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Simulation study of halo formation in breathing round beams
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~Received 19 August 1996; revised manuscript received 17 January 1997!

We study halo formation from cylindrical beams propagating in a uniform focusing channel. Of particular
interest here are the breathing-mode oscillations excited by an initial beam-size mismatch. We develop a
one-dimensional space-charge code which is simple but powerful in exploring the halo properties of breathing
beams. After giving a brief description of two particle-core models, we apply the developed code to three
different types of nonlinear phase-space distributions. Based on a number of multiparticle simulation runs, we
show several interesting results useful for the design considerations of high-power linear machines. In particu-
lar, the intensity of halo current as well as the maximum extent of halos are self-consistently evaluated with the
different sizes of initial mismatch and beam density. We then find that the halo extent normalized with the
initial root-mean-squared beam size is only weakly dependent on the tune depression and that the halo intensity
appears to increase with the degree of mismatch. It is further demonstrated that the beam core in phase space
is roughly stable and, thus, most halo particles remain outside the core boundary. We also see that it is, in
principle, possible to scrape halos, e.g., by means of a multicollimator system.@S1063-651X~97!09304-5#

PACS number~s!: 29.27.Eg, 07.77.2n, 41.75.2i, 52.25.Wz
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I. INTRODUCTION

In designing a linac system for intense beam accelerat
it is extremely important to have a clear understanding
space-charge effects since the beam quality can easil
deteriorated by them. Though much effort has so far b
devoted to studying space-charge-induced phenomena,
still exist some unsolved problems which must be inve
gated in more detail. The mechanism of halo formation
one such problem@1#. In fact, recent interest in using high
current ion linacs for the production of tritium, the transm
tation of nuclear waste, etc. has greatly enhanced the act
of halo study, because these machines must operate w
very low beam loss to avoid serious radio activation@2,3#.

Through extensive simulation works, it is now common
believed that a key mechanism responsible for halo gen
tion is parametric resonances excited by the plasma osc
tion of a dense beam core@4#. Based on this idea, a variety o
theoretical and numerical calculations have been perform
to establish a quantitative description of the halo format
process. A popular strategy for this purpose is, for exam
the use of the so-calledparticle-core modelwhich was first
suggested by Gluckstern in an unpublished paper@5# and was
further developed by other researchers@6–8#. In this model,
we usually take into account a Kapchinskij-Vladimirsk
~KV ! core @9# executing the lowest-order breathing oscill
tion. Then, the motion of a test particle driven by the osc
lating core potential is analyzed, assuming that the core
tribution is not affected by the existence of the test partic

It is an easy matter to show that, because of the stab
of the core oscillation mode@10#, the particle-core mode
never provides an explanation as to why a fraction of be
particles can escape from the core region, forming a h
We may, however, recall that a realistic beam always
volves some particles around the core as the tail. For th
tail particles, this model might turn to a useful tool, since t
homogenization effect@11# makes the real-space distributio
of any dense core nearly uniform and, accordingly,
551063-651X/97/55~4!/4694~12!/$10.00
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space-charge field acting upon the tail particles becom
similar to that generated by a KV core@12#. The particle-core
model could, thus, give us good insight into halo dynami
and should be worthwhile to pursue.

Another approach frequently employed for halo study
based on root-mean-squared~rms! quantities. The envelope
equation@13# is taken, under the assumption of invariant rm
emittance, to reconsider the resonant instability caused
the periodicity of a focusing channel@14,15#. From the view-
point that the periodic change of external restoring fo
gives rise to the instability, this effect may be regarded as
well-knownstructure-driven resonances, which had not been
linked to beam halo problems until recently. The rms a
proach has a major advantage that the envelope equatio
independent of particle distribution unless the correspond
real-space density breaks an elliptical symmetry. T
constant-emittance assumption is, however, inconsistent
the halo formation process and, further, the system perio
ity is not necessarily required to have halos generated.
thus presently uncertain how accurately this model descr
the essence of halo properties. Further investigations, in
ticular, a careful comparison with self-consistent simulati
results would be needed to confirm its validity.

In this paper, we show systematic self-consistent simu
tion results to deepen our current understandings of halo
mation in a uniform focusing channel; where no structu
driven resonances can be excited. We develop her
multiparticle code dedicated to a breathing-mode study si
we are especially interested in the core oscillations cause
an initial beam-size mismatch. The beams considered in
following sections are thus kept strictly round throughout t
channel. In this case, the usual time-consuming tw
dimensional~2D! particle-in-cell ~PIC! algorithm becomes
unnecessary because of the symmetry of the problem. In
dition, the accuracy of the present space-charge calculat
should probably be higher than that of 2D PIC calculatio
since we only need 1D meshes and, consequently, a l
4694 © 1997 The American Physical Society
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55 4695SIMULATION STUDY OF HALO FORMATION IN . . .
number of simulation particles are usable with less C
time.

The paper is organized as follows. We first give a br
review of the particle-core model in Sec. II for the sake
completeness. In addition to the ordinary KV-based analy
an alternate algorithm with a waterbag core is presented@21#.
The 1D simulation procedure for breathing modes is th
described in Sec. III. In Sec. IV, the developed code is
plied to several different types of initial phase-space dis
butions in order to examine their stability properties. In S
V, we try to draw, based on the present simulation resu
some practical criteria useful for a linac design. Finally, t
obtained results are summarized in Sec. VI.

II. PARTICLE-CORE MODEL

A. The KV model

The first basis of the particle-core analysis is the envel
equation given by

d2a

dz2
1k2a5

K

2~a1b!
1

~« rms
x !2

16a3
, ~2.1!

wherea and b are, respectively, the rms beam size of t
horizontal and vertical direction,k is the constant paramete
related to the betatron tune in the absence of space ch
K is the beam perveance, and« rms

x is the rms emittance of the
horizontal motion. A similar equation holds for the vertic
motion. Specifically,a5b and « rms

x 5« rms
y [« for breathing

oscillations. Equation~2.1! can then be simplified to

d2r

dt2
1r5

G

2r
1

1

4r3
, ~2.2!

where r5A2k/«a5A2k/«b, G5K/k«, and t5kz. The
parameterG can be related to the tune depressionh, i.e., the
ratio of the space-charge depressed betatron frequency t
zero-current frequencyk, as

G5
12h2

h
. ~2.3!

Let us now introduce the convenient dimensionless
nonical variables defined byr̃5Ak/«r , ũ5u, p̃r5pr /Ak«,
and p̃u5pu /«, where (r ,u) denote polar coordinates an
(pr ,pu) are the conjugate momenta. The independent v
able in this scaled system ist. The angular momentumpu is
a constant of motion in breathing round beams, i
p̃u[L5const, since the angle coordinateu is cyclic. Then,
assuming a KV core executing the lowest-order mode os
lation, the equation of test-particle motion can be written

d2r

dt2
1r2

L2

r 3
5H G

R2 r ~r<R!

G

r
~r.R!,

~2.4!

which is the second basis of the particle-core analysis. H
the beam has the clear circular boundary whose scaled ra
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is R(t)5A2r5Ak/«2a, and the tilde has been dropped.
the rest of this paper, we always employ the scaled varia
without indicating the tilde.

As pointed out previously@5#, the particle-core resonanc
becomes most predominant whenL50. We, therefore, con-
sider the simpler equation

d2x

dt2
1x5H G

R2 x ~ uxu<R!

G

x
~ uxu.R!,

~2.5!

instead of Eq.~2.4!. In the particle-core algorithm, we firs
numerically integrate Eq.~2.2! with the initial conditions,
e.g., r(t50)5mr0 and (dr/dt)(t50)50, where m is
mismatch factor@16#, and the matched beam sizer0 can be
evaluated from

r0
25

G1AG214

4
. ~2.6!

The result is then substituted in Eq.~2.5! to determine the
time evolution of the coordinatex. It is important to note that
G is the only parameter involved in the particle-core syste

As long as we assume that the real-space density is
uniform even in a mismatched beam, the set of the parti
core equations, i.e., Eqs.~2.2! and ~2.4!, is self-consistent
due to the linearity of the mode. This suggests that we h
no chance in this model to observe halos, because halo
mation is generally accompanied by the emittance gro
contradictory to the self-consistency of this system. Ho
ever, once we initially have some particles outside the co
they will readily be trapped by resonances acquiring la
amplitudes. The trajectories of these particles may be de
mined, to a good approximation, with the particle-co
analysis, since any realistic dense core possesses an a
uniform distribution in real space and, thus, the result
space-charge field resembles that of a KV beam except in
vicinity of the core boundary@17#.

B. A waterbag model

KV distribution has frequently been taken as a theoreti
basis of space-charge study because its linearity consider
simplifies analyses. However, there is no doubt that reali
intense beams contain a fully nonlinear nature. It may th
be reasonable to try constructing an alternate particle-c
algorithm with a nonlinear core potential even if the mode
only approximate. From this point of view, we introduc
here a waterbag core under a simplifying assumption.

Let us first start from the stationary waterbag density

n0~r !5
N

pGF12
I 0~z0r !

I 0~z0P0!
G , ~2.7!

where I n(z) denotes the modified Bessel function of th
nth order,P0 is the scaled radius of the matched waterba
beam boundary,N is the total number of ions, andz0 is the
constant satisfying
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FIG. 1. Poincare´ surfaces of
section in the (x,dx/dt) phase
space. The left figure is based o
the KV model and the right one
on the waterbag model. The con
ditions that h50.5 and m51.1
have been assumed in both case
in
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P0
2

I 0~z0P0!

I 2~z0P0!
51. ~2.8!

Assuming that the waterbag-type density is roughly ma
tained even for a mismatched beam, we may replaceP0 and
z0 in Eq. ~2.7! by P(t) and z(t) which represent, respec
tively, the boundary size of the mismatched waterbag c
and the variable satisfying the relation analogous to
~2.8!, i.e.,

G

P2

I 0~zP!

I 2~zP!
51. ~2.9!

The equation of motion for a test particle withL50 is then
given by

d2x

dt2
1x5H x2

2I 1~zx!

zI 0~zP!
~ uxu<P!

G

x
~ uxu.P!.

~2.10!

To make a physically meaningful comparison between
sults from the KV model and those from the waterbag mod
the two beam cores must be so-called equivalent; nam
the second moments of both beams in a matched state
coincide with each other. Needless to say, the values oh
andm are taken to be the same in both models.P(t) and
z(t) can be found by solving Eq.~2.9! together with the
relation

r25
4

z2
1P22

P4

2G
~2.11!
-

re
.

-
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in which we are allowed to use the envelope functionr(t)
identical to that already obtained in the KV-model analys
becauser(t) is independent of beam distributions in o
case. Finally, the time evolution ofP(t) and z(t) are sub-
stituted in Eq.~2.10! to investigate the single-particle mo
tion.

C. Numerical results

For a systematic study of halo dynamics, it is conveni
to employ thePoincarémapping techniquefirst introduced
to the particle-core approach by Lagniel@7#. As an example,
we show, in Fig. 1, the Poincare´ surfaces of section obtaine
with h50.5 andm51.1 @18#. Not surprisingly, both pictures
look quite similar in the region outside the core sepa
torices. On the other hand, the inside of the waterbag cor
more complicated, exhibiting some higher-order islan
which can never be found in the KV core at any densi
Further, the core separatrix of the waterbag beam is
longer elliptic as seen in the KV case, but has been disto
to be a racetrack shape due to the core nonlinearity.

In a higher-density region, the waterbag core begins
show an even more interesting feature substantially differ
from the KV core. Figure 2~a! illustrates the Poincare´ surface
of the section corresponding to a mismatched KV beam w
h50.2. Naturally, the inside of the core is still complete
regular. Contrarily, as demonstrated in Fig. 2~b!, the regular-
ity of the waterbag core with the sameh and m has col-
lapsed, yielding a large stochastic domain around a cer
core boundary. Considering the nonlinear nature of a reali
beam, there is no reason to deny the possibility of suc
stochastic instability of the core tail which could somewh
enhance the halo intensity. Note further that, in this mod
FIG. 2. Poincare´ surfaces of
section in the (x,dx/dt) phase
space.~a! KV beam with h50.2
and m51.01, ~b! waterbag beam
with h50.2 andm51.01, and~c!
waterbag beam withh50.3 and
m51.01.
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55 4697SIMULATION STUDY OF HALO FORMATION IN . . .
the transition to this major chaos takes place in the reg
betweenh50.2 andh50.3. In fact, we can only observ
very thin layers of stochasticity in Fig. 2~c! whereh50.3
has been assumed.

III. SIMULATION METHOD

We now describe a 1D simulation method for breath
beams. Because of the symmetry of breathing modes,
Hamiltonian governing the system of our interest is indep
dent of the angle coordinateu even for mismatched beam
The azimuthal motion of each particle is then a simple ro
tion with the constant angular momentumpu5L, which
means that we do not have to care about the azimuthal
namics. The equation of the radial motion can thus be writ
in a closed form as

d2r

dt2
1r2

L2

r 3
5
2p«0G

Nq
Er~r ;t!, ~3.1!

whereq is the charge state of a single ion,Er is the scaled
radial component of the space-charge electric field depe
ing on r andt, and the constantL takes different values fo
different particles.Er can readily be obtained, according
Gauss’s law, as

Er~r ;t!5
Q~r ;t!

2p«0r
, ~3.2!

whereQ(r ;t) represent the total charge contained in t
circular region of the radius r ; namely,
Q(r ;t)5q*0

r dr*2`
1`dpr f (r ,pr ;t) with f (r ,pr ;t) being the

distribution function in the (r ,pr) phase space. Hence, all w
have to do to evaluateEr at r5r 0 is simply count the num-
ber of ions located in the regionr,r 0 at a given time. Fi-
nally, substitution of Eq.~3.2! into Eq.~3.1! yields the equa-
tion of motion

d2r

dt2
1r2

L2

r 3
5G

j~r ;t!

r
, ~3.3!

wherej(r ;t)5Q(r ;t)/Nq. To determine the time evolution
of the particle distribution, we here apply the second-
fourth-order symplectic integrator to Eq.~3.3!, fixing the
function j(r ;t) within each time step. Moreover, we hav
adopted the variable step-size scheme to improve the a
racy of the numerical integration.

It is evident from Eq.~3.3! that the free parameters whic
must be given initially are only two; namely, the mismat
factor m and the space-charge factorG. The particle-
dependent constantL can be obtained from the relatio
L5xpy–ypx once an initial distribution is generated in fou
dimensional phase space. The matched rms beam sizer0 is
calculated with Eq.~2.6!. Noting Eq.~2.3!, we may also say
that, except for the mismatch factorm, the tune depression
h is the only parameter necessary for the execution of
simulation procedure.

For later convenience, we here express the plasma w
lengthlp by means ofh. Taking the conventional definition
of plasma frequency, e.g., Eq.~4! in Ref. @10#, it is straight-
forward to show the relation
n

he
-

-

y-
n

d-

r

u-

is

ve

lp5
2p

kA12h2
. ~3.4!

Recalling that the independent variable we have adopte
t5kz, the scaled plasma wave lengthtp5klp again de-
pends only onh.

In order to figure out the adequate values of the simu
tion parameters, such as the number of particles, the siz
integration step, etc., we performed preliminary runs e
ploying Gaussian beams. We then found that the results w
insensitive to the radial mesh size provided that more t
100 meshes were taken over the lengthr0. Regarding the
particle number, only little change was observed betwe
results with 104 particles and those with 105 particles. We,
therefore, decided to employ 104 particles for the sake o
reducing computing time. As to the integration step size,
tried three cases, i.e., 210 steps, 211 steps, and 212 steps over
the characteristic lengthtp , and again obtained good agre
ments among the three outputs. To be on the safer side
chose 211 steps pertp . Note, however, that this numbe
corresponds to the largest step size. As mentioned above
have used the variable step-size algorithm, monitoring
energy change of each particle in every integration step.
possible finest step size which may occur in our code
been set to betp/2

25.
We also calculated the value of the quantity^j&, where

^j& stands for taking the average ofj over the whole phase
space. Since straightforward algebra reveals the fact
^j& is exactly equal to 0.5 independent of beam distributi
we can use this quantity to check the accuracy of our num
cal calculations. With the parameter setup determined ab
^j& oscillates about 0.5 with the amplitude less than 0.0
which suggests that our code possesses a sufficient accu
Finally, we compared solutions to the envelope equat
with simulation results. Due to the independence of the
velope equation on beam distributions as well as to the s
metry of breathing beams, the time evolution of the rm
beam size obtained from a simulation must exactly coinc
with the numerical solution to Eq.~2.1! provided that the
corresponding time evolution of the rms emittance is us
for « rms

x in Eq. ~2.1!. In fact, we always got perfect agreeme
between them.

IV. STABILITY OF BREATHING BEAMS

The best way to overcome the limitations of approxima
analytic approaches is to perform multiparticle simulatio
which enable us to self-consistently explore the fundame
properties of dense beams. In order for our simulation res
to be practically meaningful, we should let an input bea
have some sufficiently realistic distribution. Since, in pra
tice, the initial phase-space distribution of a beam injec
into a linac depends on various components, such as
beam source, the short matching section between the so
and the linac, etc., we treat, in the following, three differe
types of nonlinear distributions; namely, Gaussia
waterbag-, and parabolic-type distributions. There is
doubt that these distributions are more stable and realisti
least, than the KV distribution and are thus adequate to
purpose.
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FIG. 3. Phase-space configurations of rms-matched beams withh50.7 att/tp50 andt/tp520.
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Let us first consider the beams initially rms matched. F
ure 3 illustrates the phase-space configurations of the t
beams with the tune depression of 0.7. The upper pictu
correspond to the initial distributions while the lower ones
the distributions att/tp520. Slight core distortion due to th
weak density redistribution@19# can be observed in eac
case, but all beams look stable in this density region,
anticipated. In fact, almost no emittance growth was
tected. In theh50.3 case shown in Fig. 4, the situation tur
more complicated. We now observe the beam cores
rounded, more or less, by halo particles in all three ca
-
ee
es

s
-

r-
s.

Each core is executing a rather large oscillation about u
form distribution in real space, which is the main cause
halo formation from rms-matched beams.

As long as we employ the concept of rms matching, it
generally impossible to avoid the plasma oscillations driv
through the initial density-redistribution process. As an e
ample, let us take a look at Fig. 5, in which the dens
evolution of an rms-matched Gaussian beam is dem
strated. We see that the core has been dominated by a
nificant breathing oscillation involving higher-order mode
To prevent this, we must start with the stationary state wh
FIG. 4. Phase-space configurations of rms-matched beams withh50.3 att/tp520.
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FIG. 6. Phase-space configurations of mismatched beams withh50.3 att/tp520. Three different initial mismatches, i.e.,m51.1, 1.3,
and 1.5, have been applied to Gaussian, waterbag, and parabolic beam.

FIG. 5. Time evolution of the real-space densityn(r ). The initial beam distribution is an rms-matched Gaussian withh50.3.
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FIG. 7. Phase-space configurations of mismatched Gaussian beams withm51.5 andt/tp520. Three different tune depressions, i.e
h50.9, 0.5, and 0.1, have been considered. Note that the scale of ordinate is different in theh50.1 case.
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can be found by solving the Vlasov-Poisson equation syst
However, initial distributions employed in simulation studi
are usually defined with a linear Hamiltonian because of
ficulty in getting a self-consistent solution to the Vlaso
Poisson equations. Then, as shown above, even an
matched beam can produce a halo when the density is h

We now go to mismatched situations. Three different m
match factors have been tried to obtain Fig. 6, where ph
space configurations att/tp520 are displayed. The tune de
pression assumed in these pictures is 0.3. Specifically,
observe halos with no exception. It is interesting that,
most cases, halo particles are not uniformly distribu
around a core but travel along several specific orbits form
narrow bands. Clearly, this tendency is more strengthene
the size of initial mismatch becomes larger. Naturally, lar
mismatch causes halo loops more expanded in radius.

Figure 7 is based on Gaussian beams having diffe
densities but the same initial mismatch, i.e.,m51.5. Halo
formation appears to be quite serious even for the lo
density beam. It is worthwhile to note that, in theh50.1
case, the core is surrounded not only by a usual halo ring
also by a low-density cloud localized near the core. Wh
the maximum halo amplitudes have not changed much
pending on the tune depression, the beam of theh50.1 case
has clearly been widened in thepr direction in phase space
which leads to a particularly large emittance growth. T
effect may be explained by the stochastic core instab
observed in Fig. 2~b!.

V. DISCUSSION

A. The origin of halo particles

To avoid confusion, we may first need to have a cons
sus about what the termcoremeans. Actually, this term ha
sometimes been used to express the dense region of a
in real space, but we do not accept this definition here sin
many halo particles can exist inside the real-space cor
any time. Instead, we refer to the dense region inphase
spaceas the beam core. It then becomes no problem to
tinguish a core region from a halo, as we have seen in
simulation results given in Sec. IV.

A question arises, however; namely, do halo particles
ally keep staying outside the phase-space core? To an
.
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this question, let us trace back the particles which have ev
tually formed a halo. As an example, we consider here
case in Fig. 8~a!, which shows a mismatched parabolic bea
having already been transported by the distance of 20tp . To
separate the halo part of this beam, we check the maxim
betatron amplitudes of individual particles, attaining F
8~b!. We then trace back the selected halo particles to fig
out where they came from. This procedure results in F
8~c! indicating that the halo is largely composed of the p
ticles initially located in the tail region. We have verifie
with a number of simulations, that the main body of a ha
originates from the fringe portion of a phase-space distri
tion, which implies that the beam core isroughlystable even
with a large mismatch.

This conclusion is further supported by the simulation
sult in Fig. 9, where we have taken only the core part of F
8~a! as an initial beam; namely, we have started with t
beam from which the particles in Fig. 8~b! have been re-
moved. After traversing the transport system of 20tp long,
the core beam in Fig. 9~a! has come to the state in Fig. 9~b!.
We see that no halo has been regenerated, although the
intensity has been reduced about 16% compared to the o
nal beam in Fig. 8~a! due to the removal of the halo particle
In addition, the emittance growth has also been comple
suppressed while in the final state, illustrated in Fig. 8~a!, the
rms emittance was almost twice as large as the initial va

The observations above suggest a possibility of elimin
ing halo particles by means of a simple collimator syste
One possibility is just to put a scraper of a finite length. It
obvious that a single momentary scraping does not w
since it only takes away a portion of a halo. The requir
length of the scraper is the shortest, provided that a beam
already reached the final saturated state. However, to ha
satisfactory scraping effect, it may have to be much lon
than the half betatron periodp/hk which could already be
rather long for a dense beam. Moreover, in this halo-scrap
scheme, we must be very careful about the effects of im
charges induced on the scraper wall. The practicability o
long scraper may thus be uncertain.

An alternate, probably more promising, possibility is t
use of thin but several tapered collimators periodically
stalled along the beam line. The tapering angle must be
termined such that the effects of the geometrical wake
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FIG. 8. Phase-space configurations of a parabolic beam withh50.2 andm51.3 initially. ~a! represents the phase-space profile after
beam has been transported through a uniform channel of 20tp long. Only the halo particles seen in~a! have been plotted in~b!. Here, the
particle which achieved a betatron amplitude greater than 1.33A2r0 has been defined as a halo particle. This corresponds to ado
G51.0 where the parameterG is calledcore factor, introduced in Sec. V C.~c! shows the initial positions of the halo particles, obtained
back tracking the particles in~b!. Pay attention to the fact that the core region in~b! is almost empty, which already implicates the co
stability.
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well as the resistive wall wake, are minimized. Though it
not very clear whether a halo can completely be removed
such a system, we could, at least, anticipate a signific
reduction of the halo intensity. The required minimum nu
ber of thin collimators may be two; namely, the first col
mator gets rid of about a half of a halo and, then, the sec
collimator installed some distance away from the first o
scrapes most of the rest. But, to improve the efficiency of
system, we need to employ more than two collimators
cated a bit closer to each other. The multiple collimator s
tem is of practical interest because of its simplicity, a
should be studied further as a possible halo-scraping dev

B. The size of halo extent

From a practical viewpoint, it is important to know ho
far halo particles can be away from the beam center. Acco
ing to our simulations, most initial beams come to a roug
saturated state before arriving att/tp520, so we here con
sider the largest particle amplitude recorded until then to
the maximum beam extent. Further, for Gaussian beams
initially truncate the tail particles at 3s. Figure 10 shows the
ratio of the maximum extent of halos from rms-match
beams to the radius of a matched KV beam, i
A2r0([R0). It is recognized that the largest halo amplitu
y
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-

d
e
e
-
-

e.

d-
y

e
e

.,

is not very sensitive to the beam density. Though all th
types of distributions yield halos ath50.3, as already dem
onstrated in Fig. 4, the corresponding maximum beam
tents are comparable to those in the lower-density reg
where no remarkable halos have been developed. This
plies that halo formation is not troublesome when a beam
initially rms matched.

The slight distribution dependence of halo size indica
in Fig. 10 is not of essential importance since it simply aris
from the discrepancy of the initial beam-boundary siz
~compare, for example, the upper pictures in Fig. 3!. In fact,
if we take the ratio to initial beam radius instead ofA2r0, the
result becomes much less dependent on beam distribut
We then find that the growth rate of the beam boundary
mostly less than about 10% for all three distributions even
a high-density region.

For mismatched beams, we obtain Fig. 11 where the
dinate indicates the maximum halo size divided bymA2r0.
We again notice that there exists no clear correlation
tween the scaled halo extent and tune depression. It is q
interesting that even the distribution dependence of the h
extent has disappeared when the magnitude of the initial m
match exceeds some level. We can directly confirm this f
by looking at the phase-space configurations in Fig. 6. Wh
re
-

FIG. 9. Phase-space configurations of a co
beam.~a! shows the initial beam obtained by re
moving the halo particles in Fig. 8~b! from the
original beam in Fig. 8~a!. After traveling
through a uniform channel of 20tp long, the core
beam in~a! reaches the distribution in~b!.
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the halos have been more enlarged in Fig. 6 with increas
initial mismatch, we may now state, based on the inform
tion provided by Fig. 11, that it is simply because the h
extent scales asm when m is sufficiently above one. The
universality of the maximum beam size pointed out in Fi
11~b! and 11~c! leads us to the conclusion that the possi
halo extent should be, at most, approximately 2m times the
matched KV-beam sizeA2r0 regardless of beam density.

C. The intensity of halo current

The approximate stability of the beam core confirmed
Sec. V A allows us to estimate the intensity of the halo c
rent. To separate a halo part from a core part, we here se
circular boundary in real space whose radius
r5GmA2r0, where we call the parameterG core factor.
Once a particle goes beyond this boundary, we simply reg
it as a halo particle. Note, however, that we should not
tiate this procedure until the density-redistribution proces
completed. Otherwise, particles initially located near
beam edge in real space may inevitably be counted as
particles, leading to an overestimation of the halo curre
Once initial beams have been redistributed to posses
nearly uniform density, it then becomes unnecessary
worry, at least, about the possibility of such overestimati

FIG. 10. Maximum beam extent vs tune depression~rms-
matched case!. The ordinate indicates the ratio of maximum ha
extent to the radius of matched KV coreR05A2r0.
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Since beam density is known to be very quickly homo
enized, we start here marking halo particles after a be
travels through the channel by a distance of 5tp .

The halo intensities evaluated with the above-explain
method are demonstrated in Fig. 12, where the upper th
pictures correspond to theG51.2 cases, the middle three t
theG51.3 cases, and the lower three to theG51.4 cases.
The pictures on the left side, i.e., them51.1 case, clearly
show the natural tendency that halo intensity becom
smaller for a larger core factor. WhenG51.2, it appears,
against expectation, that halos have been more enhanced
lower-density region rather than in a higher-density regi
This is, however, largely due to the simple fact that a be
core is more expanded in radius at a lower density.

The middle and lower pictures of them51.5 case look
roughly analogous to each other, which implicates that
maximum radii of the strongly mismatched cores sho
typically be less than around 1.3mA2r0, while they could be
somewhat altered, depending on the density. The ave
amount of a halo over the whole density region has b
calculated, in them51.5 case, to be 9.3% (G51.2), 8.2%
(G51.3), and 7.3% (G51.4) for Gaussian beams, 6.4%
(G51.2), 5.9% (G51.3), and 5.7% (G51.4) for parabolic
beams, and 5.1% (G51.2), 2.9% (G51.3), and 2.7%
(G51.4) for waterbag beams.

The halo intensity evaluated with a specific core fac
should be of practical importance, since we generally c
about the real-space oscillation amplitudes of individual p
ticles either when designing a halo scraper or when decid
the minimum aperture size of a linac. It might, however,
meaningful to evaluate the intensity of only the halo portio
taking into account the density dependence of the core
mentioned above. Figure 13 gives the result of the rou
estimate of halo intensity obtained by adjusting the value
G. We now realize that a larger mismatch has caused a b
to generate a more serious halo. Further, it seems that
halo has been more enhanced at a higher density, while
tendency has been weakened as the density becomes lo
In particular, above around, say,h50.5, no explicit correla-
tion between halo current and tune depression is visible. F
ure 13 also tells us that the waterbag distribution is relativ
stable compared to the other two distributions. In fact, ev
the
FIG. 11. Maximum beam extent vs tune depression~mismatched case!. The ordinate indicates the ratio of maximum halo extent to
maximum radius of a mismatched KV core, i.e.,mA2r0.



55 4703SIMULATION STUDY OF HALO FORMATION IN . . .
FIG. 12. Halo intensity relative to total beam intensity vs tune depression. Halo intensity has been evaluated att/tp520 with various
core factors and mismatch factors.
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with a mismatch factor of 1.5, only less than 10% emittan
growth, due to halo formation, took place in waterbag bea
when the density was modest. A key factor in explaining t
distribution dependence may be the difference of the non
ear field energies involved in initial beams. As analyzed
previous works, the nonlinear field energy of a waterb
beam is much smaller than those of the other two bea
~see, e.g., Ref.@11#!. Among the three distributions, th
Gaussian has the largest nonlinear field energy; nam
about seven times larger than the waterbag, and about t
times larger than the parabolic. This may be why halos fr
Gaussian beams are always most predominant.

Finally, it is important to note that there may be a pos
bility of observing halos produced by the same mechan
as described here, even in a circular ion machine. In fact,
e
s
s
-
n
g
s

ly,
ree

-
m
e

have confirmed the formation of a remarkable halo even
theh50.99 case provided that the mismatched is large.

VI. SUMMARY

As far as cylindrical beams propagating in a uniform f
cusing channel are concerned, the deviation of beam di
bution from the stationary state may be understood as
main cause of halo formation. Whenever a beam is not in
own stationary state, it naturally tries to approach closer
there, minimizing the nonlinear field energy. During this pr
cess, plasma oscillations are excited in the beam core, d
ing a portion of it into a halo. Inversely speaking, if a bea
injected into a uniform channel isfine grainedlymatched to
it, there is no reason to expect the development of a h
unless the distribution itself is intrinsically unstable again
perturbation. While several different factors have been c
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FIG. 13. Halo intensity relative to total beam intensity vs tune depression. Halo intensity has been evaluated att/tp520. The core factor
has been modulated taking into account the density dependence of core radius; namely, a smaller value of core factor is usually
a higher density since a core is more strongly homogenized. Note that halos have been considerably enhanced in a very high-den
due to the existence of the particle cloud around a core@see Fig. 7~c!#. If we neglect the contribution from this cloud, the halo intensities
h50.1 are reduced to the 10% level or less.
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sidered as the possible sources of halo formation, it see
after all, that the important point is how much a beam
deviated from the stationary state@20#.

According to the present simulations, a beam core defi
in phase space is approximately stable regardless of its
sity and the size of mismatch. Most parts of a halo are t
formed by the particles moving outside the core bounda
This means that we do not have to care too much about
mechanism which enables some ions to escape from
core. The particle-core approach might, therefore, be hel
in exploring some features of halos although it definitely h
limitations.

Figure 13 suggests that a beam with a larger misma
yields a more dominant halo. Moreover, it also appears
halo intensity becomes less dependent on tune depressi
a lower-density region. While the absolute amount of h
particles changes associated with the beam distribution
could be around 5% or more of the total particle numb
either when an initial beam is subjected to a large misma
or when the beam density is extremely high. However, d
to the approximate stability of the phase-space core, we h
a possibility of removing a large portion of the halo rin
r-

.
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surrounding the core, for example, by means of a multic
limator system.

It has also been discovered that the maximum exten
halos normalized withr0 are surprisingly insensitive to th
tune depressionh. In particular, the maximum halo size of
Gaussian beam divided by its initial rms radius is indep
dent of both the beam density and mismatch factor; nam
it always takes a value around 2A2 as indicated in Fig. 11
Concerning the other two beam distributions, the maxim
beam radii tend to be closer to that of the Gaussian cas
the degree of the initial mismatch increases. It may then
concluded that the minimum aperture radius of a hig
intensity linear machine must be greater than, at le
2mmax times the matched KV-beam radiusA2r0, when one
expects the possible maximum mismatch to bemmax.
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