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Introduction

"Plethysm" {A}®(a} is a sort of composition of Schur

functions (or partitions of positive integers), which was first

introduced by D.E.Littlewood [20]. From the first time, it is an

important problem to decompose it into irreducible factors, and

several efforts are achieved concerning this problem. (See the

references at the end of this paper.) But, at present, general

decomposition formulas (or rules) are not yet known except some

special cases. In view of the table in our previous paper [5],

however, it seems that there exist some hidden combinatorial

properties on {A}®{m}> and the purpose of this paper is to give a

series of conjectures expressing combinatorial formulas on the

first and the last terms of {A}8(m} with respect to some natural

order on partitions, which gives a partial "answer" to the above

problem.

Unfortunately, at present, we do not know the proof of these

conjectures. However, these conjectures give the correct results

-47-



up to total degree £ 16 (resp. <£ 18) for the first (resp. last)

term of {\}8{p.} in view of the table in [5]. In addition,

concerning the last term, several types of conjectures give the

same results up to total degree ^ 27 (cf. § 5), and it seems that

all conjectures stated in this paper actually hold. If these

conjectures are correct, we can determine the range of partitions

appearing in {A}®{ju} f°r large total degree without calculating

explicit decompositions.

Concerning this problem, we already calculated plethysms

{A}®{ji} in [5] up to total degree<£ 16 (and total degree£ 18

for last terms only). And in view of this table, we stated some

conjectures on the first and the last terms of {A}8{m) in [5; §4],

The first term can be expressed in a quite simple closed form

(cf. § 1, CONJECTURE 1.2). But, the conjectures on the last term

stated in [5; § 4] was unnecessarily complicated, and we simplify

them to a relatively compact form in § 2 of this paper. In

addition, we add other two types of conjectures on the last term of

{A}®{ju.} in § 3 and § 4. Roughly speaking, the first type

conjecture in § 2 indicates the recursive (or inductive) structure

on the last term, and the second type conjecture in § 3 indicates

that the last term of {A}®{ju} can be determined essentially by

p. and the latterpart of A (cf. CONJECTURE 3.1). In § 4, we

give the third type conjecture, giving the explicit formula on the

last term (CONJECTURE 4.1), which may be considered as a principal

conjecture in this paper. But in general, it is not a closed

formula, and requires a case by case calculations depending on the

combinatorial property of Young diagrams. As a special case, if

this conjecture is correct, we obtain a relatively simple formula
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;n the range of {m}®[n] and {lm}®[n], where

Fnl=1 f1J if m iseven

{ {n} if m is odd

(CONJECTURE 4.2). For example, from this formula, we have the

decompositions

{5}®{10.} ={50.} + +{746531},

{5}®{100.} = {500.} + + {9447U552},

{5}®{1000.} = {5000.} + + {13.20812.12210.8275},

etc. (For other examples, see § 5 and § 6.) To calculate these

last terms, we need the following expansions of positive integers

by binomial coefficients:

10 å  (S)*(i)'(5)'(i)-U)-

»•Eå  (n-(j)-(n-(n-(n-

»«>-m-(!)'(5)-u)-(n-

(Note that for these plethysms, if the parity of m is reversed,

then in contrast to the above, we can express the range in simple

forms, i.e., we have the following conjectures:

{m}®{n} ={mn} + .... +{mn} (m=even),

{m}®{ln} = {mn-n+l.lll"1} + + {m11} (m= odd),

{lm}®{n} = {nm} + + {lmn} (m= even),

{lm}0{ln} = {n""1,!11} +.... + {lmn} (m= odd).

cf. CONJECTURES 1.3, 2.1 and the explanation following it.) In § 4,

in order to express the last term of {A}®{/u} for general A, we

define the expansion of integers by some polynomials which is
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naturally associated with the Young diagram A- This generalizes

the well-known expansion of integers by binomial coefficients which

we indicated above.

In the latter part of this paper (§ 5 and § 6), we give a

table of the first and the last termof {A}®{m) uP to total

degree ^ 27 as a reference data. Up to total degree ^ 16, all

results are obtained by actual decompositions of {A}®{jul}» and for

higher degree cases, most terms are calculated by using our

conjectures in § 1 ~ § 4. (For details, see the explanations in § 5

and § 6. We check these results by making programs of computers.)

We believe that they give the correct results. But, there may be a

counter-example to our conjectures in higher degree case which we

did not yet calculate, and the author is grateful to the readers if

they teache a counter-example (or a "proof") to the author in case

they find it.

Finally, it is interesting to note that in order to express

the last term of plethysms, the expression of type

dim{A}k or i^i-dim{A>k

necessarily appears for any formulas in § 2 ~ § 4, where dim {A>k

denotes the dimension of the representation space of GL(k,C)

correspondingto thepartition A, and |a| =IA;. (dim {A)k is

a polynomial of k with degree |A|.) These values satisfy some

interesting recursive identities which depends on the combinatorial

property of Young diagrams (see § 2). Perhaps, in considering

plethysms, these values are fundamental quantities naturally

associated with Young diagrams. And it seems to the author that

there exist some further deep and interesting combinatorial
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_:ructures in "plethysms". We desire that someone will investigate

these properties.

1. Fundamental range and the first term

We first explain our problem precisely. We introduce the

natural lexicographic order in the set of partitions of

non-negative integers as follows: For v= {1/,, v2> •E•E•E} (lA ^

v2^'-^0) and r\=(n^fl2' *** } (^i^n2^'**^0),å weset

v > n if and only if

v1=nx. .vp=Up and vp+1>np+1 forsome p.

And we express the decomposition of the plethysm {A}®{m} = Z a {y}

(a e N) with respect to this order from large to small. (For the

definition of plethysm, see [19], [23], [26], [35], etc. The table

in [5] is arranged in this order.) Then, it is a natural problem

to determine which partition is the first or the last term of

{A}®{ju.}•E In this paper, we give several combinatorial conjectures

concerning this problem. (As far as the author calculate, he

cannot find a counter-example to these conjectures, and it seems

that they are all "correct".)

Now, weput |A| =Hj, and \ix\ =Ijmi, andcall thenumber

|A||jui| the total degree of {A}®{m)- We first state a conjecture

on the fundamental range of partitions appearing in {A}8{ju}•E

CONJECTURE 1.1 (cf. [5; p.126]). With respect to the above

order, all terms of {A}8(a} are contained between the range
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where {A} = Ux V (Aj^ Am > 0). Inaddition, the

first termof {\}e{(x} is equal to {ImIAj, .lMUm} if and

only if ix = {ju.-,>, i.e., the depth of a is 1. The last term of

{A}®(a> is equal to uj^', , Am'M'} ifandonlyif

in the case |a| = even

'} inthecase |a| = odd

for some n.

{ju> j"

{ {n}

{ 1 n,

The precise first term of {A}®{/i} *s given by the following

conjecture.

CONJECTURE 1.2 (cf. [5; p.126]). The first term of the

plethysm {A}®{ju} is equal to

{I/jlIA., ImIa. I ja|Am_x, Ijut.I(Am - 1) + ix1, m2 Mnl

where A= {\1, •E•E•E ,Aml,n={jm1, •E•E•E ,An> (Am,jun>0). The

coefficient of the first term is always 1.

We can explain the above formula by considering the following

figure

IW

n-[ M'

\Aa\ K

- ? \m\-m,

hn o\/e

where fx" = {ju2, •E•E•E , nn}. Namely, inthe diagram {|«i|A1, |/jl|A,

we have only to move |ja'|

to the left bottom in the shape of fx'

IaIA }, we have only to move \n'\ boxes from the bottom row
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For example, the first term of {21}®{21} is given by

{3-2, 3-(l-l)+2, 1} = {621}. Inthecase {212}®{31}, wehave

•E4-2, 4-1, 4-(l-l)+3, 1} = {8431}. Up to total degree <: 16, this

conjecture is actually correct in view of the table in [5].

As a special case, we have the following formula on the first

term.

CONJECTURE 1.3. We have the decompositions

{m}®{n} = {mn} + •E•E•E•E ,

{m}®{ln} = {mn-n+1,111"1} + ,

{lm}®{n} = {nm} + ,

M nilnf1n, r m-1 1n,{1 }®{1 } = {n ,1 } + •E•E•E•E .

In the case m = 2 or n = 2, we already know the explicit

decomposition of these four plethysms, and for these cases, the

above conjectures actually hold. (cf. [26; p.138, p.140].) The

conjecture for the first plethysm {m}®{n} is essentially proved

in [40; p.110], and in the same place it is showed that the

plethysm {m}®{ln} contains the term {mn-n+l,ln } with

multiplicity 1. See also the table in [12]. The last terms of

these four plethysms are a little more complicated according as the

parityof m. (See § 2~ § 4.)

Inthecase {A} = {m} or {lm}, and \(x\ =3, theclosed

formula of {A}®{ju} is also known (cf. [26; p.141] and the

conjugate formula [19; p.220]). For these cases, CONJECTURE 1.2 is

also correct. (But, the formula for {m}8{l } in [26; p.141]

seems to be incorrect. In terms of the notations in [26], the

correct formula is given by
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e3°hn =Z (n/e-mCja)] + e'(tt))s .

where e'(iu)=1 if m(ju)=even and y.^=odd,or m(ju)=3or5

(mod 6), and b'(m) = 0 otherwise.) As far as the author knows,

the known closed formulas of {A}®(m) ar© exhausted by these

examples, if we add the following formulas stated in [27] (and

their conjugate) :

{m-l,l}0{2}, {m-l,l}0{l2}, {2,lm"2}®{2}, {2,lm"2}®{I2},

{m-2,2}0{2}, {m-2,2}0{l2}, {22,lm~4}®{2}, {22,lm~4}®{I2}.

2. Conjecture on the last term (part I)

At present, we have three types of conjectures on the last

term of {A}®{ju}, which give the same correct results for the cases

calculated in [5]. In this section, we give the first type

conjecture, expressing the last term of {A}®{/jl} as a function of

jul for each fixed A, which is essentially same as the one stated

in our previous paper [5]. We simplify the quite complicated

arguments in [5] to the following relatively compact form. But,

still it requires some unfamiliar inductive arguments. The essence

of this inductive process is summarized in CONJECTURE 2.4. By

these conjectures, we can make a table on the last term of

{A}®{/i} for large \n\, by which we can find the explicit formula

of the last term stated in § 4.

Before stating the inductive process, we first remark that the

coefficient of the last term of {A}®{*i} i-s not necessary equal to

1 in contrast to the first term. For example, the last term of

{21}®{4} is 2{322212} and the last termof {21}®{421} is
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3{3 2 1 }. But, at present, we do not know a formula (or even a

conjecture) of this coefficient. And in § 2 ~ § 4, we ignore the

coefficient of the last term of {K}B{(i}å 

Now, for a partition A and apositive integer p, we put

j"

{
{1

{p

} if |A| = even
[p]

{p} if IaI = odd

and consider the last term of {A}®[p]- We say that {A}®[p] is

a fundamental plethysm because the last term of general {A}®{ju}

can be determined by that of {A}®[p], as the following conjecture

shows.

CONJECTURE 2.1. (1) The case |A| = even: We express the

transpose { fx} as {a,b,«««,c} (a^b^. •E•E•Ê c > 0), and

calculate the last terms of fundamental plethysms {A}®{1 }.
b c{A}®{1 }, •E•E•E , {A}®{1 }•E Then, by arranging the numbers appearing

in these last terms from large to small, we obtain the last term of

{A}®(ax}.

(2) The case |a| = odd: Weexpress {ja} as {a,b,«-«,c}

(a^b ^ •E•E•Ê c > 0), and calculate the last terms of fundamental

plethysms {A}®{a}, {A}®{b}, •E•E•E , {A}®{c}. Then, by arranging the

numbers appearing in these last terms from large to small, we

obtain the last term of {A}8{/i}•E

Example. The case {31}©{212}: Since t{212} = {31} and the

lasttermsof {31}©{I3} and {31}©{1} are {34} and {31},

2 5respectively, the last termof {31}®{21 } is equal to {3 1}.

The case {21}®{32}: Since the last terms of {21}®{3} and

{21}8{2} are {32212} and {23}, respectively, the last term of

{21}9{32} is equal to {32512}.
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Similarly, as we stated in Introduction, we have

{m}®{n} = .... +{mn} (m=even),

{m}®{ln} = + {mn} (m = odd),

{lm}®{n} = + {lmn} (m=even),

{lm}®{ln} = + {lmn} (m=odd).

For the cases where m has the reversed parity, see CONJECTURE 4.2

in § 4.

Remark. We stated in [5; p.150, CONJECTURE 11] the

essentially same conjecture. But, the explanation in [5] was

unnecessarily complicated. Perhaps, this conjecture can be proved

by using the determinantal formula of plethysms stated [19; p.222]

(or its conjugate version), and the Littlewood-Richardson rule.

But, it seems that some additional property on {A}8[p] is

required to complete the proof.

In the table in § 5, wemarked the symbol * (or **) for

fundamental plethysms. (The meaning of the symbol ** is explained

in § 3.)

Now, we explain the inductive process which appears in

expressing the last term of {A}8[p]. To understand this inductive

structure, it is helpful to present several examples on the last

term of {A}®[p] in advance. In the following, we exhibit the

examples forthe cases |a| £4. (See also § 6.) They form

mysterious sequences of Young diagrams, possessing some hidden

symmetric rules. We advise to the readers that they check each

property stated in the following conjectures for these sequences.
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These sequences of Young diagrams possess the peculiar feature,

For example, they constitute increasing sequences of Young diagrams.

(The dotted boxes in the above table imply the new adding ones at

the considering step p.) We express this process by the addition

of row vectors as follows:

Ui2)*cn {2|'}«[4]

H IIl l
蝣 IH I・
蝣 I!! l
蝣 IH
蝣IH
蝣IH
蝣 ・
蝣I
蝣

・
・

•E+ (2.1.I)

Then we obtain a beautiful sequences of row vectors possessing some

recursive property. For example, we have the following sequences

of row vectors:

p A = { 3 }          A = { 2 1 }

1 ( 1 , 1 . 1 )           ( 2 , 1 )

2 ( 1 , 1 , 0 , 1 )          ( 1 .2 )

3 ( 1 , 0 , 1 , 1 )          ( 2 ,0 , 1 )

4 ( 0 , 1 , 1 , 1 )          ( 1 , 1 , 1 )

5 ( 1 , 1 ,0 , 0 , 1 )        ( 1 , 1 , 1 )

6 ( 1 , 0 , 1 , 0 , 1 )        ( 0 , 2 , 1 )

7 ( 0 , 1 , 1 ,0 , 1 )        ( 1 , 0 ,2 )

8 ( 1 ,0 , 0 , 1 , 1 )        ( 0 , 1 , 2 )

9 ( 0 , 1 , 0 , 1 , 1 )        ( 2 ,0 , 0 , 1 )

1 0 ( 0 , 0 , 1 , 1 , 1 )        ( 1 , 1 , 0 , 1 )
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ll

12

13

14

15

16

17

18

19

20

21

A = {3}

(1,1,0,0,0,1)

(1,0,1,0,0,1)

(0,1,1,0,0,1)

(1,0,0,1,0,1)

(0,1,0,1,0,1)

(0,0,1,1,0,1)

(1,0,0,0,1,1)

(0,1,0,0,1,1)

(0,0,1,0,1,1)

(0,0,0,1,1,1)

(1,1,0,0,0,0,1)

A = {21}

(1,1,0,1)

(0,2,0,1)

(1,0,1,1)

(1,0,1,1)

(0,1,1,1)

(0,1,1,1)

(0,0,2,1)

(1,0,0,2)

(0,1,0,2)

(0,0,1,2)

(2,0,0,0,1)

p
= { I 3 }      A = { 3 1 }

1 ( 3 )              ( 2 , 1 , 1 )

2 ( 2 , 1 )            ( 1 . 2 , 1 )

3 ( 1 , 2 )             ( 1 , 1 , 2 )

4 ( 0 , 3 )            ( 2 , 1 , 0 , 1 )

5 ( 2 , 0 , 1 )           ( 1 , 2 , 0 , 1 )

6 ( 1 , 1 . 1 )           ( 2 , 0 , 1 , 1 )

7 ( 0 , 2 , 1 )           ( 1 , 1 , 1 , 1 )

8 ( 1 , 0 ,2 )           ( 1 , 1 , 1 , 1 )

9 ( 0 , 1 ,2 )           ( 1 , 1 , 1 , 1 )

1 0 ( 0 ,0 , 3 )           ( 0 ,2 , 1 , 1 )

l l ( 2 ,0 ,0 , 1 )          ( 1 ,0 ,2 , 1 )

1 2 ( 1 , 1 , 0 , 1 )          ( 0 , 1 , 2 , 1 )

1 3 ( 0 , 2 , 0 , 1 )          ( 1 , 1 , 0 ,2 )
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p
= { I 3 }      A = { 3 1 }

1 4 ( 1 , 0 , 1 , 1 )         ( 1 , 0 , 1 , 2 )

1 5 ( 0 , 1 , 1 , 1 )          (0 , 1 , 1 , 2 )

1 6 ( 0 , 0 , 2 , 1 )          (2 , 1 , 0 , 0 , 1 )

1 7 ( 1 , 0 , 0 ,2 )          ( 1 , 2 ,0 , 0 , 1 )

1 8 ( 0 , 1 , 0 ,2 )          ( 2 ,0 , 1 , 0 , 1 )

1 9 ( 0 , 0 , 1 ,2 )          ( 1 , 1 , 1 , 0 , 1 )

2 0 ( 0 , 0 , 0 ,3 )          ( 1 , 1 . 1 , 0 ,1 )

2 1 ( 2 , 0 , 0 ,0 , 1 )        ( 1 , 1 , 1 , 0 , 1 )

Of course, the essence of the inductive process is contained in

these sequences, and in the following we will clear up these

properties.

As another peculiar feature on the last term of fundamental

plethysms {A}®[p], several rectangles appear repeatedly after some

steps, which give a nice break on the inductive process. We first

explain these rectangular cases.

We denote by dim {v}k the dimension of the representation

space of GL(k,C) corresponding to thepartition {y} = {y^ •E•E•E,

i/,} (y. ^ •Eæf•Ê y, ^ 0). Explicitly, it is equal to

D(v1+k-l,y2+k-2, æfvk-l+1'yk^

D(k-l,k-2, ,1,0)

where D(i.,i2,•E•E•E•E,ik) is the difference product of {i^,'•E•E,i^}

(i. i,) (cf. [18; p.115]). For example, we have

dim {2}k = l/2-k(k+l), dim {l^)k = l/2-k(k-l),

dim {21}k = l/3-k(k-l)(k+l), dim {22}k = l/12-k2(k-l)(k+1)

etc. Then, we have the following conjecture.
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CONJECTURE 2.2. For a positive integer k (:> Aj), we put

p, = dim { A)k- Then the last term of the fundamental plethysm

|A|Pk/k
{A}8[PkJ is the rectangular Young diagram {k }.

蝣蝣 H 蝣蝣 I
蝣 I蝣 I蝣蝣 I蝣
蝣蝣 H 蝣 IH
蝣 I蝣 I蝣 IH I蝣
蝣蝣 I蝣 I蝣蝣 I
蝣蝣 蝣 I蝣 I蝣
蝣 IH I!蝣蝣 I

~r~«A.»mi M.,

In addition, among fundamental plethysms {A}®[p], the case where

the last term is a rectangle is exhausted by this case.

(Note that "rectangle" corresponds to the "relative invariant" in

the viewpoint of the representation theory of general linear

group GL(k,C).)

Example. Using the closed formula of {2}®{lp} and

{1 }®{lp} stated in [26; p.138], we can see that this conjecture

actually holds for these cases. For these partit ions, we have

p, = l/2-k(k-l) and l/2«k(k+l), respectively, and hence the

sequenceofthelast termof {A}®[p] = {A}®{1P} (p= 1, 2, •E•E•E)

k-1 k+1contains the rectangular Young diagram {k } and {k }, which

we can see in the above sequences of Young diagrams. In the case

of A = {21}, wehave pk = 1/3-k(k-l)(k+1) andhence the last

termof {21}®[pk] = {21}®{pk} is equal to {k^"1)(k+1)}, which

we can also verify in the above table.

As a next problem, we must capture the last term of {A}®[p]

for intermediate p, satisfying
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å :•E) dim {tA}k_1 <P£dim {tA}k ,

i.e., we must find a rule of "box filling" of rectangles. We

express this process (*) by the sequence of adding row vectors
k k(eR ) stated above, and denote it by the symbol A (A). (Note

that A (A) is defined only in the case k ^ A, where

Al
A= {Aj,•E•E•E•E,Am}, andthefirst termof A (A) is thevector

expressing the transpose of A. i.e., the vector consisting of the

number of each column of A.)

å ft-

å k-\

A*U>

For example, in the case of A = {3}, we have

A3(3) = (1,1,1),

A4(3) = (1,1,0,1) + (1,0,1,1) + (0,1,1,1),

A5(3) = (1,1,0,0,1) + (1,0,1,0,1) + (0,1,1,0,1)

+ (1,0,0,1,1) + (0,1,0,1,1) + (0,0,1,1,1)

Similarly, in the case of A = {21}, we have

A2(21) = (2,1) + (1,2),

A3(21) = (2,0,1) + (1,1,1) + (1,1,1) + (0,2,1)

+ (1,0,2) + (0,1,2),
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A4(21) = (2,0,0,1) + (1,1,0,1) + (1,1,0,1) + (0,2,0,1)

+ (1,0,1,1) + (1,0,1,1) + (0,1,1,1) + (0,1,1,1)

+ (0,0,2,1) + (1,0,0,2) + (0,1,0,2) + (0,0,1,2).

Of course, the symbol "+" in these expressions does not have the

actual meaning, and the adding order is essentially important. (We

remark that in the previous paper [5], this process is denoted by

thesymbols A^-1(A) ~A^-1(A) where t isthedepthof A- In

particular, the index k is shifted by one in the expression

here.) In the following, we give the inductive formula expressing
k ithis addingprocess A (A) in terms of Ad(y) (j < k), where v

is a subdiagram contained in A-

For this purpose, we first introduce the order in the set

(NU {0})k as follows:

(ax, •E•E•E ,ak) < (bj, •E•E•E ,bk) ifandonlyif

ak=V ak-l=bk-l' •E•E•E''ai+l =bi+l- ai<bi forsome±-

For example, we have

(2,1,1,0) < (1,2,1,0) < (1,1,2,0) < (2,1,0,1) < (1,2,0,1)

< (2,0,1,1) < (1,1,1,1) < (0,2,1,1) < (1,0,2,1) < (0,1,2,1)

< (1,1,0,2) < (1,0,1,2) < (0,1,1,2).

Next, we denote by t the depth of theYoung diagram A, and

for 0 £ i £ t, we denote by A(i) the set of Young diagrams

consisting |A|-i boxes which are obtained by deleting at most one

box from each row of A.

2

For example, in the case of A = {3 1}, we have
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A(0) = { {3^1} },

Ad)={ {32}, {321}},

A(2) ={ {32}, {221} },

A(3)={{22}}.

A.-

#,Digressive Remark. We denote by "X the number of elements

of the set X. Then, we have

A(i)=#{(a1t---,a)|a.+.-.+a =i,0ia.£b.,a.eZ},

1 fa i S J J J

where s is the number of steps of A and b. the depth of j-th
J

step.

x=

LF.

tz

t,

Using this fact, we can easily show that the equality

#A(i) = #A(t-i)

holds for 0 ^ i ^ t. In the special case A = {n,n-l,•E•E•E,2,1},

this equality corresponds to the famous formula I n j = I ^. I

on binomial coefficients.

Now, under these notations, we state the following conjecture

on the fundamental property of A (A)•E

CONJECTURE 2.3. (1) The rowvectors in A (A) is ordered

from small to large with respect to the above order.

-71-



If

(2) The k-th (= last) component of each vector in A (A)

varies from 1 to t, and the total step number of A (A) having
r k >

the form (*,•E'•E,*,i) (1 £ i <£ t) is equal to

I dim{ty}k_1 .

và¬A(i)

As in the previous paper [5], we express this value as Slå •E

2
Example. A = {21 }. In this case, from the above table and

[5; p.146 ~ 147], we have

A2(212)=(3,1)+(2,2)+(1,3), 11=Si2=JL3=1,

A3(212) = (3,0,1) + (2,1,1) + (2,1,1)

+(1,2,1)+(1,2,1)+(0,3,1) Ax=6

+ (2,0,2) + (1,1,2) +.(1,1,2) + (0,2,2) §>2=4

+(1,0,3)+ (0,1,3), A3=2

A4(212) = (3,0,0,1) + (2,1,0,1) + (2,1,0,1) + (1,2,0,1)

+ (1,2,0,1) + (0,3,0,1) + (2,0,1,1) + (2,0,1,1)

+ (1,1,1,1) + (1,1,1,1) + (1,1,1,1) + (0,2,1,1)

+ (0,2,1,1) + (1,0,2,1) + (1,0,2,1) + (0,1,2,1)

+ (0,1,2,1) + (0,0,3,1) l1 = 18

+ (2,0,0,2) + (1,1,0,2) + (1,1,0,2) + (0,2,0,2)

+ (1,0,1,2) + (1,0,1,2) + (0,1,1,2) + (0,1,1,2)

+ (0,0,2,2) 4L2 = 9

+ (1,0,0,3) + (0,1,0,3) + (0,0,1,3) A3 =3.

The vectors are actually arranged from small to large. In

addition, from the above formula, we have

SL1 = dim { 3}
k -1

+ dim {21}
k-1

= l/6-k(k-l)(k+l) + l/3.k(k-i)(k-2) = l/2-k(k-l)
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<L2 = dim {2}k_1 + dim {I2>k_1 = (k-1)2,

A3 =dim{l}k_l =k-1.

We can directly check that these values just give the desired step

numbers jL. denoted above.

Digressive Remark. From CONJECTURES 2.2 and 2.3, the integers

{£.} must satisfy the following equalities:

Ax+A2+...-•E+it=Pk-Pk_! ,

*1+2h+•E•E•E•E+tAt="^Pk•E

(The first equality indicates the number of total steps from the

|A|Pk ,/(k-l) |A|Pk/k
rectangle {(k-1) } to the next {k .}. and the

second equality indicates the number of boxes in the k-th column.)

Substituting the exact value of SL± in CONJECTURE 2.3 to these

equalities, we obtain the following interesting identities on

dim {A}k, after some modification of the expressions:

Sdim {v)k_1 = dim {A>k ,

v
2-M-dim {">k-i = i£J-di» U}k •E

v
Here, v runs all over the Young diagrams obtained by deleting at

most one box from each "column" of A- For example, in the case of

A = {n}, we have

and

,
. r , ^, (p+k-2"\ (n+k-1^ n ,. , ,

dim{P)k_!= ^ [Pp_! J = [ n_! J =-ITdim{n>k
n

n
zp=l
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which are both well-known formulas on binomial coefficients.

Similarly, in the case of A = {ln}, the above identities

correspond to

(V)*(*:!)=(*)•E

and

n (k-1^ n-1 fk-n . n fk)
k-1 { n ) k-1 In-1J ~TT~{n)'

which are also well-known. The first identity for general A can

be proved directly by using the branching rule of GL(k-l.C) c

GL(k,C) (cf. [18; p.143]). But we do not know the proof of the

second identity for general A at present. In view of the second

identity, the integer

å L^-dim {A}k

frequently appeared in our argument seems to be one of the

fundamental value naturally associated with the partition A-

Now, we return to our problem. Under these preliminaries, we

express the inductive structure of A (A) in the following form,

which may be considered as a principal conjecture in this section.

t . ( k"j"1 ^i
CONJECTURE 2.4. Ak(A) = I 2' (AJ(y),0, ,0,i) ,

i=i yeA(i)
j<k

where å £' implies that the vectors are rearranged from small to

large with respect to the order defined above.

Example. We consider the case A = {3}, k = 5. In this

case, since t = 1 and A(l) = { {2} }, we have

-74-



AD(3) = Z' (AJ(y),O,.-.,0,1)

veA(i)
j<5

= Z' (AJ'(2),0,---,0,l)

J<5

= (1,1,0,0,1) + (1,0,1,0,1) + (0,1,1,0,1)

+ (1,0,0,1,1) + (0,1,0,1,1) + (0,0,1,1,1).

(In the last modification, we used the data

A2(2)= (1,1), A3(2)=(1,0,1) + (0,1,1),

A4(2) = (1,0,0,1) + (0,1,0,1) + (0,0,1,1),

which can be obtained in view of the table stated before.)

Next, as another example, we consider A (21). In this case,
since A(l)={{2}, {I2}} and \(2)={{1}},wehave

3
i <2~"^ d (2"j^

A"5(21) = r (AJ(v),0,---,0,l) + Z' (AJ(v),0,...,0,2)

veA(i) yeA(2)
J<3 J<3

= Z' {(Ad(2),0,-..,0,l) + (AJ'(l2),0,...,0,l)}

j<3
+ 2' (AJ'(l),0,...,0,2)

J<3

= (2,0,1) + (1,1,1) + (1,1,1) + (0,2,1)

+ (1,0,2) + (0,1,2).

(Notethat A2(2)= (1,1), A!(l2) = (2), A2(l2) = (1,1)+(0,2),

A^l) = (1), A2(l) = (0,1).) Weadvise tothereadersthat they

check the property in CONJECTURE 2.4 for other cases.

Finally, to complete the inductive process, we must give the

initial data. We put
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AK(1) = (0,...,0,l) (k>1),

and for the empty diagram <j>, we define A (<f>) only in the case

k = 0, which is equal to the emptyset 4>. (This empty initial

data is needed only for the case A = {ln}. In fact, from this

(k-1^
data, weknowthat the lastvector in A (ln) is (0,•E•E•E,0,n).)

In terms of these initial data, we can theoretically calculate the

last term of {A}®[p] in the inductive way for any partition A-

In § 5, we exhibit many examples based on this formula. The last

term in § 5 with the symbol å¡ implies that it is calculated by

the procedure stated in this section. (Of course, the calculations

will become complicated as |A| and p become large. In actual

calculations in § 5, we used computers.)

3. Conjecture on the last term (part II)

In this section, we give the second type conjecture on the

last term of {A}®{m)» stating that it can be essentially

determinedby the latter part of A if* y. satisfies some

inequality which depends on the decomposition of a.- In

particular, from this conjecture, we may say that there exist

"purely fundamental" plethysms among fundamental plethysms {A}®[p],

by which the last terms of all plethysms can be calculated. In

addition, combining with the conjecture on the last term of

{m}®[p] (p ^ m+1), we can obtain interesting closed formula on

the last term of {A}®{m3" i-n case fx satisfies some inequality

(CONJECTURE 3.4).

First, for two partitions A and jm, we put
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M

=/% if Ul=even

[A] I ix if |A|=odd

(Notethat inthecase /u.= {p}, wehave MrAi = [P]•E) Then, we

have the following conjecture.

CONJECTURE3.1. Weexpress A and tf[ , as

A = {ax,...,by,bz,cw,...,du}

(a > •E•E•E > b > c > •E•E•E > d > 0, y ^ l, z ^ O)

and

M[A]={e,f,•E•E•E} (e*f^•E•E•E>0),

respectively. We decompose A into twoparts A = {Ai» A?}. where

Ax = {ax,.-.,by} and A2={bz,cw,•E•E•E,du}.

Then the last term of {A}8{ju} is equal to

{Aj}1*1' + last term of U2}®{(m[a])[A ]}

= {aIA|X,...,blM|y} + last termof {An}®{ <.
d ({tM} if |AXI=

2-

ill] if |A,| = even

odd

if and only if fx satisfies the inequality

e*dim {t{cw,...,du}}bx (b;z).

(In the above addition, we must rearrange the numbers from large to

small if necessary. In addition, we put dim { 0}, = 1 for the

empty partition <f>. Remark that the partition {cw,--«,du}

coincides with A2 if and only if the last number of \. and the

first number of A2 are different. In this case, we have clearly
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Example. (1) {212}®{212}. Wedecompose A= {212} as A: =

{2} and A2={I2}. Then,wehave dim{t{l2}>2x(2+2°1 =

dim {2}2 = 3, andthepartition Mr.-i = {31} satisfies the

inequality e £ 3. Hence, from the above conjecture, the last term

of {212}0{212} is equal to

{2^^} + last termof {12}®{212}

= {24} + {2312} = {2712}.

(2) {213}0{32}. Inthiscase, wedecompose A= {213} as

Ax={21} and A2={I2}. Then,wehave dim{t<f>)lx f**21 =3,

and the partition MrAi = {32} satisfies the inequality e ^ 3.

Hence, the last term of {21 }®{32} is equal to

{2'*XU'/A'} + last term of {12}®{221}

= {2515} + {2412} = {2917}.

In view of the table in [5], we know that the above conjecture

actually holds for any decompositions of A up to total degree

g. 18. And up to total degree ^ 27, the conjectural results

obtained by the formulas in § 2 and § 4 all satisfy CONJECTURE 3.1.

(We checked this result by computers.)

As a special case of CONJECTURE 3.1, we have

CONJECTURE 3.2. Under the same notations as above, the last

term of the fundamental plethysm {A}®[p] is equal to

{apx,--.,bpy} + last term of U2}8[p]

ifandonlyif p£dim {t{cw,•E•E•E,du}}fcx fb£z).

(Weremark that two [p]'s in {A}®[p] and {A9}®[p] maybe

different according as the parity of |A| and |A2I-)
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For example, the last termof {521}®[p] = {521}®{lp} is

equal to

{5P} + last termof {21}®[p] (= {21}8{p})

ifandonlyif p£dim{21}5=40.

As another example, we consider the case {42 1}®[3] =
2 p{42 1}®{3}. There exist three decompositions of A = {42 1}. For

each case, we have

Ax={4}, K2={221}, dim{t{cw,..-,dU}}bx(\z]=60,

Aj={42}, A2={21}, dim{t{cw,•E..,du}}bx(b*Z]=6,

kx={422}, A2={1}, dim{t{cw,.-.,dU}}bx[\Z]=2,

and hence only first two decompositions satisfy the inequality

p£dim{ {cw,«««,d}}, x f bZ1. Forthesetwocases,wehave

{apx,...,bpy} + last term of U2}8[p] = {4332512},

while the third decomposition gives

{apx,--.,bpy} + last term of U2}®[p] = {43326},

which is not a correct last term. (See the table in § 5.)

There exist many decompositions of A into two parts {Ai» A?}å 

Using the above notations, we define the integer p by
A

PA = maxdim {t{cw,•E•E•E,du}}fex (\Z),

where {k-,, A21 runs all over the decompositions of A, and we say

that {A}®[p] is "purely fundamental" if p > p . Clearly, from
A

the above conjecture, the determination of the last term of

fundamental plethysm {A}®[p] satisfying p £ p can be reduced
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to that of purely fundamental case with smaller |A|- (In the

table in § 5, purely fundamental plethysms are marked by the symbol

Concerning the explicit value of p , we have the following
A

conjecture.

CONJECTURE 3.3. We express A as

A={ax,by,•E•E•E,cz} (a>b> •E•E•E >c>0).

Then we have

PA=dim{W,...,cz}}ax (a**-1).

Forexample, wehave Prm\ = 1» p(lml =m> pJ21m~2) =m"1>

etc. We can directly check that for partitions A satisfying

IA1 £ 15, CONJECTURE 3.3 actually holds. The maximum value is

attainedby the decomposition A, = {a} and A2 = {ax~ ,by,«»-,c2},

(In fact, considered as a function of the depth of A,» it seems

that the abovevalue dim {t{cw,•E•E•E,du})bx f £z j is a strictly

decreasing function. )

Now, in view of the table in [5], the last term of {m}®[p]

seems to be

{(m+ljP^.m-p+l}

if p ^ m+1. If this conjecture is correct, then combining with

CONJECTURE 3.1, we can easily show that the last term of

{ax,by, ,cz,dw}8[p] is equal to

{apx,bpy, ,cpz,6p^'1^>} + last term of {d}Q[p]

= {a^.b^,....,^^^-1)} + {(d+DP^.d-p+l)
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= {apx,bpyi....,cpz,(d+l)p-1,dP(w-1),d-p+l}

if p^d+1. (Weusedthedecomposition A, = {ax,by,•E•E•E•E,cz,dw~ }

a nd A2={d}. Notethatwehave dim{0},x[ t j=d+1^p

inthecase w^2,and dim{td} =[^]id+1^p inthecase

w = 1.) Hence, by CONJECTURE 2.1, we have the following conjecture

CONJECTURE 3.4 (cf. [5; p.127 ~ 128]). We express A and

M
[ A] as

and

A = {aA,tr
,

cz,dw} (a > b > > c > d > 0),

Pi [A]
= {e.f, } (e * f * > 0).

In addition, let MrAn be the partition obtained by deleting the

left column of ju.[A]'

/ACM

%r n

Under these notations, if /i satisfies the inequality e ^ d+1,

the last term of {A}®{jul} is given by the following figure..

Namely, in the diagram {a'*1'*, b'*1ly, , c'^'z, d'*1'á"}, we move

the n-rotated diagram of MrA-i in tne right bottom to the right

column in the shape of {1
1/1 [A] }.
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iMlX

lAlJW

Example. Inthecase {2}®{421}, wehave Mril = {321^} and
[A]

M [ A]
= {21} (d = 2, e = 3)

M CM

move
*w

Vffl
m

7. P ?
Hence the last term is equal to {3 2 1}. In the case {21}8{2 1},

wehave ju[A]={221} and jufA]={I2} (d=1,e=2).

w

YA

) moi/e

M. CM

^CX}=
m y/j
!蝣 蝣
蝣
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Hence the last term is equal to {271}.

This conjecture is very useful because many plethysms satisfy

the condition "e£d+1". In the table in § 5, wemarked the

symbol a on the last term of {A}®{ju.} which satisfies this

condition e ^ d+1. For these plethysms, this conjecture actually

holds up to total degree £ 18, and coincides with the results

obtained by other conjectures up to total degree £ 27.

Applying CONJECTURE 3.4 to special types of p., we have

several formulas on the last term of {A}®{ju}•E ^n the following,

we list up some of them. (They are already stated in [5; p.151 ~

153].)

CONJECTURE 3.5. Assume A is expressed in the form {ax,

,b* ,

cz} (a > > b > c > 0). Then the last terms of

n-2.

{a1 n

y c +l nz-2 c-1}

{A}®{n-l,l} (|A| = even) and {\}à¬>{2111"} (|A| = odd) are

nx LI

a.

/rlax
å tr

move

In particular, the last term of {A}®{21} is

{ a 3x
•E •E •E •E 3y c +l

3z-2 c-1}

for any A-

CONJECTURE 3.6. Under the same notations as above, the last
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terms of {A}8{n-2,2} (|a| = even) and {A}8{22ln~4}

nx _ ny ,2 . nz-4 ,2,

are given by

{ a1 ,"0' ( c+1)' (c-1)"}.

a
(\

Y\X

b :.

w

Y>2 tri o Ve

In particular, the last term of {\}®{2*} is

{ a 4x •E •E •E •E
,4y ( c+l)' 4z-4c

, (c-1)*}

for any A-

(lAl = odd)

4. Conjecture on the last term (part III)

In this section, as the third type conjecture, we give the

explicit formula of the last term of fundamental plethysms

{A}®[pj. The final formula is summarized in CONJECTURE 4.1, by

which we can calculate the last term directly (i.e., without the

inductive argument as in § 2). But instead, it requires some

complicated combinatorial calculations associated with the Young

diagram A- As special cases, we have relatively simple closed

formulas on the last terms of {m}8[p] and {lm}8[p], which are

expressed in terms of the expansion of p by binomial coefficients

(CONJECTURE 4.2).
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First, we prepare some notations. We remind that A(i)

(i = 0 ~ depth of A) is the set of Young diagrams consisting

|A|-i boxes that are obtained by deleting at most one box from each

row of A- We extend this concept in the following way. We denote

by A(i.j) the set of Young diagrams consisting of elements of

fx(j), where n runs all over the diagrams of A(i), counting with

multiplicity. For example, in the case A = {321}, we have

A d) = { { 221} { 312} { 32} } x=

Hence, we have

Ad.U = (221}(1) U{312}(1) u{32}(1)

={{212},{22}}u{{212}, {31}}U{{22}, {31}}

= { 2{212}, 2{22}, 2{31} }.

In the same way, we have

A(l,2) = {221}(2) u {312}(2) u {32}(2)

={{I3},{21}}u{{21}, {3}}u{{21}}

={{I3},3{21}, {3}}.

Next, we define the set of Young diagrams A^,»•E•E•E.£ )X , S

inductively by

k(SL1,-",as) = A(U1,---.AS_1),£S).

Since two sets A(i,j) and A(j,i) just coincides, the set

A (£i»•E*•E»£ ) doesnot dependonthe orderof JL ~SLC- Inthe
I S I S

f ollowing, as an example, we give the list of A(£,,•E•E*,4> ) for
1 o

the Young diagram A = {321}:
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Ad)={ {221}, {312}, {32} },

A(2)={ {212}, {22}, {31} },A(1,D = {2{212}, 2{22}, 2{31} },

A(3) = { {21} }, A (2,l) = { { 1°} 3{21}, {3} }

A (l,l,l) = { 2 {1°} 6{21}, 2{3} }

A(3,l) = { {!*}, {2} } A(2,2) = { 2{1^}, 2{2} }

A (2,l,l) = { 4
{12}

4 {2} } A (l,1,1,1) = { 8
{12}

8{2} }

A(3,2) = { {1} },

A(2,2,l) = { 4{1} },

A(l,l,l,l,l) = { 16{1} }.

A(3,l,l) = { 2{1} },

A(2,1,1,1) = { 8{1} },

Next, we must express the step number p in {A}®[p] as a

sum of integers in the following form:

p=fl(kl)+f2(k2)+...+f,A,(k|A|)+r

(k- ik9^ •E•E•Êk. . ^0). Here, f. is apolynomialwithdegree

|A|-i+l determined by the combinatorial property of the set of

integers {k.,•E•E•E,k. ,} as follows.

First, we define the polynomial f. by

fx(k) =dim {tA}k ,

where {/u}i, denotes the representation space of GL(k,C)

corresponding to the partition y, (cf. § 2). Then, there exists

the integer kj satisfying the inequality

f^kj)£P<f^k^l) •E

Next, we define the polynomial f2 by

fp(k)= S dim{tv}, .

Then, as above, there exists the integer k2 satisfying
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f2(k2) zp-fjdtj) < f2(k2+l) .

In the same way, we define the polynomial f, by

^kf ,(k) = Sdim {*vK

V

where y runs all over the Young diagrams contained in the set

(
A(l,l) inthecase k.^k,

A(2) in the case k = k~

In terms of this polynomial, we define the integer k, by
o

f3(k3) *p- f^kj) - f2(k2) < f3(k3+l) .

We repeat this procedure. At the i-th step (i £ |A|), we put

f\(k) =2dim {ty}k.

v
Here, if the set of integers {k., •E•E•E ,k. ,} is expressed in the

form

( £i ^ ( A2 ^> ( ls \
{cJt•E•E•E,c1,c2,•E•E•E,c2, ,cs,---,cs} (c ?i cq, J3.J+-•E-+As=i-1),

then the diagram y appearing in the right hand summation runs all

over the elements of A(JL.•E•E•E,£o). (If the set \($.,,•E•E•E,B.O) is
I S I S

empty, we put f-(k) = 0.) Finally, we put

r=p-fl(kl)-..--fU|(k|A|) •E

Note that the last polynomial f. . is of degree 1, and is

expressedas f, .(k) = qk for some integer q because
IA|

dim {l)k = k. Hence, wehave

r=P-W-...-f|A|_1(k|A|_1) (modq),

and the integer r satisfies the inequality 0 £ r < q.

Under these notations, we have the following conjecture,
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giving the explicit formula of the last term. Perhaps, this is the

most fundamental conjecture in this paper.

CONJECTURE4.1. For 1 £i £ |a|, we put

ai=fi+l<ki+l>+ •E•E' +f|A|(k|A|} +r'

b± = (|A|-i+l)fi(ki)/ki .

(Weconsider b. =0 inthecase f-[(ki) =ki =0.) Then, the

last term of the fundamental plethysm {A}®[p] is given by

a1 t)1-a1 a9 bQ-a9
{(k1+l) \kj1 \ (k2+l)d,k2* d,...., (k|A|+l)r,k|A|qr},

where f, .(k) = qk. (Hence, wehave a, . = r and b, . = q.)
IA| IA| IAI

In this expression, we must rearrange the order of numbers from

large to small if k. = k. for some i and j. In addition, if the

exponent is negative, it must be canceled with another term having

the same base. (See the example below.)

Remark. Inthis expression, if p= f^k.) + ... + f^(k.)

for some i, then we have f. .(k. ..) = «•Eæf = f. .(k. .) = r = 0,
1+-1 1+1 |A| |A|

and

ai=ai+l='•E•E=bi+i=bi+2=*•E•E=°-

( We consider b. . = 0 even if k. , = 0 etc.) Hence, the last
l+i 1+1

term is equal to

ai bi"ai ai-l bi-l"ai-l bi
{(k1+l)\k1l 1,...f(Vj+1)X1,ki_1x \k.x}

in this case. Inparticular, if p ='Pk (= dim { A)k), thenwe

have kx =k, f2(k2) = •E•E•E=fiii(kii|) =r=0» andhencetnelast

b, |A|Pk/k
term is equal to {k } = {k }, which is nothingbut



CONJECTURE 2.2.

Example. \ ={2*}. In this case, we have

Ad) = { {21} },

A(2)={{I2}},

A(l.l.l) = { 2{1} },

Ad.D = { {2}, {1*} },

A(2,l) = { {1} }•E

X =

Hence, byputting k=k^ &=k2,m=k3, n=k4,wehave

fj(k) = dim {22}k = l/12-k2(k-l)(k+l),

f2(£) = dim {21}£ = l/3.Jl(Jl-l)(£+l),

f-(m)=(dim^2>m+dim^2>m= ^ (k**)

tdim{2}m = l/2-m(m+l) (k=£)

*Vn> =

2n

n
0

(k, £, m are mutually distinct)

(just two of k, JL, m coincide)

(k = SL = m)

(Actually, in the last polynomial f.(n), the case k = JL = m does

not occur, as the following table shows.) In terms of these

polynomials, the step number p (^ 50) is decomposed as a sum

p= fx(k) + f2(Jl) + f3(m) + f4(n) + r in the followingway:

p m   n f x ( k ) f , U ) f 3 ( m ) f 4 ( n )

1 0  0   0 0

2 2   1   1  0  0 1     0     1     0     0

3 0  0 0           0

4 0   0 0
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p m    n f j (k ) f 2 U ) f 3 (m ) f 4 (n )

5 2   2   1   1  0 0

6 0  0  0 0

7 0  0 6    0    1    0    0

8 0  0  0 0     0     0

9 0  0 0

1 0 3   2   1   0  1 0

l l 0 0

1 2 - 0  0 0

1 3 0 0

1 4 0  0 0

1 5 0  0 0

1 6 3  3  1   1  0 0

1 7 0  0 0

1 8 0 0

1 9 3  3  2  2  0 0

2 0 0   0 2 0

2 1 4   1   1   0  0 2 0

2 2 0   0 2 0           0

2 3 0  0 2 0                     0

2 4 0 2 0

2 5 4   2   1   1   0 2 0

2 6 4   2  2  0  0 2 0

2 7 4   2   2   1   0 2 0

2 8 0  0 2 0               0    0

2 9 0  0 2 0

3 0 4   3   1   0  1 2 0
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p m   n f ^ k ) f 2 U ) f 3 (m ) f 4 (n )

3 1 4   3   1   1   0 2 0

3 2 0  0 2 0

3 3 4   3   2  0   1 2 0

3 4 4   3   2   1   0 2 0                      0

3 5 4   3  2   1   1 2 0

3 6 4   3   2  2  0 2 0

3 7 0  0 2 0

3 8 4   3   3   1   0 2 0

3 9 0 2 0                       0

4 0 0  0 2 0    2 0

4 1 4  4   1   0  0 2 0    2 0                 0

4 2 4  4   1   1   0 2 0    2 0

4 3 4  4   2  0  0 2 0    2 0

4 4 4  4  2   1   0 2 0    2 0

4 5 4  4   2  2  0 2 0    2 0

4 6 0  0 2 0    2 0

4 7 4   4   3   1   0 2 0    2 0                 0

4 8 4  4  3  2  0 2 0    2 0

4 9 4  4   3  3  0 2 0    2 0                  0

5 0 0  0 5 0

Using this table, we have the following conjecture on the last term
2 2 Dof {2 }®[p] = {2 }8{1F}. (The result is actually correct for

1 £ p £ 12 in view of the table in [5].)
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P = 1 {2*} p =2 {32^1} p=3 {3223}

p
=4 {34212}

p
=5 {3612} P= 6 {3°}

p = 7 {43 21} p
=8 {423623} p= 9 {43362212}

p
1 0 {44362212}

p = ll {45362212} p = 12 {463623}

p= 13 {473721} p= 14 {4838} p = 15 {41036l2}

p = 16 {41234212} p = 17 {4143223} p = 18 {4163221}

1r ? ?n 1qp=19.{41D2^} p=20{4 } p=21 {54lb21}

p = 22 {5241823} p = 23 {5341732212} p = 24 {54416322212}

p= 25 {55415332212} p= 26 {564143423} p = 27 {574133621}

p = 28 {5841238} p = 29 {594123712} p = 30 {51041236212}

p = 31 {5n4123522l2} p = 32 {5124123424} p = 33 {51341234231}

p = 34 {514412342212} p = 35 {51541234221} p = 36 {5164123422}

p= 37 {51741235} p= 38 {518413331} p = 39 {51941432}

p=40 {520415} p=41 {52241312} p=42 {5244n212}

p = 43 {5264923} p = 44 {528473221} p = 45 {53°453222}

p=46 {5324334} p=47 {53442331} p = 48 {5364322}

p=49 {53832} p= 50 {540}.

For example, in the case p = 4, the formula in CONJECTURE 4.1
3 -1 2 2formally gives the result {3 2 32 1 }, andwe consider that it is

equal to {34212} by the rule stated at the end of CONJECTURE 4.1.

The above algorithm uniquely determines the values k. and r

for each p. But in general, the decomposition of p of the form
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p=fl(kl)+...+f,A,(k|A|)+r

is not uniquely determined under the conditions

kj*•E•E•E^k|Aji0, q>r^0 (f|A|(k)=qk)

only. For example, in the case A = {2 } and p = 3, besides the

above, we have another expression (k, £, m, n, r ) = (2,1,1,1,0).

Inthis case, (f^k), f2(£), f3(m), f4(n)) = (1,0,1,1), and

substituting these values to the formula in CONJECTURE 4.1, we

obtain {3 2 1 211} = {3 2 }, which gives the same result as above,

As other typical examples, we consider the cases A = {m} and

{lm}. If A= {m}, thenwehave

A( 1..-..1)={{m-i}} and f±(k)=[m_J+1J.

Similarly, if A = {lm}, we have

^r-.iB)=( {r"Al""""A8} } and fi(k) = (1X1)-

Forbothcases, wehave r= 0 because fm(k) =k. Hence, from

CONJECTURE 4.1, we have

CONJECTURE 4.2. (1) {m}8[p]. We express p in the form

-C'H^) (VMM-
where p > p > •E•E•E > p k 0. Then, the last term of {m}8[p] is

equal to

a b -a a b2~a2
{(Pi+1) .Px . (P2+D .P2 . •E•E•E•Eå •E•E .

a
( Pm-1+1)

m -1 VrVi
'

m-1 V'
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where a. =' å (^æf•Eå •Eæf(M and b. =
m-i )

(2) {lm}8[p]. Weexpress p intheform

?å  (PirHp:r) r-rHH
m.where p1 ^p9^ •E•E•Ê p i0. Then, the last termof {1 }®[p] is

m
equal to

a,
{ (Pj+D

brai
( p2+i)

b2-a2

( em-i+1>
m -l bm-ram-l

J

m-1 pm}'

where a. (*æf£-'-)æf...æf(-.). , ^•E[>£?)

(As above, we must rearrange the order of numbers in this formula

if necessary.)

For example, in the case A = {1 } and p = 100, we have

ioo.(•E;»)æf(«;*)æf(«;')æf(!).

and from this expression, we have

(Pj.P2» P3» P4) = (5,4,4, 0),

(ax, ag, a3) = (30, 10, 0),

(bj, b2, b3) = (56, 15, 5).

4
Hence, from the above conjecture (2), the last term of {1 }®[100]

= {14}®{1100} is equal to

{630526510455°450} = {630536410}.

(But, unfortunately we cannot check it by actual calculations of

{1 }®{1 } on the lack of the memory space of computers.)

-94-



Note that in the above conjecture, the decomposition of p is

uniquely determined, which is the famous expansion of positive

integers by binomial coefficients, frequently appeared in the field

of combinatorics. (For example, see [37; p.55] etc.) Hence, our

decomposition p= f^kj) + ... +fiA|(k|Ai) + r isanatural

generalization of this expansion, corresponding to the given Young

diagram A-

We checked that the formula in CONJECTURE 4.1 actually holds

for fundamental plethysms {A}®[p] with total degree £ 18 by

using computers. In addition, up to total degree ^ 27, it gives

the same conjectural results listed up in § 5, which we calculated

by using the conjectures in § 2 and § 3. In the final section

(§ 6), we exhibit a table of the first and the last terms of

fundamental plethysms {A}®[p] that are obtained by applying the

formulas in CONJECTURES 1.2 and 4.1. The author hopes that the

readers will check these conjectures by their own methods (or

computers), if it is possible.
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Appendix

After I wrote this note, I found the following interesting

paper which gives a range of Young diagrams appearing in {A}®(m}•E

M.Yang, An algorithm for computing plethysm coefficients,

Discrete Math. 180 (1998), 391-402.

The main results of this paper may be stated as follows (cf.

p.395, Theorem 3.1):

Theorem. Assume |y| = |A||mI» and let c(y) (resp. r(y)) be

the depth (resp. width) of y. If the partition {y} appears in

the plethysm {A}8{ju.}, then we have

r(y) £ U|r(A) and c(y) <; |jul|c(A)-

If our CONJECTURE 1.2 (p.6) is correct, then combined with the

conjugate formula (cf. [19; p.220], [26, p.136]) we can improve the

above results to the following form.

CONJECTURE A. Under the same notations as in the above

theorem, we have

r (A) c(A) ^ 2

{
\m\r

ImI(:
r(r) £

r (A) - 1) + r(tt) c(A) = 1

I mIc(a) r(A) > 2
C(V) £ •E{ S-nf..\ 1)1=OT7on

I mI(cU)-i)+[ C (U)
IAI -fcivv^i

| A|=odd r(A) = 1

In addition, there exists a partition {y} in {A}®(m} satisfying

the above equalities.

Note that the first term of {A}®{m) gives the maximum of

r(y), but the last term does not in general give the maximum of

c(y), and we use the conjugate formula to obtain the above estimate
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Example. For the plethysm {1 }®{n}, we have

r(y) ^ n and c(y) ^ 2n+l

4

For the case {1 }8{n}, we have

r (y) £ n a nd c(y) <£ 4n.
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