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Introduction

"Plethysm" {A}®{u} 1is a sort of composition of Schur
functions (or partitions of positive integers), which was first
introduced by D.E.Littlewood [20]. From the first time, it is an
important problem to decompose it into irreducible factors, and
several efforts are achieved concerning this problem. (See the
references at the end of this paper.) But, at present, general
decomposition formulas (or rules) are not yet known except some
special cases. In view of the table in our previous paper [5],
however, it seems that there exist some hidden combinatorial
properties on {A}®{u}, and the purpose of this paper is to give a
series of conjectures expressing combinatorial formulas on fhe
first and the last terms of {A}®{u} with respect to some natural
order on partitions, which gives a partial "answer" to the above
problem.

Unfortunately, at present, we do not know the proof of these

conjectures. However, these conjectures give the correct results
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up to total degree < 18 (resp. < 18) for the first (resp. last)
term of {A}®{u} 1in view of the table in [5]. 1In addition,
concerning the last term, several types of conjectures give the
same results up to total degree < 27 (cf. § 5), and it seems that
all conjectures stated in this paper actually hold. If these
conjectures are correct, we can determine the range of partitions
appearing in {A}®{u} for large total degree without calculating
explicit decompositions.

Concerning this problem, we already calculated plethysmé
{A}®{u} in [5] up to total degree < 16 (and total degree < 18
for last terms only). And in view of this table, we stated some
conjectures on the first and the last terms of {A}®{u} in [5; §4].
The first term can be expressed in a quite simple closed form
(cf. § 1, CONJECTURE 1.2). But, the conjectures on the last term
stated in [5; § 4] was unnecessarily complicated, and we simplify
them to a relatively compact form in § 2 of this paper. In
addition, we add other two types of conjecturés on the last term of
{A}®{u} in § 3 and § 4. Roughly speaking, the first type
conjecture in § 2 indicates the recursive (or inductive) structure
on the last term, and the second type conjecture in § 3 indicates
that the last term of {A}®{n} can be determined essentially by
p. and the latter part of A (cf. CONJECTURE 3.1). 1In § 4, we
give the third type conjecture, giving the explicit formula on the
last term (CONJECTURE 4.1), which may be considered as a principal
conjecture in this paper. But in general, it is not a closed
formula, and requires a case by case calculations depending on the
combinatorial property of Young diagrams. As a special case, if

this conjecture is correct, we obtain a relatively simple formula
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cn the range of {m}®[n] and {lm}e[n], where

[n] = {ln} if m 1is even
{n} if m is odd

(CONJECTURE 4.2). For example, from this formula, we have the

decompositions
{5}8{10.} = {50.} + ---. + {7%65°1},
{5}8{100.} = {500.} + ... + {9%4711557y,
{5}®{1000.} = {5000.} + ... + {13.20815 122,45 82,5,

etc. (For other examples, see § 5 and § 6.) To calculate these
last terms, we need the following expansions of positive integers

by binomial coefficients:

o= (3)-(2)-(5)- ()~ (1)
0 = (8) - (F) - (3)-(2)-(3)
1000 = ( - ) + ( " ) + ( 3 ) * ( 2 ) * ( ¥ )'

(Note that for these plethysms, if the parity of m is reversed,
then in contrast to the above, we can express the range in simple

forms, i.e., we have the following conjectures:

{m}®{n} = {mn} + +eee + {m"}  (m = even),
(m}e{1"} = {mn-n+1,1""1} + ..ol 4 @™} (m = odd),
{1"M}@{n} = (2™} 4+ «eoo + (1™} (m = even),
(1Me{1™} = (n™ ! 17 # eeee + (1™} (m = odd).

cf. CONJECTURES 1.3, 2.1 and the explanation following it.) 1In § 4,
in order to express the last term of {A}®{n} for general A, we

define the expansion of integers by some polynomials which is
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naturally associated with the Young diagram A. This generalizes
the well-known expansion of integers by binomial coefficients which
we indicated above.

In the latter part of this paper (§ 5 and § 6), we give a
table of the first and the last term of {A}®{u} up to total
degree g 27 as a reference data. Up to total degree < 16, all
results are obtained by actual decompositions of {A}®{u}, and for
higher degree cases, most terms are calculated by using our
conjectures in § 1 ~ § 4. (For details, see the explanations.in § 5
and § 6. We check these results by making programs of computers.)
We believe that they give the correct results. But, there may be a
counter-example to our conjectures in higher degree case which we
did not yet calculate, and the author is grateful to the readers if
they teache a counter-example (or a "proof") to the author in case
they find it.

Finally, it is interesting to note that in order to express
the last term of plethysms, the expression of type

[Al
"k

dim {A}, or -dim {A},

necessarily appears for any formulas in § 2 ~ § 4, where dim {,{}k
denotes the dimension of the representation space of GL(k,C)
corresponding to the partition A, and |A] = Z Ai' (dim {A}k is
a polynomial of k with degree |A].) These values satisfy some
interesting recursive identities which depends on the combinatorial
property of Young diagrams (see § 2). Perhaps, in considering
plethysms, these values are fundamental quantities naturally
associated with Young diagrams. And it seems to the author that

there exist some further deep and interesting combinatorial

-50-



-tructures in "plethysms". We desire that someone will investigate

these properties.

1. Fundamental range and the first term

We first explain our problem precisely. We introduce the
natural lexicographic order in the set of partitions of
non-negative integers as follows: For v = {y, v,, -+* } (v; 2
Vo 2 ro¢ 2 0) and g = {"1’ No» *°° } (n1 2Ny 2 °c0 2 0), we set

v > n 1if and only if

Vi T By s Yy ”p and y > for some p.

D p+1 7 Dp+1

And we express the decomposition of the plethysm {A}®{u} = = av{y}
(ay € N) with respect to this order from large to small. (For the
definition of plethysm, see [19], [23], [268], [35], etc. The table
in [5] is arranged in this order.) Then, it is a natural problem
to determine which partition is the first or the last term of
{A}8{u}. 1In this paper, we give several combinatorial conjectures
concerning this problem. (As far as the author calculate, he
cannot find a counter-example to these conjectures, and it seems
that they are all "correct".)

Now, we put |A]| = = A;» and lu]l = = p;,» and call the number
IAllu]l the total degree of {A}®{n}. We first state a conjecture

on the fundamental range of partitions appearing in {A}&{u}.

CONJECTURE 1.1 (cf. [5; p.126]). With respect to the above

order, all terms of {A}®{u} are contained between the range

{IulAli e L] IuIAm} ~ {/\llul' o e o o , Amlul}’



where {A} = {Al, e, Am} (Al 2 e 2 A0 0). In addition, the
first term of {A}®{u} 1is -equal to {|H|A1v s .Iulxm} if and

only if py = {“1}’ i.e., the depth of u 1is 1. The last term of

{A}t®{u} is equal to {A1|”|, ceen Amlul} if and only if
{n} in the case |A| = even
{u} = n
{17} in the case |A| = odd

for some n.

The precise first term of {A}®{u} 1is given by the fol;owing

conjecture.

CONJECTURE 1.2 (cf. [5; p.126]). The first term of the

plethysm {A}®{u} 1is equal to
{IulA].’ IMIAZ’ AR |M|)\m_1, |Ll|(km - 1) + IJ~1’ l-l2v R Y un}»

Where /\ = {Al’ cer Am}’ Mn= {ulv Y Iuln} (Am9 un > 0)' The

coefficient of the first term is always 1.

We can explain the above formula by considering the following

figure
iml A
—
v .
m [AAl Aen
->*-
n-| M’
N
where y” = {”2’ e “n}' Namely, in the diagram {|u|A1, |uIA2,
cee |M|Km}» we have only to move |u”| boxes from the bottom row

to the left bottom in the shape of  u”.
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For example, the first term of {21}®{21} 1is given by
{3.2, 3.(1-1)+2, 1} = {621}. In the case {212}®{31}, we have
4.2, 4+1, 4.(1-1)+3, 1} = {B8431}. Up to total degree < 16, this
conjecture is actually'correct in view of the table in [5].

As a special case, we have the following formula on the first

term.

CONJECTURE 1.3. We have the decompositions

{m}®{n} = {mn} + ... ,
{m}e{1"} = {mn—n+1,1n_1} e
{1™@{n} = (o™} + «ee.
(1™e{1™} = ™1, 1" + ...,

In the case m =2 or n = 2, we already know the explicit
decomposition of these four plethysms, and for these cases, the
above conjectures actually hold. (cf. [26; p.138, p.140].) The
conjecture for the first plethysm {m}@{n} is essentially proved
in [40; p.110], and in the same place it is showed that the

n-1y Gith

plethysm {m}@{ln} contains the term {mn-n+1,1
multiplicity 1. See also the table in [12]. The lasf terms of
these four plethysms are a little more complicated according as the
parity of m. (See § 2 ~ § 4.)

In the case {A} = {m} or {lm}, and |Jul = 3, the closed
formula of {A}®{u} 1is also known (cf. [26; p.141] and the
conjugate formula [19; p.220]}). For these cases, CONJECTURE 1.2 is
also correct. (But, the formula for {m}@{ls} in [26; p.141]

seems to be incorrect. In terms of the notations in [26], the

correct formula is given by
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ezch = Z ([1/6-m(n)] + € (u))S“ )
1\
where g”(pw) =1 if m(y) = even and Mo = odd, or m(y) = 3 or 5
(mod 6), and g”(n) = 0 otherwise.) As far as the author knows,

the known closed formulas of {A}®{u} are exhausted by these
examples, if we add the following formulas stated in [27] (and

their conjugate):

fm-1,1}8{2}, {m-1,1}8{1%}, {2,1™ 2%18{2}, {2,1™ ?}e{1?%},

2 2

(m-2,2}@{2}, (m-2,2}e{1%}, {22,1" %He(2}, {2

1™ er12).

2. Conjecture on the last term (part I)

At present, we have three types of conjectures on the last
term of {A}®{p}, which give the same correct results for the cases
calculated in [5]. In this section, we give the first type
conjecture, expressing the last term of {A}®{u} as a function of
m  for each fixed A, which is essentially same as the one stated
in our previous paper [5]. We simplify the quite complicated
arguments in [5] to the following relatively compact form. But,
still it requires some unfamiliar inductive arguments. The essence
of this inductive process is summarized in CONJECTURE 2.4. By
these conjectures, we can make a table on the last term of
{A}®{u} for large |u|, by which we can find the explicit formula
of the last term stated in § 4.

Before stating the inductive process, we first remark that the
coefficient of the last term of {A}®{wm} 1is not necessary equal to
1 in contrast to the first term. For example, the last term of

{21}8{4} is 2{3°221%} and the last term of {21}®{4°1} is
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3{342515}. But, at present, we do not know a formula (or even a
conjecture) of this coefficient. And in § 2 ~ § 4, we ignore the
coefficient of the last term of {A}®{un}.

Now, for a partition A and a positive integer p, we put

p .
[p] = { {1%} %f |Al even ,
{p} if |A] odd
and consider the last term of {A}®[p]. We say that {A}®[p] is
a fundamental plethysm because the last term of general {A}®{u}

can be determined by that of {A}®[p], as the following conjecture

shows.

CONJECTURE 2.1. (1) The case |A] = even: We express the
transpose {tu} as {a,b,+++,c} (2 =2b =+ =¢ > 0), and
calculate the last terms of fundamental plethysms {A}@{la},
{A}@{lb}, s {A}@{lc}. Then, by arranging the numbers appearing
in these last terms from large to small, we obtain the last term of
{xre{ul}.

(2) The case |A] = odd: We express {u} as {a,b,.--,c}
(a2b = +++ >2c > 0), and calculate the last terms of fundamental
plethysms {A}®{a}, {A}®{b}, .-+ , {A}®{c}. Then, by arranging the
numbers appearing in these lgst terms from large to small, we

obtain the last term of {A}®{un}.

Example. The case {31}@{212}: Since t{212} = {31} and the
last terms of {31}8{1°) and {31}e{1} are {3°} and {31},
respectively, the last term of {31}8{212} is equal to {351}.

The case {21}®{32}: Since the last terms of {21}®{3} and
{21}8{2} are {32212} and {23}, respectively, the last term of

(21}8{32} is equal to {32°1%}.
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Similarly, as we stated in Introduction, we have

{m}e{n} = ---- + {m"}  (m = even),
{m}e{1"} = ...+ {m"}  (m = odd),
{1Me{n} = ... + (1™} (m = even),
(1Me{1®} = +.ee + {1™}  (m = odd).

For the cases where m has the reversed parity, see CONJECTURE 4.2
in § 4.

Remark. We stated in [S; p.150, CONJECTURE 11] the
essentially same conjecture. But, the explanation in [5] was
unnecessarily complicated. Perhaps, this conjecture can be proved
by using the determinantal formula of plethysms stated [19; p.222]
(or its conjugate version), and the Littlewood-Richardson rule.
But, it seems that some additional property on {A}®[p] is

required to complete the proof.

In the table in § 5, we marked the symbol * (or #=) for
fundamental plethysms. (The meaning of the symbol *% is explained
in § 3.)

Now, we explain the inductive process which appears in
expressing the last term of {A}®[p]. To understand this inductive
structure, it is helpful to present several examples on the last
term of {A}®[p] in advance. In the following, we exhibit the
examples for the cases |A| <€ 4. (See also § 6.) They form
mysterious sequences of Young diagrams, possessing some hidden
symmetric rules. We advise to the readers that they check each

property stated in the following conjectures for these sequences.
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A= {2}:

P=1 P=2 P=3 P=94 P=¥ P=6
[ofe] o] of
[ ] LR J L J
o o] . .
P=1 P=? P=1 P=10
of
]
L}
| o] . ® ele
A= {17}
P=l P=2 p=3 P=4 P=5 P=6 P< P=p
o o o
o [ ]
o) .
[*] . -
2] ] n
P=9 P=t(0
[
]
A = {3}:
P=1 P=2 P=3 P=4 P=F5 =
fefaje] [e] o]
eie ole ®
__0_ ele
ele L}
(]
P=1 P=¢ P=9 P=1lo P=1i
o] el
[ ] [ ] LB BR J
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P=(2 P=13 P=14 P=Is P=16
[ ]
[ ]
[ ]
*
[ ]
[ ] *
L ® 'y
L ] ofle
P=17 p=i? P=19 f=20 P=1i
o]
L AKX }
L
el
L [ ] ® [
[ ]
A = {21}:
=| P=2 P=3 P=4 p=¥ P=6 P=1 P=p
o el
LEN ] [ ]
[ ] s °
Lo - hd .
(@] || e .
| 2] b )
L e le
P=19 P=1o P=1 p=12 I=13 P~1g P=is
e
L ]
[ ]
L
L] [ ®
3 hd .
L] h ®
L._ [
ad | ®
o] [
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P=16 =N p=18 pP=1{9 P=20 =2
e
[ ] L
[ ] [ )
[ ] [ ] L ]
_O_ [ ] ole
| @ |
&d
3
{17}:
P=1 P=2 P=3 P=4 P=F% p=b P=" P=g
e| o
| .
| @ | a s .
L@ | ] d .
L [ ]
o B .
_._ [ ]
P=9 P=to P=1i P=(2 P=13 P=14
o]
L
[ 3
..
o | b .
— o]
| ¢ ]
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5 P=t(¢ P=19 P=(8 P=19 P=20
[ ]
[ ]
[ ]
_QJ [ [ ] [ )
A = {4}:
P=\ =2 P=3 P=q P=< pP=6
TeTeT+] 0 0
[ ] o] e
® e| el e
P=1 p=2 =9 P=to P=i]
L ]
[ ) [
L BN 1 el e eole
- [ AN ] [ ]
@ |
P=i2 P=(3 P=t4 P=is P=té
o]
AR ] ] e
u_ ° sl [ ) ——
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p= P=2 p=3 P=4 P=¥ P=¢ P=9
ofe]e] of
® el e ®
[ ] L]
L BN J [ ]
el e L}
_.- [ ]
[ ]
_._ L]
L®] =
Pwp P=§ P=lo =i P=12 p=(3 P=(4
L]
[
[ ] [
L ] [ ]
L] [ ] L ]
_._ L ]
z »
L LB J
ele [ ]
[ ® ]
P=is P=(b Pein P=(2 P=13 P=20
o
e
[ ]
.
Sieoje
[ R [ ]
o : 2
[ B R J [
L [ ]
L] [ ]
- <] N
.2
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A= {27}
P=| f=2 P=3 P=9 P=§ P=¢ P=1 P=9
) o] o]
[ ] [ ] °
ol e [ 4
S .. hd
[ ] L AN ]
o] |
_.‘ ole
eS| e
L ¢ .
[ BN 2
P=1 P=to P=I1 P=(2 P=I3 P=14 P=is
®
| ]
L ]
[
L ]
[ ]
[ ]
[ e [
L ] ] [ ]
— E . L] [
| @ L [
[ XK ]
|
.2 ]
P={6 P=11 P=(2 P=19 P=20 P=2]
o
[ ] [ L]
ole
n .
B ] . =
ol®
9
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A= {217}:
P=\ =2 p=3 P=4 p=5 P=6 P=n p=9
eo|e
e [ ]
e | .
— [ [ ] [ ]
0 : :
L ] [ ]
n [ ] .
» L ]
: e | : .
[ ) [ ]
= " | | .
[+
o] ]
- [*]
=9 f=t{o0 Pe=l] pP=i2 P=(3 f=|‘|- P=i5 P=16
|
[ ]
L ]
[ ]
®
*
L ] [ )
_L [ ] [ ]
] °
o .
— [
_.__ ele
o
[ ® |
4
A= {17} =
P=1 P2 P=3 P=¢ p=5 P=6 P= Pw=g P=9
o] s o)
[ o | n . .
B B . .
o] || .
< n
| & .
.LJ || - [ ]
_._ . )
L._... | [
[ ] [ ]
M 0 -
_._ - [ ]
o] - ¢
_'_ ] [
4 | ] Y
_O__ [
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P=t0 P=ty p=12 P=13 P=(4 P=is P=tb P=i19
[ ]
[ )
L
L 2
[ ]
@
L
[ ]
[ ]
[ ]
[ ]
[ ] [J
\—‘- foeed 9
[ ] [ ]
— L:_ ° .
L [ ]
b |
n |
L}
[+]
P12 p=9 p=20 P=2{ p=22 P =23 P=124
L)
[
®
L ]
®
L ]
L ]
L
*
® L
] [ ] L ]
<] . .
® L [ ]
n | .
[ ] L 2
[® ] 0 .
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These sequences of Young diagrams possess the peculiar feature.
For example, they constitute increasing sequences of Young diagrams.
(The dotted boxes in the above table imply the new adding ones at
the considering step p.) We express this process by the addition

of row vectors as follows:

{2} (5 {21'}@[4]
]

+ (2,1.1)

Il

L]

[e]e] |

Then we obtain a beautiful sequences of row vectors possessing some
recursive property. For example, we have the following sequences

of row vectors:

P A = {3} A = {21}
1 (1,1,1) (2,1)

2 (1,1,0,1) (1,2)

3 (1,0,1,1) (2,0,1)
4 (0,1,1,1) (1,1,1)
5 (1,1,0,0,1) (1,1,1)
6 (1,0,1,0,1) (0,2,1)
7 (0,1,1,0,1) (1,0,2)
8 (1,0,0,1,1) (0,1,2)
8 (0,1,0,1,1) (2,0,0,1)
10 (0,0,1,1,1) (1,1,0,1)
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p A = {3} A = {21}
11 (1,1,0,0,0,1) (1,1,0,1)
12 (1,0,1,0,0,1) (0,2,0,1)
13 (0,1,1,0,0,1) (1,0,1,1)
14 (1,0,0,1,0,1) (1,0,1,1)
15 (0,1,0,1,0,1) (0,1,1,1)
16 (0,0,1,1,0,1) (0,1,1,1)
17 (1,0,0,0,1,1) (0,0,2,1)

18 (0,1,0,0,1,1) (1,0,0,2)
19 (0,0,1,0,1,1) (0,1,0,2)
20 (0,0,0,1,1,1) (0,0,1,2)
21 (1,1,0,0,0,0,1) (2,0,0,0,1)
p A= {13 A = {31}

1 (3) (2,1,1)

2 (2,1) (1,2,1)

3 (1,2) (1,1,2)

4 (0,3) (2,1,0,1)
5 (2,0,1) (1,2,0,1)
6 (1,1,1) (2,0,1,1)
7 (0,2,1) (1,1,1,1)
8 (1,0,2) (1,1,1,1)
9 (0,1,2) (1,1,1,1)
10 (0,0,3) (0,2,1,1)
11 (2,0,0,1) (1,0,2,1)
12 (1,1,0,1) (0,1,2,1)
13 (0,2,0,1) (1,1,0,2)



p A= {19 A = {31}
14 (1,0,1,1) (1,0,1,2)
15 (0,1,1,1) (0,1,1,2)
16 (0,0,2,1) (2,1,0,0,1)
17 (1,0,0,2) (1,2,0,0,1)
18 (0,1,0,2) (2,0,1,0,1)
19 (0,0,1,2) (1,1,1,0,1)
20 (0,0,0,3) (1,1,1,0,1)
21 (2,0,0,0,1) (1,1,1,0,1)

Of course, the essence of the inductive process is contained in
these sequences, and in the following we will clear up these
properties.

As another peculiar feature on the last term of fundamental
plethysms {A}®[p], several rectangles appear repeatedly after some
steps, which give a nice break on the inductive process. We first
explain these rectangular cases.

We denote by dim {y}k the dimension of the representation
space of GL(k,C) corresponding to the partition {yp} = {yl, v

vt (yp 2 -e0 2y 2 0). Explicitly, it is equal to

D(V1+k-1’V2+k_21 ""9vk_1+19vk)

b4

D(k-1,k-2,++++,1,0)

where D(i ""’ik) is the difference product of {il"°"ik}

1*12;

(i, > evee > i

1 k) (cf. [18; p.115]). For example, we have

dim {2}, = 1/2-k(k+1), dim {12}k 1/2-k(k-1),

dim {21}, = 1/3-k(k-1)(k+1), dim {22}k 1/12.k%(k-1) (k+1),

etc. Then, we have the following conjecture.
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CONJECTURE 2.2. For a positive integer Kk (> Al), we put

P, = dim {tk}k. Then the last term of the fundamental plethysm

Ixfp, /k
{r}®[p,] is the rectangular Young diagram {k k }.

®

[N

oIt
'ka' Oltm { }\}ﬁ

In addition, among fundamental plethysms {A}®[{p], the case where

the last term is a rectangle is exhausted by this case.

(Note that "rectangle" corresponds to the "relative invariant" in
the viewpoint of the representation theory of general linear

group GL(k,C).)

Example. Using the closed formula of {2}@{1p} and
{12}8{1p} stated in [26; p.138], we can see that this conjecture

actually holds for these cases. For these partitions, we have

Py = 1/2-k(k-1) and 1/2-k(k+1), respectively, and hence the
sequence of the last term of {A}®[p] = {A}@{lp} (p =1, 2, ««4)
contains the rectangular Young diagram {kk-l} and {kk+1}, which

we can see in the above sequences of Young diagrams. In the case
of A = {21}, we have P, = 1/3-k(k-1)(k+1) and hence the last

(k-1) (k+1),

term of {21}®[pk] = {21}®{pk} is equal to {k which

we can also verify in the above table.

As a next problem, we must capture the last term of {A}®[p]

for intermediate p, satisfying
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(x) dim {*A},_, < p < dim {*a},_,

i.e., we must find a rule of "box filling" of rectangles. We
express this process (*) by the sequence of adding row vectors
(€ Rk) stated above, and denote it by the symbol Ak(A). (Note

that Ak(A) is defined only in the case k > Al where

A
A= {Al,----,Am}, and the first term of A 1(;\) is the vector

expressing the transpose of A, i.e., the vector consisting of the

number of each column of A.)

——

®-1

IN Pg-y
I\ Py

7 AR

For example, in the case of A = {3}, we have

NN

\

N

a%(3) = (1,1,1),
a%(3) = (1,1,0,1) + (1,0,1,1) + (0,1,1,1),
a%(3) = (1,1,0,0,1) + (1,0,1,0,1) + (0,1,1,0,1)

+

(1,0,0,1,1) + (0,1,0,1,1) + (0,0,1,1,1).
Similarly, in the case of A = {21}, we have

A%(21)

(2,1) + (1,2),

a%(21) = (2,0,1) + (1,1,1) + (1,1,1) + (0,2,1)

+ (1,0,2) + (0,1,2),
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A% (21)

(2,0,0,1) + (1,1,0,1) + (1,1,0,1) + (0,2,0,1)

+

(1,0,1,1) + (1,0,1,1) + (0,1,1,1) + (0,1,1,1)

+

(0,0,2,1) + (1,0,0,2) + (0,1,0,2) + (0,0,1,2).

Of course, the symbol "+" in these expressions does not have the
actual meaning, and the adding order is essentially important. (We
remark that in the previous paper [5], this process is denoted by
the symbols Aﬁ-l(x) ~ Ag—l(x) where t is the depth of A. 1In
particular, the index k is shifted by one in the expression
here.) 1In the following, we give the inductive formula expressing
this adding process Ak(A) in terms of Aj(y) (j < k), where vy
is a subdiagram contained in A.

| For this purpose, we first introduce the order in the set

(N v {0})k as follows:

(aly e ’ak) < (b19 ¢ ,bk) if and Only if

ak=b a :b e e 0o ,a, =b

k-1 k-1 a, < bi for some i.

i+l i+1* 71
For example, we have
(2,1,1,0) < (1,2,1,0) < (1,1,2,0) < (2,1,0,1) < (1,2,0,1)
< (2,0,1,1) < (1,1,1,1) < (0,2,1,1) < (1,0,2,1) < (0,1,2,1)
< (1,1,0,2) < (1,0,1,2) < (0,1,1,2).
Next, we denote by t the depth of the Young diagram A, and
for 0 < i < t, we denote by A(i) the set of Young diagrams

consisting |A]-i boxes which are obtained by deleting at most one

box from each row of A.

For example, in the case of A = {321}, we have
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A(0) = { {3°1} },

A(1) = { {3%}, {321} 1}, N =
A(2) = { {32}, {221} }, —
A(3) = { {22} }.

#

Digressive Remark. We denote by X the number of elements

of the set X. Then, we have

#.,.\ _ # - 3
A(l) = { (alv oas) I a1+°°‘+as = 1, 0 < ajs bJ-, a.J- € Z },
where s 1is the number of steps of A and bj the depth of j-th

step.

.

Using this fact, we can easily show that the equality
Aa(i) = "a(t-i)
holds for 0 < i £ t. 1In the special case A = {n,n-1,...,2,1},

this equality corresponds to the famous formula ( ? ) = ( n?i )

on binomial coefficients.

Now, under these notations, we state the following conjecture

on the fundamental property of Ak(A).

CONJECTURE 2.3. (1) The row vectors in Ak(x) is ordered

from small to large with respect to the above order.
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(2) The k-th (= last) component of each vector in Ak(k)

varies from 1 to t, and the total step number of Ak(A) having
(ko
the form (#,...,%,i) (1 £ i £ t) 1is equal to
z aim (v},
VEA(1)

As in the previous paper [5], we express this value as Qi'

A = {212}. In this case, from the above table and

[5; p.146 ~ 147], we have

Example.

a%(21%) = (3,1) + (2,2) + (1,3), &, =8, = 85 = 1,
A3(21%) = (3,0,1) + (2,1,1) + (2,1,1)
+ (1,2,1) + (1,2,1) + (0,3,1) g, = 6
+ (2,0,2) + (1,1,2) + (1,1,2) + (0,2,2) '12 =4
+ (1,0,3) + (0,1,3), g, =2
a%(21%) = (3,0,0,1) + (2.1,0,1) + (2,1,0,1) + (1,2,0,1)
£ (1,2,0,1) + (0,3,0,1) + (2,0,1,1) + (2,0,1,1)
£ (1,1,1,1) + (1,1,1,1) + (1,1,1,1) + (0,2,1,1)
+ (0,2,1,1) + (1,0,2,1) + (1,0,2,1) + (0,1,2,1)
+ (0,1,2,1) + (0,0,3,1) g, = 18
+ (2,0,0,2) + (1,1,0,2) + (1,1,0,2) + (0,2,0,2)
+ (1,0,1,2) + (1,0,1,2) + (0,1,1,2) + (0,1,1,2)
+ (0,0,2,2) g, =9
+ (1,0,0,3) + (0,1,0,3) + (0,0,1,3) g5 = 3.

The vectors are actually arranged from small to large. In

addition, from the above formula, we have

24 dim {S}k_1 + dim {21}k_1

1/6+k(k-1)(k+1) + 1/3-k(k-1)(k-2) = 1/2-k(k-1)2,
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. . 2
g, = dim {2}, _, + dim (1%, = (x-1)%,

9, = dim {1}, _, = k-1.

We can directly check that these values just give the desired step

numbers Qi denoted above.

Digressive Remark. From CONJECTURES 2.2 and 2.3, the integers

{Qi} must satisfy the following equalities:

9‘1 + Q2 + e e e + Q’t = pk - pk_l ,

- JAl
By v 2y v e vty = Blp

(The first equality indicates the number of total steps from the

- rectangle {(k-1) } to the next ({k }, and the

second equality indicates the number of boxes in the k-th column.)
Substituting the exact value of Qi in CONJECTURE 2.3 to these
equalities, we obtain the following interesting identities on

dim {A}k, after some modification of the expressions:

T dim {y},_, = dim {A}, ,

v
2 2ain () = Aflain
v

Here, y runs all over the Young diagrams obtained by deleting at

most one box from each "column" of A. For example, in the case of

A = {n}, we have
pgo dim {p}, , = pgo (Po2) = (™) = aim
and
p%1 _ng—'dlm P}y = p%1 ( p5512 ) ( n;?;l ) B _%“ diminky.
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which are both well-known formulas on binomial coefficients.
Similarly, in the case of A = {ln}, the above identities

correspond to

and
n k-1 n-1 k-1 _ n k

'Tﬁ—( n)‘*mﬁ—(nq) -7r(n)v
which are also well-known. The first identity for general A can
be proved directly by using the branching rule of GL(k—l,C)ic
GL(k,C) (cf. [18; p.143]). But we do not know the proof of the
second identity for general A at present. In view of the second
identity, the integer

frequently appeared in our argument seems to be one of the

fundamental value naturally associated with the partition 2.

Now, we return to our problem. Under these preliminaries, we
express the inductive structure of Ak(A) in the following form,
which may be considered as a principal conjecture in this section.

; ¢ ko371
2’ (A (V)'DO"'""O’i) ’

1 pex(i)
j<k

CONJECTURE 2.4. AK(p) =

Mt

i

where 3° implies that the vectors are rearranged from small to

large with respect to the order defined above.

Example. We consider the case X = {3}, k = 5. 1In this

case, since t =1 and A(l) = { {2} }, we have
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. ¢ 473y
¥ (Ad(y),0,:-+,0,1)

VEA(1)
Jj<b

a°(3)

= ¥ (ad(2),0,.-+,0,1)
j<5

= (1,1,0,0,1) + (1,0,1,0,1) + (0,1,1,0,1)

+ (1,0,0,1,1) + (0,1,0,1,1) + (0,0,1,1,1).

(In the last modification, we used the data

a%(2) = (1,1), A%(2) = (1,0,1) + (0,1,1),

a%(2) = (1,0,0,1) + (0,1,0,1) + (0,0,1,1),

which can be obtained in view of the table stated before.)
Next, as another example, we consider A3(21). In this case,

since A(1)

{ {2}, {12} } and A(2) = { {1} }, we have

(273 (273
3 . J . J
A (21) = Z (A ()J)vov"'vovl) + Z (A ())),O,"',O,Z)
VeEA(1) veA(2)
j<3 j<3

= ¥ ((Ad(2),0,---,0,1) + (ad(1%),0,-+.,0,1)}
Jj<3 .
+ =7 (AY(1),0,--+,0,2)
j<3
= (2,0,1) + (1,1,1) + (1,1,1) + (0,2,1)

+ (1,0,2) + (0,1,2).

(Note that AZ(2) = (1,1), Al@1?) = (2), a%(1%) = (1,1) + (0,2),
Al(l) = (1), A2(1) = (0,1).) We advise to the readers that they

check the property in CONJECTURE 2.4 for other cases.

Finally, to complete the inductive process, we must give the

initial data. We put
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aA%(1) = (0,--+,0,1) (k> 1),

and for the empty diagram ¢, we define Ak(¢) only in the case
k = 0, which is equal to the empty set ¢. (This empty initial
data is needed only for the case A = {ln}. In fact, from this

k-1
( )
data, we know that the last vector in Ak(ln) is (0,+++,0,n).)

In terms of these initial data, we can theoretically calculate the
last term of {A}®[p] in the inductive way for any partition A.
In § 5, we exhibit many examples based on this formula. The last
term in § 5 with the symbol o implies that it is calculated by
the procedure stated in this section. (Of course, the calculations
will become complicated as |A| and p become large. In actual

calculations in § 5, we used computers.)

3. Conjecture on the last term (part ID

In this section, we give the second type conjecture on the
last term of {A}®{p}, stating that it can be essentially
determined by the latter part of A if u satisfies some
inequality which depends on the decomposition of A. In
particular, from this conjecture, we may say that there exist
"purely fundamental" plethysms among fundamental plethysms {A}®[p],
by which the last terms of all plethysms can be calculated. 1In
addition, combining with the conjecture on the last term of
{m}®[p] (p < m+1), we can obtain interesting closed formu;a on
the last term of {A}®{n} 1in case py satisfies some inequality
(CONJECTURE 3.4).

First, for two partitions A and a, we put
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even
odd

S BERT"R £ N Y
Al -
n if  [Al

(Note that in the case u = {p}, we have “[A] = [{p]l.) Then, we

have the following conjecture.

CONJECTURE 3.1. We express A and Mad as

X w

A= {a v"'vbyvbzvc v"'vdu}
(a > «¢««>b>c > e >d>0, y=21, 2z > 0)
and

Hpag = fenfheeed (e 2 f2--->0),
respectively. We decompose A into two parts A = {Al, A2}, where

Al = {ax’.oo,by} and Az = {bz,Cw,--‘,du},

Then the last term of {A}®{u} 1is equal to

app e tast term o tagletiug, iy, p)
{u} if |A,| = even
= {alulx,...,b'“Iy} + last term of {A,}® { tu 1
{*u} if |a] = odd

if and only if jy4 satisfies the inequality
. t, w u b+z
e < dim {"{c",---,d }}b X b .

(In the above addition, we must rearrange the numbers from large to
small if necessary. In addition, we put dim {t¢}b =1 for the
empty partition ¢. Remark that the partition {cw,---,du}
coincides with Az if and only if the last number of Al and the

first number of A2 are different. 1In this case, we have clearly

( b;z ) = 1)
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Example. (1) {212}@{212}. We decompose A = {212} as Al =
{2} and AZ = {12}. Then, we have dim {t{12}}2 X ( 2;0 ] =
dim {2}2 = 3, and the partition Biad = {31} satisfies the
inequality e < 3. Hence, from the above conjecture, the last term

of {212}8{212} is equal to

{2‘“'} + last term of {12}8{212}
= (24 + (2512} = (2717,
(2) {213}8{32}. In this case, we decompose A = {213}, as

2

A; = {21} and A, = {1°}. Then, we have dim { s}, x ( 1+2 ) - 3,

1
and the partition BT = {32} satisfies the inequality e < 3.

Hence, the last term of {213}8{32} is equal to

{2'“‘1'”'} + last term of {12}8{221}
= {29191 + 2412y = (2917,
In view of the table in [5], we know that the above conjecture
actually holds for any decompositions of A up to total degree
< 18. And up to total degree < 27, the conjectural results
obtained by the formulas in § 2 and § 4 all satisfy CONJECTURE 3.1.
(We checked this result by computers.)

As a special case of CONJECTURE 3.1, we have

CONJECTURE 3.2. Under the same notations as above, the last

term of the fundamental plethysm {A}®[p] is equal to
{apx,---,bpy} + last term of {Az}e[p]

. . , t, w u b+z

if and only if p £ dim { " {c ,---,d }}b b .

b

(We remark that two [p]'s in {A}®[p] and {Az}s[p] may be

different according as the parity of |A| and |A2|.)
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For example, the last term of {521}®[p] = {521}8{1p} is

equal to

{5P} + last term of {21}8[p] (= {21}®{p})

if and only if p < dim {21}5 = 40.
As another example, we consider the case {4221}8[3] =

{4221}8{3}. There exist three decompositions of A = {4221}. For

each case, we have

Ay = {4}, ay = 1281}, dim (FeV, ..., d%)) x ( b ) - 60,
Ap o= {42}, A, = {21}, dim {Y{cY, ... d% ) x (bgz) - 8,
Ay = {422}, Ao = {1}, dim {t{cw,...,du}}b % ( bgz ) = 2,

and hence only first two decompositions satisfy the inequality

p < dim {t{cw,...,du}}b X ( b;z ). For these two cases, we have

{apx,---,bpy} + last term of {Az}e[p] = {4332512},
while the third decomposition gives
{apx,---,bpy} + last term of {A2}®[p] = {43326},

which is not a correct last term. (See the table in § 5.)

There exist many decompositions of A into two parts {Al, Az}.

Using the above notations, we define the integer by

Px

_ . t, w u b+z
pA = max dim { " {c",---,d }}b X ( b ),

where {Al, AZ} runs all over the decompositions of A, and we say
that {A}®[p] 1is "purely fundamental" if p > P, - Clearly, from
the above conjecture, the determination of the last term of

fundamental plethysm {A}®[p] satisfying p < pA can be reduced
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to that of purely fundamental case with smaller |A]. (In the
table in § 5, purely fundamental plethysms are marked by the symbol
%%, )

Concerning the explicit value of pA, we have the following

conjecture.
CONJECTURE 3.3. We express A as
A= {a* ¥, c%y (a>b > --- > c > 0).
Then we have

pA - dim {t{by,-~-,cz}}a « ( a+:—1 )

For example, we have p{m} =1, p{lm} = m, p{21m—2} = m-1,
etc. We can directly check that for partitions A satisfying
JAl] £ 15, CONJECTURE 3.3 actually holds. The maximum value is
attained by the decomposition Al = {a} and AZ = {ax—l,by,---,cz}.
(In fact, considered as a function of the depth of Al’ it seems
that the above value dim {t{cw,---,du}}b X ( b;z ) is a strictly
decreasing function.)

Now, in view of the table in [5], the last term of {m}®[p]

seems to be
{(m+1)P" 1 m-ps1}

if p < m+l. If this conjecture is correct, then combining with

CONJECTURE 3.1, we can easily show that the last term of

X

(a*,v”,....,c%,d"1e[p] 1is equal to

{apx,bpy’_._.’sz’dp(w—l)} + last term of {d}e®[p]

= (aP% 0P P2 Py r(@e )P dope)

-80-



= (aPE BPY ... cPZ (a+1)P71 P (WD) g a1

if p £ d+1. (We used the decomposition Al = {ax,by,----,cz,dw_l}

and A2 = {d}. Note that we have dim {t¢}d X ( d;l ) = d+1 = p

in the case w > 2, and dim {td}c = ( g ) > d+1 > p 1in the case

w = 1.) Hence, by CONJECTURE 2.1, we have the following conjecture.
CONJECTURE 3.4 (cf. [5; p.127 ~ 128]). We express A and

Hray 28

A= {a¥pY, .- e%,d"Y (a>b > -.->c>d>0),

and
M[A]={e,f,"' } (erZ"‘>O).

In addition, let “EA] be the partition obtained by deleting the

left column of Bale

M

}

7,

NN

e
 —

Under these notations, if py satisfies the inequality e < d+1,

the last term of {A}®{u} 1is given by the following figure.

Namely, in the diagram {alulx, bluly,----, clulz, dlu'w}, we move

the n-rotated diagram of “EA] in the right bottom to the right

column in the shape of ({1 }.
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[mfx b
a1y

<
[t ..

@ l M’[)\] l
| e )
move
2
7
-1

o Atk)& (T-rotated)

Example. 1In the case {2}®{421}, we have “[A] = {3212} and

uf“ = {21} (d =2, e = 3).
Mo
7 A
. Z
Z ”&m= 2
move —
; ||
7,

Hence the last term is equal to {33221}. In the case {21}@{221},

we have up, . = {221} and ni,g " {12y (@ =1, e = 2).
Mo
M-‘
7
. Men=
. [

%
move

NN
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Hence the last term is equal to {271}.

This conjecture is very useful because many plethysms satisfy
the condition "e < d+1". In the table in § 5, we marked the
symbol @ on the last term of {A}®{u} which satisfies this
condition e < d+1. For these plethysms, this conjecture actually
holds up to total degree < 18, and coincides with the results
obtained by other conjectures up to total degree g 27.

Applying CONJECTURE 3.4 to special types of pu, we have
several formulas on the last term of {A}®{u}. In the folloWing,

we list up some of them. (They are already stated in [5; p.151 ~

15371.)

CONJECTURE 3.5. Assume A 1is expressed in the form {aX

*

---,by,cz} (a > ««« >b > c > 0). Then the last terms of

{x}e{n-1,1} (|A] = even) and {A}®{21"72} (JA] = odd) are

{anx, ceee bny, c+1, an-2, c-1}.
a
nx
b
h c 1
A
n2 j move
7

In particular, the last term of {A}®{21} 1is

3x b3y

{a N e o o 0 N 32_2'

, Cc+l, ¢ c-1}
for any A.

CONJECTURE 3.6. Under the same notations as above, the last
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4

terms of {A}®{n-2,2} (|A] = even) and {A}@{Zzln- } (JA] = odd)

are given by

{anx, ceen bny’ (c+1)2, an—4, (0_1)2}.
@
nhX
b
ny C |

B
o [

In particular, the last term of {A}®{22} is

4x

{a sy *Tt b4y9 (C+1)2y 042_49 (C_l)z}

for any A.

4., Conjecture on the last term (part IID

In this section, as the third type conjecture, we give the
explicit formula of the last term of fundamental plethysms
{A}®[p]. The final formula is summarized in CONJECTURE 4.1, by
which we can calculate the last term directly (i.e., without the
inductive argument as in § 2). But instead, it requires some
complicated combinatorial calculations associated with the Young
diagram A. As special cases, we have relatively simple closed
formulas on the last terms of {m}®[p] and {1m}®[p], which are
expressed in terms of the expansion of p by binomial coefficients

(CONJECTURE 4.2).
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First, we prepare some notations. We remind that A(i)
(i = 0 ~ depth of A) 1is the set of Young diagrams consisting
|[A]|-1i boxes that are obtained by deleting at most one box from each
row of A. We extend this concept in the following way. We denote
by A(i,J) the set of Young diagrams consisting of elements of
p(j), where u runs all over the diagrams of A(i), counting with

multiplicity. For example, in the case A = {321}, we have

-

A(l) = { {221}, 313y, {32} }. A=

Hence, we have

12213 (1) v {31%}(1) u {32} (1)
{ (212}, (2%} } u { {21%}, (31} } u { (2%}, (31} )
{ 2{21%}), 2{2%}, 2{31} }.

A(1,1)

In the same way, we have

(221}1(2) u {31%}(2) u {32}(2)
{ {13}, {21} } U { {21}, {3} } u { {21} }
{ {13}, 3{21}, {3} }.

A(l1,2)

)

Next, we define the set of Young diagrams A(21,~",QS

inductively by

A(Ql,...,ﬂs) = A((Ql’...'ﬁs-l),ﬂs).
Since two sets A(i,j) and A(j,i) Just coincides, the set
A(£1.°--,Qs) does not depend on the order of 2, ~ & In the

following, as an example, we give the list of A(Ql,---,ﬂ ) for

]

the Young diagram A = {321}:
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ACL) = { {2%1}, (317}, (32} },

A(2) = { {212}, (2%}, {31} 3, aQ1,1) = { 2{21%), 2{2%}, 231} },
A(3) = { {21} }, A(2,1) = { (1%}, 3{21}, {3} },
ACL,1,1) = { 2{1%)}, {21}, 2{3} },

A3, 1) = { {17}, {2} }, A(2,2) = { 2{1%}, 2{2} },

A(2,1,1) = { 4{1%}, 4(2} }, A(1,1.1,1) = { 8{1%}, 8{2} },
A(3,2) = { {1} }, A(3,1,1) = { 2{1} },

A(2,2,1) = { 4{1} }, A(2,1,1,1) = { 8{1} },

A(l,l,l,l’l) = { 16{1} }'

Next, we must express the step number p in {A}®[p] as a

sum of integers in the following form:

p = fl(kl) + f2(k2) + eese + f|A|(k I) + r

P
(k1 = k2 B e > kIAl > 0). Here, fi is a polynomial with degree
JA|-i+1 determined by the combinatorial property of the set of
integers {kl""’ki—l} as follows.

First, we define the polynomial fl by
£.(k) = dim {tA}
1 k
where {,u}k denotes the representation space of GL(k,C)

corresponding to the partition pyu (cf. § 2). Then, there exists
the integer k1 satisfying the inequality
fl(kl) < p < fl(k1+1)
Next, we define the polynomial f2 by
. t
fz(k) = z dim { V}k
VEA(1)

Then, as above, there exists the integer k2 satisfying
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f2(k2) £p - fl(kl) < f2(k2+1)

In the same way, we define the polynomial f3 by

f3(k) = T dim vl

where y runs all over the Young diagrams contained in the set

1

A(2) in the case k, = k

{ A(1,1) in the case k, # k2
1 2

In terms of this polynomial,'we define the integer k3 by

fs(ks) £ p - fl(kl) - fz(kz) < fs(k3+1)
We repeat this procedure. At the i-th step (i < |A|), we put

£.(k) = 5 dim {*v},

Here, if the set of integers {kl, oo ’ki—l} is expressed in the

form

r 21y ¢ 2y r Ls

{cl"..’cl’CZ’.-.’CZ"..‘.’C ee,C } (cp #z C

Sv' s .9.1+"'+.QS=1—1)’

q9
then the diagram 1y appearing in the right hand summation runs all
over the elements of A(Ql,---,ﬂs). (If the set A(Ql,--.,gs) is

empty, we put fi(k) = 0.) Finally, we put
r=p - fl(kl) - s - flkl(kll\l)
Note that the last polynomial f|l| is of degree 1, and is

expressed as flkl(k) = qk for some integer q because

dim {1}k = k. Hence, we have
r=p - fyky) - oeee = F Uy ay) (med @),

and the integer r satisfies the inequality 0 < r < q.

Under these notations, we have the following conjecture,
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giving the explicit formula of the last term. Perhaps, this is the

most fundamental conjecture in this paper.

CONJECTURE 4.1. For 1 < i < |A|, we put

a3 = Ty * e w T * 1o
b, = (IAI-1+1)fi(ki)/ki
(We consider b, = 0 in the case f;(k;) = k; = 0.) Then, the

last term of the fundamental plethysm {A}®[p] is given by

a1 bl—a1 a

, b,-a
(k1) 1, kg 2k, 2P

£ (k2+1) ) k2 ’Onoo’ (klAl_'_l)r’ k Q'I‘}

]

Il

where f k) = qk. Hence, we have a = r and b = q.
|A|( ) q ( IAl lkl q.)
In this expression, we must rearrange the order of numbers from
large to small if ki = kj for some i and j. In addition, if the
exponent is negative, it must be canceled with another term having

the same base. (See the example below.)

Remark. In this expression, if p = fl(kl) + e + fi(ki)
for some i, then we have fi+1(ki+1) = eee = flAl(klAl) =r = 0,

and

(We consider bi+1 = 0 even if ki+1 = 0 etc.) Hence, the last.

term is equal to
a, b,-a a. b.

{(k1+1) ’ kl PR (k.

in this case. 1In particular, if p = P (= dim {tA}k), then we
have k1 = k, fz(kz) = see = flkl(klkl) =‘r = 0, and hence the last

b IAlp, /k
1 . k

term is equal to {k "} = { }, which is nothing but
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CONJECTURE 2.2.

Example. A ={22}. In this case, we have

A1) = { {21} },
A(2) = { (1%} 3, A(1,1) = { {2}, (1%} 3,
A(L,1,1) = { 2{1} },  A(2,1) = { {1} }.

N =

Hence, by putting k = k, 0 =k m = k3, n = k4, we have

£, (k) = dim {22}k 1/12-k%(k-1) (k+1),

fo(R) = dim {21}, = 1/3-2(42-1)(2+1),

. 2 .
fs(m) - { dim {1 }m + dim {2}m = m2 (k = ¢) ,
dim {Z}m = 1/2.m(m+1) (k = 32)
2n (k, 8§, m are mutually distinct)
f4(n) = n (Just two of k, 8, m coincide)
0 (k = 8§ = m)

(Actually, in the last polynomial f4(n), the case k = 0 =m
not occur, as the following table shows.) In terms of these
polynomials, the step number p (< 50) is decomposed as a sum

P = fl(k) + fz(l) + f3(m) + f4(n) + r 1in the following way:

P k [} m n r fl(k) fz(g) fs(m) f4(n) r
1 2 1 0 0 0 1 0 0 0 0
2 2 1 1 0 0 1 0 1 0 0
3 2 2 0 0 0 1 2 0 0 0
4 2 2 1 0 0 1 2 1 0 0
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() fi(m) f,(n) r

£, (k)

20

20

20

20

20

20

20

20

20

20

20

10

11

12.

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30
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P k ) m n T fl(k) fz(g) fs(m) f4(n) r

3114 3 1 1 0] 20 8 1 2 0
32 |4 3 2 0 0] 20 8 4 0 0
33 |4 3 2 0 11} 20 8 4 0 1
34 14 3 2 1 0] 20 8 4 2 0
35 {4 3 2 1 1] 20 8 4 2 1
36 4 3 2 2 0] 20 8 4 4 0
37 14 3 3 0 0] 20 8 g 0 0
3814 3 3 1 0] 20 8 9 1 0
39 l4 3 3 2 0] 20 8 9 2 0
40 | 4 4 o0 0 0] 20 20 0 0 0
41 |4 4 1 0 o0 20 20 1 0 0
42 |4 4 1 1 o0 20 20 1 1 0
43 |4 4 2 0 0] 20 20 3 0 0
44 {4 4 2 1 01 20 20 3 1 0
45 {4 4 2 2 0| 20 20 3 2 0
46 | 4 4 3 0 0] 20 20 6 0 0
47 |4 4 3 1 0| 20 20 6 1 0
48 |4 a4 3 2 0] 20 20 6 2 0
49 |4 4 3 3 0] 20 20 6 3 0
50 | 5 1t 0 0 0| 50 0 0 0 0

Using this table, we have the following conjecture on the last term
of {22}8[p] = {22}e{lp}. (The result is actually correct for

l1 < p <12 in view of the table in [5].)
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p =1 {2%) p =2 (3221} p =3 (3%2%

p =4 {3%21% p =5 (3517 p =6 {35

p =7 {43721 p =8 (423829 p =9 (4°5%2%%

p = 10 {4%3%2212 p = 11 {4°3%2212}  p = 12 (483825

p = 13 (473721} p = 14 {4838 p = 15 (4193512

p = 16 {4123%212) p = 17 {41%43223) p = 18 {4163221)

p = 19 {41822 p = 20 {420y p = 21 {541921)

p = 22 {5°41833) p = 23 {5°41732212} p - 24 {5%4163252,2
p = 25 {5°4153%2212) 5 - 26 (584143423} p - 27 (574133521,

p = 28 {5841238) p = 29 {5°a123712} = 30 {51041236,;2
p = 31 {5:14123%2212) o - 32 (5124123424} p = 33 (5134123433,
p = 34 {5-%4123%2212) - 35 (51541239321} [ - 38 (5164123452

p = 37 (5741235, p = 38 {518413331} = 39 (5191432
p = 40 {520415) p = 41 (52241312} 5 = 42 (5244119,
p = 43 {5284923) p = 44 (598473221} p = 45 (550453252
p = 46 {5°2453%) p = 47 {5°%423%1}  p = 48 {5%8432y

p = 49 {5°83%} p = 50 {5%0}.

For example, in the case p = 4, the formula in CONJECTURE 4.1

1

formally gives the result {332- 32212}, and we consider that it is

equal to {3%21%} by the rule stated at the end of CONJECTURE 4.1.

The above algorithm uniquely determines the wvalues ki and r

for each p. But in general, the decomposition of vp of the form

292



p = fl(kl) + eee 4 flll(k I) +r

|A

is not uniquely determined under the conditions

kl > ¢+ >k I >0, a>r=0 (flkl(k) = qk)

[A
only. For example, in the case A = {22} and p = 3, besides the
above, we have another expression (k, ¢, m, n, r ) = (2,1,1,1,0).
In this case, (f, (k), fz(ﬂ), fz(m), f4(n)) = (1,0,1,1), and
substituting these values to the formula in CONJECTURE 4.1, we

obtain {3222172

211} = {3223}, which gives the same result as above.
As other typical examples, we consider the cases A = {m} and

{lm}. If A = {m}, then we have

m-i+1

(N i
A(Liwee,1) = { {m-i} }  and  £;00 = ( ).

Similarly, if A = {1™}, we have

m-g -l

) = { {1 b} oand £00 = (A1)

m-i+1

A(.Qlo""gos

For both cases, we have r = 0 because fm(k) = k. Hence, from

CONJECTURE 4.1, we have

CONJECTURE 4.2. (1) {m}®[p]. We express p in the form

() () () ()

where P, > P, D oeee D P, 2 0. Then, the last term of {m}®8[p] is

1 ’ ? p 1 * p ’ ’

(Pp_1*1) N T N
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where a. = | Pi+1 + ««v + | Pm ], and b, = p;-1 ]
1 m-i 1 m-1i

(2) {lm}e[p]. We express p 1in the form

p = p1+m-1 + p2+m-2 + eee + pm-l+1 ) + pm y
' m m-1 2 1

where p, > p,> +-+ 2 p_ > 0. Then, the last term of {1"}e[p] is

equal to
a b, -a a b,-a
1 1 71 2 2 2
{(p1+¥) s p1 , (p2+1) s p2 , eveees ,
a b -a
m-1 m-1 “m-1
(P, 1*1) " Py . P},
where a. = Pigg*m=i-1 ) . ... + { Py ), and b, = [ p;+m-1i
m-i 1 m-i

(As above, we must rearrange the order of numbers in this formula

if necessary.)

4

For example, in the case A = {1°} and p = 100, we have

_ 5+3 4+2 4+1 0
o = (%7 ) - (7). (%) - (D)
and from this expression, we have

(P;» Pys Pz, Py) = (5, 4, 4, 0),

(a;, a5, az) (30, 10, 0),

(b,, by, by)

(56, 15, 5).

Hence, from the above conjecture (2), the last term of {14}8[100]

0

= {14}8{110 } is equal to

30.26.10,5.0,5

(6305265104550450) - (§30536,10

}.

(But, unfortunately we cannot check it by actual calculations of

{14}8{1100} on the lack of the memory space of computers.)
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Note that in the above conjecture, the decomposition of p is
uniquely determined, which is the famous expansion of positive
integers by binomial coefficients, frequently appeared in the field
of combinatorics. (For example, see [37; p.b55] etc.) Hence, our
decomposition p = fl(kl) *oeee 4 f|A|(k|A|) + r 1is a natural
generalization of this expansion, corresponding to the given Young
diagram A.

We checked that the formula in CONJECTURE 4.1 actually holds
for fundamental plethysms {A}®[p] with total degree < 18 by
using computers. In addition, up to total degree < 27, it gives
the same conjectural results listed up in § 5, which we calculated
by using the conjectures in § 2 and § 3. In the final section
(§ 6), we exhibit a table of the first and the last terms of
fundamental plethysms {A}®[p] that are obtained by applying the
formulas in CONJECTURES 1.2 and 4.1. The author hopes that the
readers will check these conjectures by their own methods (or

computers), if it is possible.
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Appendix

After I wrote this note, I found the following interesting

paper which gives a range of Young diagrams appearing in {A}®{u}.

M.Yang, An algorithm for computing plethysm coefficients,

Discrete Math. 180 (1998), 391-402.

The main results of this paper may be stated as follows (cf.

p.395, Theorem 3.1):

Theorem. Assume |y} = |A]l]lul, and let c(y) (resp. r(y)) be
the depth (resp. width) of y. If the partition {y} appears in

the plethysm {A}®{u}, then we have

r(y) < [ulr(A) and c(y) < lulc(A).

If our CONJECTURE 1.2 (p.86) is correct, then combined with the
conjugate formula (cf. [19; p.220], [26, p.136]) we can improve the

above results to the following form.

CONJECTURE A. Under the same notations as in the above

theorem, we have

lulr(r) c(A) = 2
r(y) <
lal (r(A) - 1) + r(n) c(A) =1
() { [ulc(A) r(A) = 2
c(y) < )
lul(ea) = 1)« { E{BIAMZSRER  nyy = 1

In addition, there exists a partition {y} in {A}®{u} satisfying

the above equalities.

Note that the first term of {A}®{n} gives the maximum of
r(y), but the last term does not in general give the maximum of

c(y), and we use the conjugate formula to obtain the above estimate.
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Example. For the plethysm {13}®{n}, we have
r(y) £n and c(y) < 2n+1.
For the case {14}®{n}, we have

r(y) £n and c(y) £ 4n.
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