟xf),

てf -　-革(trVjj) !tr(∑~18′XfYMS)

Tf - yr:tr(2-i<?'wf<?).

FirstweshowthatAf→Oasn→+①andてf→Oasn→+匂in

probability・NotethattrV-
Ji至K(l+llwi‖2^-1≧n-/(l+G)from(ii)

Usingasimilarcalculationasin(5.2),weobtainfrom(v)andLEMMA

3.1that

、ノ

`芸亨至-J　且
r-vJ{
)圭(i至謹i,句→ 0,

as nヰ十由, where8- [望1・ =　?r]'. We also obtain from (A・5) and

(5.2) that under (I), (li), (iii) and (iv)
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ElT2]
fJKr(trVjr)2tr(∑-1e'x招xf8)

・ (2p)-Hi+G)2{xl(vJ{)/yEK}^誉至鮮ia %至K空i≡i,句→ 0,

as n →-・ This implies that Tf -> 0 as n →- in probability.

Finally we show that Tf is asymptotically distributed according

to N(0,1). Let卓n(t) be the characteristic function of T-. Then

following similar lines as in (5.9), we can obtain

n(t) =　E[exp{itN'k tr(∑~16′Wf」)}]

n {l - 2it革人∝(Wf)}
α

Hence

・og ¢n(t) -一書p ≡ log{l - 2itytc^A-α(W^)}
C亡

Using a Taylor expansion, we have that for any t　∈ (-ふ　+oo)

・0g{- 2ityi<r~人∝(Wf)} - -2iJ百人∝(Wf)t + 2{/中∝(Wf)}2t2　Rよn)(t)

where

Rよn)(t)
(重大。(Wf)}s

- 2iO∝(t)t/ir;.入∝(Wf)}s

forsome8∝(t)in(0,1).NotethattrW-=0and

trw呈-VLlノー(n-r)"1+2(n-r)-i(trV^.)蝣Hr(PfV∬主

LettingQ--X
xtII妄X-p/n,wehave
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tr(PfVy) - tr{(Xpff)-xX壬・f} - n'*trH早nxfW

-n-1Ho孟Ai至Kc*eijei且・

whereto孟且isthe(j,且トelementoftheinverseofQ-.Hence,we

f,n

obtainfrom(i),(ii),(iv)and(v)that

(7.5)　　　K trW呈- (2p)-M

n-r-リガ団冨

VN

p(n-r-y^)trV^

O孟且

|tr(pfV

) 〔iきK強/v/5k) - o(1/^k)

asn-. Therefore, letting　占n(t) -　号∑Rよ(t), we obtain
∝

log*n(t) - IPJ可(trWf)t -　Krp(trW呈)t2　るn(t)

-　-t圭　o(lA/亮)}t:　るn(t)

Since, under Conditions (ii) and (iii主

m芸xUa(wf)I `何人1(VJy)/trVjy-+ (n-r)"1}

・ (i+G)y軍馬ト1(Ⅴ∬)′句+年/(n-r)

o(1)入(V/y尋十O(l/yn) -0,

as n　⇒十匂, it follows from (7.5) that

・5n(t‖≦書p鯨w 〕t3
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-書{pKr(trW呈,,匝m芸xl入。(Wf)0 → 0,

asn→-　Hence, wehavethat頼t)→exp(一書　foranyfixedt・

This completes the proof.

cOROLLARY 7.1. Suppose that every component of f　= (f ,・・・, f )'

is differentiable and satisfies

中∝-S班1はf叫-ち)2}与<+oo,竿-i, ～, r,J

and that the conditions (1), (iii) and (iv) in THEOREM　7.1 are

fulfilled. Let ㌔ b,e a LUW estimator of ∑, and let k到,r

(2p)-l輔n-r)/(n-r-リむ) and Vu = (trVu)2/trV2.工f i至Kd呈- O。嘱)・

as n →+<サ, then the asymptotic distribution of T町,ど -軒{tr(∑?si-1

- p} is N(0, 1) when the hypothesis Hf is true.

′ヽ

Proof. For a LUW estimator ㌔　we have that n.墜　2 - 1for

all i　∈　K, and obtain from LEMMA　3.1 that

o ≦i至K鮪7^K i L摘(i≡Kd呈′句→O,
as n　⇒+<=.　Hence, the assertion follows from THEOREM　7.1.

coROLLARY7.2.Supposethateverycomponentoff=(fl,-f)
rメ

istwicedifferentiableandhastheHessiansatisfying

・∝-S呈psup|u'H

u'u=l~(∝'どl<・-,α-1,～,ど,

andthattheconditions(i),(ii),(iii)and(iv)inTHEOREM7.1are
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ノヽ

fulfilled. Let ≡,g be a LLW estimator of ∑ and let kg,r

(2p)-lVg(n-r)/(n-r~Vg), whereリ空= (trV^Vtrv昌IfきKdj - o(^)
′ヽ　　′ヽ

as n →+-- , then the asymptotic distribution of Tg,I -重言{tr(∑f∑壷且)

-　p} is N(0, 1) when the hypothesis H-p is true

Proof.　From the condition (ii) and LEMMA　3.2　we obtain that

o `i至K強/^`去GL享1γ拍kx KJ→0,
as n　⇒+匂. Hence, the assertion follows immediately from THEOREM　7.1

8. Robust estimators of diagonal elements of　∑

ノヽ　　　　　　　　　　　　　　　′ヽ

A disadvantage of ∑∬ is that ∑∬ has a lack of robustness because

one single outlier may have an arbitrary large effect on the

estimator. For diagonal elements of Z, i.e. variances of the

components of y, using the jth components r- of三i = yi - yi (i 蛋 氏)91J

and applying the idea due to Rousseeuw[17], we may construct
l"!

a robust alternative estimator a飢(j,j). The derivation of the robust

estimator is based on an averaging procedure through taking the

mとdian of ctr写　s (i　∈　K) rather than the arithmetic mean of them
l lJ

(see, HampelLIO, p.380]). When errors are normally distributed, the

robust alternative may be given by

(8.1)銑(j,j)-2.198median(c王r?.).
ijiraa

Here{1/申-1(3/4)}さ2.198isanasymptoticcorrectionfactor,

because

EE　-



m占dian(c?r享_.)ヰ
1 1J1∈K a. median(x|) = ffj.{*"1(3/4)}2,JJ

as n　⇒　+--, where　申　denotes the standard normal distribution function.

Another robust alternative may be given by an M-estimator which

was introduced by Huber[ll].　The scale M-estimator for the jth

element of　2 is defined in our case as follows.　Let p be a real

function satisfying the following assumptions.

(i)p(0)=0;

(ii)p(-u)=p(u)

(iii)0≦u≦vimpliesp(u)≦p(v)

(iv)piscontinuous

(v)0<a=supp(u)<+¢;

(vi)ifp(u)<aandO<Lu<v,thenp(u)<p(v主

ノヽ
Then,theM-estimatorofa..,sayou(j,j),isdefinedasthevalue
JJ-ft

ofswhichisthesolutionof

n壷11至KP(^c|ri,/s) = b,

where b may be definedノby Ee(P(u)) = b

The degree of robustness of an estimator in the presence of 。

outliers may be measured by the concept of breakdown-point which was

introduced by l王ample[9】　Donoho and Huber【6】 gave a finite sample

version of this concept which will be used here.　The finite sample

breakdown-point measures the maximum fraction of outliers which a

given sample may contain without spoiling the estimator completely・
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THEOREM 8・1. Let a吹(j,j) be the estimator given by (8.1). Let

U be the quantity given by (4.7), and let g be the nu皿ber of
n

distinct design points in data. Then the breakdown-point of a窮(j.j)

is no less than

冊/(I V巨n,

where [t]　and 【t]~　denote the operations of rasing to a unit and of

omitting fractions on a real number t, respectively.

proof.　Let m† be the total number of outliers.　Then the number

of affectedelements of {c?弓Jl i 。K} is atmost (1 +U )mサ　From

the definition we see easily that a現(j,j) can not take arbitray large

valuewhen (1 +U )m†≦苦- 1 or　誓accordingas gis evenor odd.
Now the assertion follows immediately.

工n one-dimensional regression, i.e. the case of q　=　2, with no

replicated observations in the data, the breakdown-poin、t of a現(j,j)

・S[t]
詛

/n, where n is n-2. if n is even, n-1 if n is odd. Hence the

asymptotic value is

Appendix. Covariances of some qudaratic forms

Let Y チ [YIl yn]′ be an n x p random.matrix such that写1,

'‥, y are independently distributed with meansヮ1, …,鯨　common

covariance matrix　∑　and co皿non third and fourth moments about their

means. The common third and fourth moments are expressed by M-(jサk　且)
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and u4(j,k,A,m) for 1 as: j, k,A, m£p, respectively, as in (4.1) and

(4.2主

THEOREMA.I.工fA=[a-且】andB=[b.且JareanypXpsymmetric

matrices,V=[va]isanyn
dpXnsyinmetricmatrix,then

(A.I)Cov【tr(AY'VY),tr(BY'VY)】

v'v{亨≡夏至ajkb且mA4(J>k,A,m) - tr(A∑)tr(B∑) - 2tr(A∑B∑)}

+　2(trV2)tr(A∑B∑)

i 2号kZ夏≡ajkb」m{^3(k'且,m'乃(j).十」i3(m,j,k)n且}Vv

+　4tr(A∑Bl′V21),

where l= (ワ1, …・ワ) and vis the column vector of the diagnal

elements of V.

Proof. Letting」= (竺1, …・竺) =Y-1,we have

tr(AY'vY) =　tr|　　　　　*　′V(i　+　*)]

tr(Al′V5)'+　2tr(Al′V」) +　tr(A」'V」).

・otethat E[」] -Onx andE【E(JV且] -0-且Inforlくj9且蛋p,

E【至o:賢云] =占o:8∑　for 1 ≦ a, S £n, and the third and fourthmoments

are given by (4.1) and (4.2), respectively.　The expectations are

calculated in terms of S and their computations are straight!orward。
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Here we list some fundamental results in the following:

(A.2)　　　　　E[tr(AY'vY)] = (trV)tr(A∑) +　tr(Al'V*).

(A.3) E[tr(V」'A」)tr(V<rB<」)】 - y'T{誉k:至喜ajkb紬M4(J,k,且,孤)

-　tr(A∑)tr(B∑) -　2tr(A∑B∑))

・　2(trV2)tr(A∑B∑) + (trV)2{tr(A∑)tr(B∑)).

(A.4)　　　E[tr(A^'V<ntr(B」′V*)]

-誉kZ莞喜ajkb且1^3(k'且,m)v'V声)

(A.5)　　E[tr(AW」)tr(Bl'V」) ]　　tr(A∑Brv25)

COROLLARY A・1・工fど1, ‥。, ど are also normally distributed in

THEOREM A・1, then m3(j,k,且) = o M4(J'k>且,m) = <7-k<7姐+ gJ且qkm +

a. o蝕, and

Cov[tr(AY'VY), tr(BY′VY)】 =　2(trV2)tr(A∑B∑) +　4tr(A∑Bl′V21).

COROLLARY A.2.　Let p　= 1 in THEOREM A.I. Then, we obtain the

following well-known expression of variance of a quadratic form

(see,e.g。, Atiqullah【2], Seber【18, Chapter 1.4]):

var[Y'vY] =　v'v(m4 - 3a4) +　2(trV2)a4

・1M.,ワ′vY十4a2rj'＼7年
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