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Light hadron spectrum and quark masses from quenched lattice QCD

S. Aoki,1 G. Boyd,2,* R. Burkhalter,1,2,† S. Ejiri,2,‡ M. Fukugita,3 S. Hashimoto,4 Y. Iwasaki,1,2 K. Kanaya,1,2 T. Kaneko,2,§

Y. Kuramashi,4 K. Nagai,2,i M. Okawa,4,¶ H. P. Shanahan,2,** A. Ukawa,1,2 and T. Yoshie´1,2

1Institute of Physics, University of Tsukuba, Tsukuba, Ibaraki 305-8571, Japan
2Center for Computational Physics, University of Tsukuba, Tsukuba, Ibaraki 305-8577, Japan

3Institute for Cosmic Ray Research, University of Tokyo, Tanashi, Tokyo 188-8502, Japan
4High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki 305-0801, Japan

~CP-PACS Collaboration!
~Received 17 June 2002; published 13 February 2003!

We present the details of simulations for the light hadron spectrum in quenched QCD carried out on the
CP-PACS parallel computer. Simulations are made with the Wilson quark action and the plaquette gauge action
on lattices of size 323356– 6433112 at four values of lattice spacings in the rangea'0.1– 0.05 fm and spatial
extent Lsa'3 fm. Hadronic observables are calculated at five quark masses corresponding tomPS/mV

'0.75– 0.4, assuming theu andd quarks are degenerate, but treating thes quark separately. We find that the
presence of quenched chiral singularities is supported from an analysis of the pseudoscalar meson data. The
physical values of hadron masses are determined usingmp , mr , andmK ~or mf) as input to fix the physical
scale of lattice spacing and theu, d, and s quark masses. After chiral and continuum extrapolations, the
agreement of the calculated mass spectrum with experiment is at a 10% level. In comparison with the statistical
accuracy of 1%–3% and systematic errors of at most 1.7% we have achieved, this demonstrates a failure of the
quenched approximation for the hadron spectrum: the hyperfine splitting in the meson sector is too small, and
in the baryon sector the octet masses and mass splitting of the decuplet are both smaller than experiment. Light
quark masses are calculated using two definitions: the conventional one and the one based on the axial-vector
Ward identity. The two results converge toward the continuum limit, yieldingmud54.29(14)20.79

10.51 MeV where
the first error is statistical and the second one is systematic due to chiral extrapolation. Thes quark mass
depends on the strange hadron mass chosen for input:ms5113.8(2.3)22.9

15.8 MeV from mK and ms

5142.3(5.8)20
122.0 MeV from mf , indicating again a failure of the quenched approximation. We obtain the

scale of QCD,LMS
(0)

5219.5(5.4) MeV withmr used as input. AnO(10%) deviation from experiment is
observed in the pseudoscalar meson decay constants.
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I. INTRODUCTION

The theoretical derivation of the light hadron spectru
from the first principles of quantum chromodynamics~QCD!
is a fundamental issue in our understanding of the str
interactions. The binding of quarks due to gluons cannot
treated perturbatively, and numerical simulations based
the lattice formulation of QCD, therefore, provide a uniq
means to approach this problem.

The calculation of the hadron spectrum is made for giv
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quark masses, and hence it in turn enables us to determ
the light quark masses, which are the fundamental par
eters of QCD. The dynamical scaleL of QCD is determined
by measurements of lattice spacinga as a function of the
bare coupling constant. Lattice QCD also provides us wit
method to explore the chiral structure, which is appro
mately realized in the real world. A further subsidiary ve
fication of QCD may include the examination of the dec
matrix elements against experiment.

Lattice QCD simulations, however, are computationa
demanding, particularly when the effects of dynamic
quarks are to be included. Therefore, since the pionee
attempts in 1981@1,2#, the majority of lattice QCD simula-
tions have been made within the quenched approximatio
which pair creation and annihilation of sea quarks are
nored. In fact, such calculations have given hadron spect
in a gross agreement with experiment, but clear understa
ing has not been achieved yet as to where this approxima
would break down. In order to study this point, a calculati
with a much higher precision is needed. Such a hig
precision study requires accurate controls of a number
systematic errors, which is not an easy task even within
quenched approximation. The origins of systematic err
include finiteness of lattice size, coarseness of lattice sp
ing, and extrapolations in quark masses from relatively la
values.
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TABLE I. Simulation parameters. The lattice spacinga is determined frommr . The last column ‘‘accep-
tance’’ is the mean acceptance rate in the pseudo-heat-bath update sweeps.

b Ls
33Lt a21 @GeV# a @fm# Lsa @fm# No. conf. Iter./conf. Acceptance

5.90 323356 1.934~16! 0.1020~8! 3.26~3! 800 200 0.85
6.10 403370 2.540~22! 0.0777~7! 3.10~3! 600 400 0.84
6.25 483384 3.071~34! 0.0642~7! 3.08~3! 420 1000 0.83
6.47 6433112 3.961~79! 0.0498~10! 3.18~6! 150 2000 0.82
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II.
The work of the GF11 Collaboration carried out in 1991
1993 @3# has advanced the control of systematic errors fr
a finite lattice spacing and a finite lattice size. Taking adv
tage of a large computing power, the GF11 Collaborat
calculated the light hadron spectrum with three sets of c
pling constants and three different lattice sizes at one c
pling constant, which is used to take the continuum limit a
estimate finite lattice effects. They claimed that the result
spectrum is in agreement with experiment within 6%, t
difference for each hadron being within their errors.

We feel that their results need a further verification by
independent analysis, since we consider that their con
sions depend crucially on the error estimate at simula
points and on a rather long chiral extrapolation from t
region of the pseudoscalar to vector meson mass r
mPS/mV50.9– 0.5. Another issue is that GF11 simulatio
were made only for degenerate quarks. Masses of stra
mesons and decuplet baryons were estimated using mas
mulas, while strange octet baryons were not calculated.

We have embarked on a program to push the calcula
of the quenched light hadron spectrum beyond that of
GF11 Collaboration to answer the posed problems. We h
aimed at achieving a precision of a few percent for statist
errors and reducing systematic errors to be comparable t
smaller than statistical errors. Taking the Wilson quark act
and the plaquette gluon action, simulations are made w
lattices of physical spatial sizeLsa'3 fm for the range of
a'0.1– 0.05 fm. The smallest value ofmPS/mV is lowered
to '0.4. We take advantage of the recent developmen
quenched chiral perturbation theory~QxPT! @4,5#, which
suggests to us the form of chiral extrapolations. We assu
that the lightu andd quarks are degenerate, but the heavies
quark is treated separately, giving a different quark mass

During this time, the MILC Collaboration carried ou
studies in a similar spirit@6# using the Kogut-Susskind quar
action. Because of complications with the spin-flavor cont
of this action, they reported only the nucleon mass, tak
mp andmr as input, leaving aside all other hadrons.

Our calculation was made by the CP-PACS compute
massively parallel computer developed at the University
Tsukuba completed in September 1996@7#. With 2048 pro-
cessing nodes, the peak speed of the CP-PACS is
GFLOPS (6143109 double-precision floating-point opera
tions per second!. Our optimized program achieves a su
tained speed of 237.5 GFLOPS for the heat-bath updat
gluon variables, 264.6 GFLOPS for the overrelaxation
date, and 325.3 GFLOPS for the quark propagator solver
which the core part is written in the assembly language@8#.
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The simulations were executed from the summer of 1996
the fall of 1997.

A brief description of our results has been published
Ref. @9#, and preliminary reports have appeared in Ref.@10#.
In this article we present full details of analyses and resu

The organization of the paper is as follows. In Sec.
the lattice action and simulation parameters are explained
Sec. III we present a summary of results for the light had
spectrum, quark masses, and meson decay constants. S
quent sections describe details of our analyses. In Sec
measurements of hadron masses and quark masses at
lation points are discussed. We then examine in Sec. V
prediction of QxPT for light hadron masses against our da
In Sec. VI we describe the extrapolation procedure of had
masses to the chiral and continuum limits. Comparisons w
other studies are given in this section. In Sec. VII we disc
determinations of the light quark masses and, in Sec. V
the QCDL parameter. In Sec. IX results for meson dec
constants are presented. Finally, Sec. X presents an alte
tive analysis in which the order of the chiral and continuu
extrapolations is reversed. Our conclusions are given in S
XI. Technical details are relegated to Appendixes A–G.

II. LATTICE ACTION AND SIMULATION PARAMETERS

A. Lattice action

We generate gauge configurations using the one-plaqu
gluon action,

Sg5
b

3 (
P

Re Tr~UP!, ~1!

whereb56/g2 with g the bare gauge coupling constant. O
gauge configurations, we evaluate quark propagators u
the Wilson fermion action,

Sq52(
n,m

c̄~n!D~k;n,m!c~m!, ~2!

D~k;n,m!5dn,m2k(
m

$~ I 2gm!Un,mdn1m̂,m

1~ I 1gm!Um,m
† dm1m̂,n%, ~3!

where the hopping parameterk controls the quark mass.

B. Simulation parameters

Simulation parameters are summarized in Tables I and
3-2
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TABLE II. Hopping parameters and correspondingmPS/mV ratios.

b55.90

k 0.15660 0.15740 0.15830 0.15890 0.1592

mPS/mV 0.752~1! 0.692~1! 0.593~1! 0.491~2! 0.415~2!

b56.10

k 0.15280 0.15340 0.15400 0.15440 0.1546

mPS/mV 0.751~1! 0.684~1! 0.581~2! 0.474~2! 0.394~3!

b56.25

k 0.15075 0.15115 0.15165 0.15200 0.1522

mPS/mV 0.760~1! 0.707~2! 0.609~2! 0.502~2! 0.411~3!

b56.47

k 0.14855 0.14885 0.14925 0.14945 0.1496

mPS/mV 0.760~2! 0.709~3! 0.584~3! 0.493~4! 0.391~4!
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Four values ofb are chosen so as to cover the range oa
'0.1– 0.05 fm (a21'2 – 4 GeV).

We employ lattices with the physical extent ofLsa
'3 fm in the spatial directions. In a previous study, no s
nificant finite-lattice-size effect was observed forLsa
>2 fm beyond a statistical error of about 2%@11#. For a
large lattice, the dominant size effect comes from spa
wrappings of pions whose magnitude decreases asmLs

2m`}exp(2cmpLs) @12#. For smaller lattices squeezing o
hadron wave functions enhances the finite-size effect, le
ing to a power law behaviormLs

2m`}c/Ls
3 @13,14#. Assum-

ing the latter behavior, we expect the finite-size effects
lattices with Lsa'3 fm to be about 0.6%, which is suffi
ciently small compared with our statistical errors. This
quires us to use a 643 lattice for simulations ata'0.05 fm.

For the temporal extent of the lattices, we adoptLt
5(7/4)Ls . This gives the maximal physical time separati
of Lta/2'2.5 fm. With our smearing method described b
low, we find that this temporal extent is sufficient to extra
ground-state signals in hadron propagators, suppressing
taminations from excited states.

For the quark mass, we select five values ofk, so that they
give mPS/mV'0.75, 0.7, 0.6, 0.5, and 0.4. The two heavie
values, which we denote ass1 and s2 , are chosen to inter
polate hadron mass data to the physical point of thes quark.
The three lighter quarks denoted asu1 , u2 andu3 are used to
extrapolate to the physical point of the lightu andd quarks,
mPS/mV5mp /mr50.176.

The quark mass at the smallest value ofmPS/mV'0.4 is
closer to the chiral limit than that in any previous stud
with the Wilson quark action, in which calculations we
limited to mPS/mV*0.5. Reducing the quark mass further
not easy. Test runs we carried out formPS/mV'0.3 at b
55.9 show that fluctuations become too large and the c
puter time for this point alone exceeds the sum of those
the fivek down tomPS/mV'0.4.

Gauge configurations are generated by the five
pseudo-heat-bath algorithm@15# and an overrelaxation algo
rithm @16#, mixed in the ratio of 1:4. We call the combinatio
03450
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of one pseudo-heat-bath update sweep followed by f
overrelaxation sweeps ‘‘iteration.’’ The periodic bounda
conditions are imposed in all four directions. The accepta
rate in the pseudo-heat-bath step is 82%–85% as liste
Table I. For vectorization and parallelization of the compu
program, we adopt an even-odd algorithm.

After 2000–20 000 thermalization iterations, we calcula
quark propagators and measure hadronic observable on
figurations separated by 200–2000 iterations depending
b, while we measure the gluonic observable, such as
plaquette expectation value, at every iteration. The to
number of configurations and their separation are sum
rized in Table I.

We estimate errors by the jackknife method except oth
wise stated. Tests on the bin size dependence do not show
presence of correlations between successive configurat
and hence we use the unit bin size for error analyses.

Table III shows the number of employed processors of
CP-PACS and the execution time required for generating
analyzing one configuration. Simulations atb55.9, 6.1, and
6.25 are carried out on subpartitions of the CP-PACS co
puter, while atb56.47 the whole system with 2048 proces
ing units is used.

TABLE III. Measured execution time of each step in units
hours.

b 5.90 6.10 6.25 6.47

Size 323356 403370 483384 6433112

#PU 256 512 1024 2048

Configuration
generation

0.28~10%! 0.65~14%! 1.62~24%! 4.5~29%!

Gauge fixing 0.13~5%! 0.22~5%! 0.33~5%! 1.8~12%!

Quark propagator 1.57~52%! 2.72~57%! 3.13~46%! 6.6~42%!

Hadron propagator 1.01~33%! 1.18~24%! 1.67~24%! 2.6~17%!

Total 2.99 4.76 6.78 15.6
3-3
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FIG. 1. Chiral extrapolations for~a! pseudoscalar meson,~b! vector meson,~c! octet baryon, and~d! decuplet baryon atb55.9. The
QxPT and polynomial chiral fits are shown by solid and dashed lines. The insets are expanded displays for degenerate cases and
extrapolated values at the physical quark mass for panels~b!, ~c!, and ~d!. In panel ~a!, AWI quark mass,mq

AWI(0) , and linear chiral
extrapolation are given~discussed in Sec. VII!. In panels~c! and ~d!, we give data only for combinations of (s1 ,ui ,ui) and (ui ,ui ,ui).
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III. SUMMARY OF RESULTS

A. Quenched chiral singularity

Quenched chiral perturbation theory@4,5# predicts that
hadron mass as a function of quark massmq exhibits a char-
acteristic singularity in the chiral limit. Data formPS

2 strongly
support the existence of an expected singular termdmq ln mq
with d'0.1. For vector mesons and baryons, the accurac
mass data and the covered range ofmq are not sufficient to
establish the presence of quenched singularities.

In Figs. 1–4, the QxPT fit is shown by solid lines for~a!
pseudoscalar meson,~b! vector meson,~c! octet baryon, and
~d! decuplet baryon. The data are consistent with the theo
ical expectations from QxPT, not only for pseudoscalar me
sons, but also for vector mesons@17# and baryons@18#. We
therefore adopt functional forms based on QxPT for chiral
extrapolations for all cases.

B. Quenched light hadron spectrum

We take experimental values ofmp50.1350 GeV and
mr50.7684 GeV as input for the meanu,d quark massmu,d
and the lattice spacinga. We use eithermK50.4977 GeV or
mf51.0194 GeV for the strange quark massms . As shown
03450
of

t-

by solid lines in Fig. 5, hadron masses determined at eacb
are well described by a linear function ofa.

The quenched hadron spectrum in the continuum limi
compared in Fig. 6 with experiment shown by horizon
bars, with the numerical values given in Table IV. Solid sy
bols usemK as input, and open ones employmf . The two
error bars show both statistical error and the sum of stat
cal and systematic errors~see Sec. VI!. Statistical errors are
1%–2% for mesons and 2%–3% for baryons. Estimated s
tematic errors are at worst 1.8s of statistical ones, which add
only extra 1.7% to statistical ones.

Figure 6 shows that quenched QCD reproduces the glo
pattern of the light hadron spectrum reasonably well, bu
the same time systematic deviations exist between
quenched spectrum and experiment. An important mani
tation of this discrepancy is that the quenched predict
depends largely on the choice of particle~K or f! to fix ms .
While an overall agreement in the baryon sector is bette
mf is employed as input,mK disagrees by 11%~6s!, which
is the largest difference between our result and experime

In the meson sector, the discrepancy is seen in the hy
fine splitting, which is too small compared to experiment.
one uses themK as input, the vector meson massesmK* and
3-4
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FIG. 2. Same as Fig. 1 atb56.10.
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mf are smaller by 4%~4s! and 6%~5s!. If mf is employed
instead,mK* agrees with experiment within 0.8%~2s!, but
mK is larger by 11%~6s!.

The smallness of the hyperfine splitting is observed i
different way in Fig. 7, which plotsmV

22mPS
2 as a function

of mPS
2 . The figure shows an approximate scaling over

four values ofb. The convergence of data toward the expe
mental point corresponding to (mp ,mr) is due to our choice
of these particles as input. Toward heavier quark masses
mass square difference decreases faster than experimen
is about 10% smaller at the point corresponding
(mK ,mK* ) mesons.

A faster decrease ofmV
2-mPS

2 can be quantified through
the J parameter@19# defined by

J5mV

dmV

dmPS
2 . ~4!

A large negative value of the slope seen in Fig. 7 transla
into a smallJ as shown in Fig. 8; we obtain

J50.346~23! ~5!

in the continuum limit, to be compared with the experimen
value;0.48 atmV /mPS51.8.

In the octet baryon sector, the masses are all smaller c
pared to experiment. The nucleon mass is lower than exp
03450
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e
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ment by 7%~2.5s!. The strange octet baryons are lighter
6%–9% withmK as input and by 2%–5% even withmf as
input. TheS-L hyperfine splitting is larger by 30%~50%!
with mK (mf) input, though the deviation of 0.8s ~2.3s! is
statistically marginal. The Gell-Mann–Okubo~GMO! rela-
tion

1

2
~mN1mJ!5

1

4
~3mL1MS! ~6!

based on first-order flavor SU~3! breaking is well satisfied, a
1% in both mK and mf inputs, though the two sides tak
values@1.04~2! GeV for themK input and 1.09~1! GeV for
the mf input# smaller than experiment~1.13 GeV!.

For decuplet baryons, the mass ofD turns out to be con-
sistent with experiment within statistical error of 2.0
~0.7s!. An equal-spacing rule is well satisfied, the three sp
ings mutually agreeing within statistical errors. However, t
mass splitting is smaller by 30% on average compared
experiment formK input and by 10% formf input.

The results discussed above are based on QxPT chiral fits.
In order to see the effects of choosing different chiral
functions, we repeat the procedure using low-order poly
mials in mq , as was done in traditional analyses. Chiral fi
and continuum extrapolations for this case are illustrated
Figs. 1–4 by dashed lines and in Fig. 5 by open symbols
dashed lines, respectively. QxPT and polynomial fits lead to
3-5
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FIG. 3. Same as Fig. 1 atb56.25.
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masses which agree within 1.5% or 1.6s. The pattern of the
quenched spectrum remains the same even if one adopt
polynomial chiral fits.

C. Reversibility of order of the chiral and continuum
extrapolations

In order to obtain the physical hadron mass, one conv
tionally carries out chiral extrapolation first and then tak
the continuum extrapolation~we refer to this as method A!.
These two limiting operations can in principle be revers
and the resulting spectrum should be unchanged. An ad
tage with the reversed limiting procedure~method B! is that
one need not worry about possibleO(a) terms that are
present in QxPT formulas at finite lattice spacings.

The light hadron spectra from the two methods are co
pared in Fig. 9 for the case of themK input. The prediction
from method B denoted by open symbols is in good agr
ment with that of method A plotted with solid symbo
within 1.5s.

An additional advantage of method B is that the had
mass formula can be obtained as a function of an arbit
quark mass, as shown in the Edinburgh plot in Fig. 10.

D. Fundamental parameters of QCD

The scale parameterL is the fundamental parameter o
QCD. We evaluate it in the modified minimal subtractio
(MS) scheme to be
03450
the

n-
s

,
n-

-

-

n
ry

LMS
~0!

5219.5~5.4! MeV, ~7!

when the scale is fixed bymr .
The definition of quark mass for the Wilson quark acti

is not unique, because chiral symmetry is broken by term
O(a). We analyze quark masses from two definitions,
conventional one through the hopping parameter, which
call the Ward identity for vector current~VWI ! quark mass
~see Sec. IV C!, and another defined in terms of the Wa
identity for axial-vector currents~AWI !.

Figures 11 and 12 showmud andms renormalized in the
MS scheme atm52 GeV as functions ofa. The VWI and
AWI quark masses, differing at finitea, extrapolate to a uni-
versal value in the continuum limit, in accordance with
theoretical expectation.

A combined linear extrapolation assuming a unique va
in the continuum limit yields

mud54.29~14!20.79
10.51 MeV, ~8!

ms5113.8~2.3!22.9
15.8 MeV ~mK input! ~9!

5142.3~5.8!20
122.0 MeV ~mf input!. ~10!

We indicate the systematic error arising mainly from chi
extrapolations. The value ofms differs by about 20% de-
3-6
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FIG. 4. Same as Fig. 1 atb56.47.
es
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pending onmK or mf used as input. The difference aris
from the small value of meson hyperfine splitting in t
simulation.

E. Meson decay constants

The pseudoscalar meson decay constantf PS is defined by

^0uAmuPS&5 ipm f PS, ~11!

FIG. 5. Continuum extrapolation of light hadron masses fr
mK input. Solid symbols and solid lines are the results from
QxPT chiral fits, while open symbols and dashed lines are from
polynomial fits. Experimental values are shown by the stars.
03450
in the continuum notation, whereAm is the axial-vector cur-
rent. The experimental value forp is f p5132 MeV. Data for
f PS are shown in Fig. 13 as a function ofa. We obtain, for
physical values,

f p5120.0~5.7! MeV, ~12!

f k5138.8~4.4! MeV ~mK input!. ~13!

e
e

FIG. 6. Quenched light hadron spectrum compared with exp
ment. The statistical error and sum of the statistical and system
errors are indicated.
3-7



ou

%

he
fi-

15
in

7

nd-
ared

ions

rm

lu

p-
om-

AOKI et al. PHYSICAL REVIEW D 67, 034503 ~2003!
These values are smaller than experiment by 9%~2s! and
13% ~5s!, respectively. QxPT predicts that the ratiof K / f p

21 in quenched QCD is smaller than experiment by ab
30%. This quantity is shown in Fig. 14. We obtainf K / f p

2150.156(29), which is smaller than experiment by 26
~1.9s! as QxPT predicts.

The vector meson decay constantFV in the continuum
theory is defined by

^0uVi uV&5e iFVmV , ~14!

wheree i andmV are the polarization vector and mass of t
vector mesonV. This is related to another conventional de
nition by f V

215FV /mV . The experimental value ofFr is
220~5! MeV, where the charge factor is removed. Figure
summarizes the vector meson decay constants. We obta

Fr5205.7~6.6! MeV, ~15!

Ff5229.4~5.7! MeV ~mf input!.
~16!

These values are slightly smaller than experiment: by 6.
~2.2s! for Fr and by 3.8%~1.6s! for Ff .

We summarize meson decay constants in Table V.

FIG. 7. Hyperfine splitting of mesons normalized bymK . Dia-
monds represent the experimental points corresponding
(mPS,mV)5(mp ,mr) and (mK ,mK* ), where the former is the in-
put.

FIG. 8. J parameter. The star represents the experimental va
03450
t

%

IV. MEASUREMENTS OF HADRON MASSES AND QUARK
MASSES

A. Quark propagators

We calculate the quark propagatorG(m) at a value ofk
by solving

(
m

D~k,n,m!G~m!5S~n!, ~17!

whereD(k,n,m) is the quark matrix defined in Eq.~3! and
S(n) is the quark source. In order to enhance the grou
state signal in the hadronic measurements, we use sme
quark sources. For this purpose, we fix gauge configurat
to the Coulomb gauge as described in Appendix A.

For the smeared source, we employ an exponential fo
given by

S~n!5H A exp~2Bunu! for nÞ0,

1.0 for n50,
~18!

to

e.

FIG. 9. Comparison of the spectra from method A~solid circles!
and method B~open circles!. mK is taken as input.

FIG. 10. Edinburgh plot in the continuum limit. The stars re
resent experimental values. Dashed curves illustrate the phen
enological mass formulas by Ono@20#.
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TABLE IV. Quenched light hadron mass spectrum. The first error is statistical, and the second is s
atic. Deviation from experiment and its statistical significance are also given.

Hadron
Experiment

@GeV#

mK input mf input

Mass@GeV# Deviation Mass@GeV# Deviation

K 0.4977 0.553~10!~08! 11.2%, 5.6s
K* 0.8961 0.858~09!~08! 24.2%, 4.3s 0.889~03!~06! 20.8%, 2.3s
f 1.0194 0.957~13!~14! 26.1%, 4.8s
N 0.9396 0.878~25!~14! 26.6%, 2.5s 0.878~25!~14! 26.6%, 2.5s
L 1.1157 1.019~20!~09! 28.6%, 4.7s 1.060~13!~10! 25.0%, 4.1s
S 1.1926 1.117~19!~11! 26.4%, 4.1s 1.176~11!~20! 21.4%, 1.5s
J 1.3149 1.201~17!~13! 28.7%, 6.8s 1.288~08!~09! 22.0%, 3.5s
D 1.2320 1.257~35!~10! 2.0%, 0.7s 1.257~35!~10! 2.0%, 0.7s
S* 1.3837 1.359~29!~11! 21.8%, 0.9s 1.388~24!~11! 0.3%, 0.2s
J* 1.5318 1.459~26!~10! 24.7%, 2.8s 1.517~16!~09! 21.0%, 0.9s
V 1.6725 1.561~24!~09! 26.7%, 4.7s 1.647~10!~15! 21.5%, 2.6s
th
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as motivated by the pion wave function measured by
JLQCD Collaboration@21#. The smearing radius is approx
mately constant,a/B'0.33 fm, over the range ofb we
simulate. The quark propagator solver and smearing func
are discussed in Appendix B.

B. Hadron masses

From quark propagators, we construct hadron propaga
corresponding to degenerate combinationsff and fff ( f
5s1 ,s2 ,u1 ,u2 ,u3), as well as nondegenerate combinatio
of the typesiuj for mesons andsisiuj andsiujuj for baryons;
two quarks in baryons are taken to be degenerate. We s
pseudoscalar and vector mesons and spin-1/2 octet and
3/2 decuplet baryons. The hadron operators are summa
in Appendix C.

Hadron propagators are calculated for all possible com
nations of point and smeared sources. At the sink we
only point operators. Effective massesmeff (t) for various
combination of quark sources are compared in Fig. 16. W
our choice of smearing function,meff(t) in almost all cases
reaches a plateau from above, suggesting that the sme
radius is smaller than the actual spread of hadron wave fu
tions. The onset of a plateau is the earliest when the sme
source is used for all quarks, and the statistical error is

FIG. 11. Averaged mass of the up and down quarks and
continuum extrapolation. The leftmost point is the value extra
lated to the continuum limit.
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smallest for this case. In light of this advantage, we extr
masses from hadron propagators with all quark sour
smeared.

In order to illustrate the quality of data, typical effectiv
masses are shown in Figs. 17–20 for degenerate octet b
ons at the fourb values. We extract the ground-state mas
using a single-hyperbolic-cosine fit for mesons and a sing
exponential fit for baryons, taking account of correlatio
among different time slices. In Figs. 17–20, the horizon
lines are the fit and error, with the range of the lines rep
senting the fit range.

The fit range@ tmin ,tmax# is chosen based on the followin
observations~1! The value ofx2/Ndf decreases astmin in-
creases and becomes almost constant at a time slice w
we denote astx . Here tx in general depends on quar
masses.~2! The effective mass shows a plateau fort*tx . ~3!
Whentmax>tx13, x2/Ndf is insensitive to the choice oftmax.
From these findings, we may usetx for tmin . However, in
order to avoid subjectivity in the identification oftx and
plateau, we adopttmin , which satisfies the following condi
tions.~1! tmin is larger thantx ; ~2! for each kind of particle at
eachb, tmin is common to all quark masses;~3! for each

ts
-

FIG. 12. Strange quark masses and their continuum extrap
tion. The leftmost points are the values extrapolated to the c
tinuum limit.
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particle, values oftmin in physical units is approximately
constant for allb. We find that these conditions are satisfi
by tmin'1.0, 0.7, and 0.5 fm for pseudoscalar mesons, ve
mesons, and baryons, respectively.

The largest time slicestmax for vector mesons and baryon
at b55.9, 6.1, and 6.25 are chosen by the requirement
the error of propagator attmax does not exceed 3%. We em
ploy the same criterion for vector mesons atb56.47. For
baryons atb56.47, the fitting interval becomes too narro
for light quark masses if we employ the cut at 3%. We the
fore adopt the cuts at 3.2% for octet baryons and 4%
decuplet baryons, respectively.

Values oftmax are determined with a different strategy f
pseudoscalar mesons, for which we make chiral extrap
tions, taking account of correlations among different qu
masses.~The correlation among different quark masses
ignored for other hadrons.! A large value oftmax results in
full covariance matrices with too large dimensions. Such m
trices frequently have quite small eigenvalues due to sta
tical fluctuations and lead to a failure of the convergence
the fit. In order to avoid instability of chiral extrapolation
we determinetmax by trial and error. We adopttmax528, 35,
25, and 35 forb55.9, 6.1, 6.25, and 6.47.

All hadron masses are stable under a variation of the
range. As an example, the fits with the range@ tmin12,tmax#
give results consistent within 1s. Uncorrelated fits yield
masses consistent with those from correlated fits withins
for most cases, although the differences are about 2s for
some cases.

FIG. 13. Continuum extrapolations of pseudoscalar meson
cay constantsf p and f K (mK input!. Large squares ata50 repre-
sent experimental values.

FIG. 14. Continuum extrapolation off K / f p21 from the mK

input. The square ata50 represents the experimental value.
03450
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FIG. 15. Fr ~top panel! andFf ~bottom panel! as a function of
a. Fits for the continuum extrapolation are also shown. Solid sy
bols are for nonperturbatively renormalized decay constants,
open symbols are for decay constants renormalized by tadp
improved one-loop perturbation theory. Stars represent experim
tal values.

FIG. 16. Typical effective masses obtained with various com
nations of quark sources.
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Errors are determined by a unit increase ofx2. Jackknife
errors are similar in magnitude, the difference being at m
about 25%. The values ofx2/Ndf turn out to be consistent o
smaller than unity within the errors estimated by the ja
knife method, meaning that our one-mass fits reproduce
hadron propagator data well. This suggests that the cont
nation of excited states is well suppressed in our fits. O
results for the hadron masses are reproduced in Tables V
mesons and Tables VII and VIII for octet and decuplet ba
ons.

C. Quark masses

The bare quark mass is conventionally defined by

mq
VWI ~0!5

1

2 S 1

k
2

1

kc
D , ~19!

FIG. 17. Effective mass plots of degenerate octet baryon
mPS/mV'0.75 ~top!, mPS/mV'0.6 ~middle!, and mPS/mV'0.4
~bottom! at b55.90.

TABLE V. Decay constants for light pseudoscalar and vec
mesons.

Experiment Quenched QCD

f p @MeV# 130.7~0.4! 120.0~5.7!
f K @MeV# (mK input! 159.8~1.5! 138.8~4.4!

(mf input! 141.5~3.8!
f p / f K21 (mK input! 0.223~2! 0.156~29!

Fr @MeV# 220~5! 205.7~6.6!
Ff @MeV# (mf input! 239~3! 229.4~5.7!
03450
st

-
he
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wherekc is the critical hopping parameter at which the pio
mass vanishes. This quark mass is called the VWI qu
mass, since the divergence of the vector current is pro
tional to the mass difference of quark flavors in the curre
which looks similar to Eq.~19!.

The definition of the AWI quark mass is based on t
Ward identity for axial-vector currents@22#. For the flavor
combination~f, g!, it takes the form

at FIG. 18. Same as Fig. 17 atb56.10.

FIG. 19. Same as Fig. 17 atb56.25.

r
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1

a
^¹̄mAm~n!O&5~mf1mg!^P~n!O&1^dO&1O~a!,

~20!

where

Am~n!5
1

2
$ f̄ n1m̂Un,m

† igmg5gn1 f̄ nUn,migmg5gn1m̂%

~21!

is the axial-vector current and

P~n!5 f̄ ng5gn ~22!

is the pseudoscalar density. In Eq.~20!, ¹̄mF(n)5F(n)
2F(n2m̂) is the backward lattice derivative anddO is the
response of the operatorO under the chiral transformation
The O(a) term is due to explicit violation of chiral symme
try with the Wilson quark action.

In order to extractmq
AWI(0) , we use the relation@23#

mf
AWI ~0!1mg

AWI ~0!5 lim
t→`

^¹̄4A4~ t !P~0!&

^P~ t !P~0!&
, ~23!

where

A4~ t !5(
nW

A4„n5~nW ,t !…, ~24!

P~ t !5(
nW

P„n5~nW ,t !… ~25!

FIG. 20. Same as Fig. 17 atb56.47.
03450
are projected to zero spatial momentum. The right-hand s
of Eq. ~23! is evaluated by a constant fit to the ratio

^¹̄4A4~ t !P~0!&sym

^P~ t !P~0!&
, ~26!

where the suffix ‘‘sym’’ implies a symmetrization of the de
rivative defined by

^¹̄4A4~ t !P~0!&sym[@G~ t !2G~ t21!1G~Lt2t !

2G~Lt2t21!#/4, ~27!

with G(t)5^A4(t)P(0)&. For the pseudoscalar operator
the origin, we use the smeared source for two quarks. Fig
21 and 22 illustrate our data for Eq.~26! at b55.9 and 6.47.
The constant fit is carried out without taking account of c
relations between different time slices or between the t
correlators. Fit ranges are determined from the plateau of
effective mass. The results formf

AWI(0)1mg
AWI(0) are summa-

rized in Table IX.

V. QUENCHED CHIRAL SINGULARITIES

The chiral extrapolation is conventionally carried out a
suming a low-order polynomial in quark masses. Chiral p
turbation theory@24#, however, predicts a singular quar
mass dependence in the chiral limit due to the presenc
massless pions. The singularity is expected to be enhanc
quenched QCD@4,5# since theh8 meson is also massless
this approximation. In order to choose the functional fo
for the chiral extrapolation, we examine whether hadr
mass data are consistent with the predictions of QxPT.

A. Mass ratio test for pseudoscalar meson

For pseudoscalar mesons made of quarks with massem1
andm2 , QxPT predicts the mass formula@4,5# given by

mPS,12
2 5A~m11m2!H 12dS ln

2m1A

Lx
2 1

m2

m22m1
ln

m2

m1
D

1
aFA

12p2f 2 S m1 ln
2m1A

Lx
2 1m2 ln

2m2A

Lx
2

1
m1m2

m22m1
ln

m2

m1
D J 1B~m11m2!21O~m3,d2!,

~28!

where terms proportional to (m12m2)2 are absent@25#. The
logarithmic term proportional tod represents the leadin
quenched singularity. To the leading order in the 1/Nc expan-
sion in terms of the number of colors,Nc , d is related to the
pseudoscalar meson mass and the pion decay constantf by

d5
Mh8

2
1mh

222mK
2

24p2f 2 . ~29!

Taking the experimental values off and pseudoscalar meso
masses, one findsd'0.2 as a phenomenological estima
3-12
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TABLE VI. Meson mass data in lattice units at the simulation points. The fit range@ tmin ,tmax# andx2/Ndf are also listed. Errors ofx2/Ndf

are estimated by the jackknife method.

b55.90
Pseudoscalars Vectors

Range x2/Ndf Mass Range x2/Ndf Mass

s1s1 10–28 0.55~36! 0.38255~25! 7–28 1.03~46! 0.50900~60!
s2s2 10–28 0.49~34! 0.33114~26! 7–26 1.11~51! 0.47862~71!
u1u1 10–28 0.49~34! 0.26411~28! 7–22 0.34~32! 0.44514~96!
u2u2 10–28 0.53~36! 0.20827~33! 7–18 0.35~38! 0.42391~132!
u3u3 10–28 0.71~38! 0.17145~54! 7–16 0.34~39! 0.41311~175!
s1u1 10–28 0.50~34! 0.32833~26! 7–26 1.11~51! 0.47749~74!
s1u2 10–28 0.51~35! 0.30769~28! 7–24 1.09~53! 0.46724~84!
s1u3 10–28 0.51~35! 0.29666~31! 7–22 0.34~32! 0.46230~93!
s2u1 10–28 0.49~34! 0.29945~27! 7–24 1.08~54! 0.46198~82!
s2u2 10–28 0.49~34! 0.27674~28! 7–22 0.30~30! 0.45162~93!
s2u3 10–28 0.47~34! 0.26440~31! 7–21 0.35~34! 0.44666~103!

b56.10

s1s1 14–35 1.49~57! 0.29143~22! 9–35 0.76~36! 0.38788~53!
s2s2 14–35 1.51~58! 0.24706~23! 9–32 0.57~33! 0.36144~64!
u1u1 14–35 1.50~57! 0.19514~24! 9–26 0.39~32! 0.33589~82!
u2u2 14–35 1.35~54! 0.15170~28! 9–22 0.41~38! 0.32024~110!
u3u3 14–35 1.25~52! 0.12326~47! 9–19 0.67~56! 0.31295~146!
s1u1 14–35 1.55~58! 0.24744~23! 9–31 0.61~36! 0.36205~65!
s1u2 14–35 1.54~58! 0.23160~25! 9–28 0.51~35! 0.35402~74!
s1u3 14–35 1.48~57! 0.22326~29! 9–27 0.53~36! 0.35022~81!
s2u1 14–35 1.53~58! 0.22251~24! 9–29 0.56~36! 0.34873~72!
s2u2 14–35 1.50~57! 0.20491~25! 9–27 0.41~32! 0.34074~81!
s2u3 14–35 1.43~56! 0.19546~28! 9–25 0.54~38! 0.33699~89!

b56.25

s1s1 16–25 1.62~91! 0.24722~35! 11–42 1.24~43! 0.32526~48!
s2s2 16–25 1.66~92! 0.21638~36! 11–39 1.40~48! 0.30620~57!
u1u1 16–25 1.74~95! 0.17228~37! 11–33 1.54~56! 0.28299~74!
u2u2 16–25 1.84~97! 0.13441~38! 11–26 1.92~76! 0.26798~102!
u3u3 16–25 1.87~97! 0.10684~42! 11–21 2.08~99! 0.26024~143!
s1u1 16–25 1.68~93! 0.21253~36! 11–38 1.33~47! 0.30430~59!
s1u2 16–25 1.71~93! 0.19806~38! 11–35 1.37~51! 0.29683~67!
s1u3 16–25 1.72~93! 0.18943~40! 11–32 1.31~53! 0.29281~74!
s2u1 16–25 1.70~93! 0.19542~36! 11–36 1.48~52! 0.29467~65!
s2u2 16–25 1.74~94! 0.17976~38! 11–33 1.45~54! 0.28711~73!
s2u3 16–25 1.76~95! 0.17032~40! 11–30 1.58~61! 0.28323~81!

b56.47

s1s1 20–35 0.37~38! 0.18824~33! 14–43 1.37~58! 0.24786~55!
s2s2 20–35 0.53~45! 0.16314~35! 14–37 1.06~65! 0.23029~95!
u1u1 20–35 0.88~57! 0.12410~38! 14–30 1.07~58! 0.21233~91!
u2u2 20–35 1.19~67! 0.09988~41! 14–26 1.38~77! 0.20265~119!
u3u3 20–35 1.69~81! 0.07678~45! 14–21 1.85~117! 0.19656~186!
s1u1 20–35 0.58~47! 0.15892~37! 14–35 1.17~57! 0.23012~70!
s1u2 20–35 0.69~50! 0.14997~39! 14–33 1.02~54! 0.22575~78!
s1u3 20–35 0.81~54! 0.14307~43! 14–30 0.73~50! 0.22336~92!
s2u1 20–35 0.68~51! 0.14479~37! 14–33 1.20~58! 0.22213~76!
s2u2 20–35 0.80~54! 0.13502~39! 14–31 0.91~52! 0.21794~85!
s2u3 20–35 0.93~57! 0.12736~43! 14–28 0.91~59! 0.21527~100!
034503-13
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TABLE VII. Same as Table VI for octet baryons.

b55.90
S-like L-like

Range x2/Ndf Mass Range x2/Ndf Mass

s1s1s1 5–22 0.47~35! 0.7843~12!
s2s2s2 5–21 0.48~35! 0.7267~13!
u1u1u1 5–18 0.41~36! 0.6572~15!
u2u2u2 5–15 0.44~44! 0.6048~18!
u3u3u3 5–12 0.28~46! 0.5719~27!
u1u1s1 5–19 0.35~33! 0.7082~14! 5–20 0.51~38! 0.6952~14!
u2u2s1 5–17 0.34~35! 0.6808~15! 5–18 0.55~42! 0.6588~15!
u3u3s1 5–16 0.26~31! 0.6664~17! 5–15 0.70~48! 0.6361~19!
s1s1u1 5–21 0.49~36! 0.7391~13! 5–20 0.40~34! 0.7488~13!
s1s1u2 5–20 0.63~41! 0.7223~13! 5–19 0.37~34! 0.7366~14!
s1s1u3 5–19 0.76~47! 0.7134~14! 5–19 0.45~37! 0.7303~14!
u1u1s2 5–19 0.40~35! 0.6849~14! 5–19 0.51~39! 0.6774~14!
u2u2s2 5–17 0.35~36! 0.6564~16! 5–17 0.50~42! 0.6402~16!
u3u3s2 5–15 0.28~35! 0.6411~18! 5–14 0.48~44! 0.6175~19!
s2s2u1 5–20 0.45~36! 0.7011~14! 5–19 0.37~34! 0.7075~14!
s2s2u2 5–19 0.58~41! 0.6831~14! 5–19 0.38~34! 0.6948~14!
s2s2u3 5–18 0.58~43! 0.6734~15! 5–18 0.40~36! 0.6882~15!

b56.10

s1s1s1 7–28 1.06~47! 0.5892~10!
s2s2s2 7–26 0.86~44! 0.5383~11!
u1u1u1 7–23 0.69~44! 0.4831~12!
u2u2u2 7–19 0.77~56! 0.4421~15!
u3u3u3 7–16 0.66~61! 0.4179~19!
u1u1s1 7–24 0.62~40! 0.5255~11! 7–25 0.98~48! 0.5150~11!
u2u2s1 7–21 0.69~48! 0.5043~13! 7–23 0.75~46! 0.4855~13!
u3u3s1 7–19 0.82~58! 0.4933~14! 7–20 0.76~54! 0.4685~15!
s1s1u1 7–26 0.91~45! 0.5515~10! 7–26 0.80~43! 0.5594~11!
s1s1u2 7–25 1.04~49! 0.5384~11! 7–25 0.72~41! 0.5497~11!
s1s1u3 7–25 1.12~51! 0.5315~11! 7–24 0.56~38! 0.5448~12!
u1u1s2 7–24 0.62~40! 0.5050~12! 7–24 0.69~42! 0.4989~12!
u2u2s2 7–21 0.69~48! 0.4828~13! 7–22 0.76~48! 0.4694~13!
u3u3s2 7–19 0.78~57! 0.4712~15! 7–19 0.71~55! 0.4523~15!
s2s2u1 7–25 0.95~47! 0.5181~11! 7–25 0.82~43! 0.5231~11!
s2s2u2 7–24 0.73~44! 0.5034~12! 7–24 0.58~39! 0.5128~12!
s2s2u3 7–23 0.78~46! 0.4957~12! 7–23 0.54~39! 0.5079~12!

b56.25

s1s1s1 8–34 1.54~52! 0.4920~8!
s2s2s2 8–32 1.45~55! 0.4553~9!
u1u1u1 8–28 1.71~63! 0.4069~11!
u2u2u2 8–24 1.57~67! 0.3694~13!
u3u3u3 8–20 1.14~67! 0.3451~16!
u1u1s1 8–29 1.65~61! 0.4407~10! 8–30 1.64~61! 0.4319~10!
u2u2s1 8–26 1.50~62! 0.4208~12! 8–28 1.59~62! 0.4050~11!
u3u3s1 8–24 1.50~67! 0.4093~13! 8–25 1.41~63! 0.3875~12!
s1s1u1 8–32 1.50~57! 0.4611~9! 8–32 1.41~53! 0.4678~9!
s1s1u2 8–31 1.56~59! 0.4485~10! 8–30 1.57~57! 0.4588~10!
s1s1u3 8–30 1.51~58! 0.4408~10! 8–28 1.71~62! 0.4538~10!
u1u1s2 8–29 1.67~61! 0.4262~10! 8–29 1.69~63! 0.4207~10!
u2u2s2 8–26 1.50~62! 0.4056~12! 8–27 1.63~64! 0.3937~11!
034503-14
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TABLE VII. ~Continued!.

b56.25
S-like L-like

Range x2/Ndf Mass Range x2/Ndf Mass

u3u3s2 8–23 1.57~71! 0.3936~13! 8–24 1.44~66! 0.3759~13!
s2s2u1 8–31 1.55~58! 0.4374~10! 8–30 1.58~59! 0.4419~10!
s2s2u2 8–29 1.66~63! 0.4239~10! 8–28 1.75~63! 0.4328~11!
s2s2u3 8–28 1.56~62! 0.4157~11! 8–27 1.72~65! 0.4275~11!

b56.47

s1s1S1 10–32 0.92~60! 0.3724~10!
s2s2s2 10–30 0.93~62! 0.3431~11!
u1u1u1 10–25 1.19~82! 0.3011~14!
u2u2u2 10–21 1.18~86! 0.2787~17!
u3u3u3 10–17 1.33~101! 0.2597~23!
u1u1s1 10–28 0.97~66! 0.3300~12! 10–28 1.07~71! 0.3223~12!
u2u2s1 10–25 1.06~71! 0.3184~14! 10–25 1.25~84! 0.3059~14!
u3u3s1 10–22 1.04~72! 0.3108~17! 10–21 1.49~94! 0.2929~17!
s1s1u1 10–30 0.91~62! 0.3471~11! 10–30 0.88~59! 0.3525~11!
s1s1u2 10–29 0.96~64! 0.3397~11! 10–29 0.90~58! 0.3473~12!
s1s1u3 10–28 0.99~65! 0.3340~42! 10–27 0.93~59! 0.3440~13!
u1u1s2 10–27 1.05~71! 0.3181~13! 10–27 1.12~76! 0.3131~13!
u2u2s2 10–24 1.14~76! 0.3060~15! 10–24 1.31~87! 0.2965~15!
u3u3s2 10–21 1.00~77! 0.2978~18! 10–20 1.45~97! 0.2837~18!
s2s2u1 10–29 1.00~67! 0.3277~12! 10–29 0.96~64! 0.3316~12!
s2s2u2 10–27 1.10~75! 0.3195~13! 10–27 1.02~66! 0.3262~13!
s2s2u3 10–26 1.11~79! 0.3131~14! 10–25 1.04~67! 0.3227~14!
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The constantaF in Eq. ~28! represents the coefficient of th
kinetic term of the flavor-singlet meson field, which is su
leading in terms of 1/Nc . The mass formula also contains
scaleLx of O(1) GeV. The parameters such asd, aF , and
Lx may differ in quenched QCD from those in the fu
theory.

In order to see whether pseudoscalar mass data exhib
presence of the logarithmic terms, we investigate the r
mPS,12

2 /(m11m2) as a function ofm11m2 . We use the AWI
quark mass rather than the VWI mass to avoid uncertain
due to the necessity of choosingkc , which in turn depends
on details of the chiral extrapolations. Another importa
point with the use of the AWI quark mass is that it is fr
from chiral singularities which cancel between the numera
and the denominator in Eq.~23! @25,26#.

In Fig. 23, we plotmPS,12
2 /(m11m2) as a function of

m11m2 . The AWI quark mass is converted to renormaliz
values in theMS scheme at the scale 2 GeV~see Sec. VII!,
and the ratio is translated to physical units. This enables u
compare the results at different values ofb with the same
scale of the figure. We find a clear increase of the ratio
wards the chiral limit at all values ofb as expected from Eq
~28!.

In order to make a more quantitative analysis, we cons
the ratio defined by

y5
2m1

m11m2

mPS,12
2

mPS,11
2

2m2

m11m2

mPS,12
2

mPS,22
2 . ~30!
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Assuming thatd andaF as well as quark masses are sma
we expect

y511dx1aXz1O~m2,d2!, ~31!

where

aX5
aFA2

12p2f 2 ~32!

and the parameters

x521
m11m2

m11m2
lnS m2

m1
D , ~33!

and

z5
1

A S 2m1m2

m22m1
ln

m2

m1
2m12m2D ~34!

represent terms ofO(mq ln mq) andO(mq
2 ln mq) in Eq. ~28!.

We plot y as a function ofx in Fig. 24, with numerical
values listed in Table X. The points fall within a narro
ridge limited by two linesy'11(0.08– 0.12)x. A one-
parameter fit ignoringaXz and higher-order terms yieldsd
50.10– 0.12 depending onb as listed in Table XI.

A two-parameter fit keeping theaXz term requires the
value ofA. We estimateA'3 GeV for allb values from data
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TABLE VIII. Same as Table VI for decuplet baryons.

b55.90 b56.10

Range x2/Ndf Mass Range x2/Ndf Mass

s1s1s1 5–18 0.41~37! 0.8613~17! 7–23 0.83~49! 0.6483~13!

s2s2s2 5–16 0.38~39! 0.8173~18! 7–21 0.71~48! 0.6096~14!

u1u1u1 5–14 0.59~55! 0.7715~22! 7–18 1.12~69! 0.5746~17!

u2u2u2 5–12 0.96~81! 0.7423~25! 7–15 1.12~80! 0.5520~20!

u3u3u3 5–11 0.99~92! 0.7281~28! 7–14 1.11~86! 0.5408~23!

u1u1s1 5–15 0.40~43! 0.8003~20! 7–19 0.80~56! 0.5983~16!

u2u2s1 5–14 0.48~50! 0.7805~22! 7–18 1.13~70! 0.5830~17!

u3u3s1 5–13 0.48~53! 0.7709~23! 7–17 1.25~77! 0.5756~19!

s1s1u1 5–17 0.35~36! 0.8308~18! 7–21 0.73~49! 0.6229~14!

s1s1u2 5–16 0.35~37! 0.8208~19! 7–20 0.74~51! 0.6153~15!

s1s1u3 5–15 0.34~39! 0.8157~20! 7–19 0.78~55! 0.6116~16!

u1u1s2 5–15 0.49~48! 0.7856~21! 7–19 0.87~58! 0.5853~16!

u2u2s2 5–14 0.62~57! 0.7658~23! 7–17 1.23~76! 0.5701~18!

u3u3s2 5–13 0.61~60! 0.7561~24! 7–16 0.83~64! 0.5627~19!

s2s2u1 5–16 0.43~42! 0.8014~19! 7–20 0.75~52! 0.5974~15!

s2s2u2 5–15 0.44~45! 0.7912~20! 7–19 0.85~57! 0.5897~16!

s2s2u3 5–14 0.46~49! 0.7862~21! 7–18 0.97~64! 0.5859~17!

b56.25 b56.47

s1s1s1 8–27 1.03~50! 0.5405~11! 10–29 0.87~54! 0.4133~15!

s2s2s2 8–25 1.20~58! 0.5124~12! 10–27 0.88~56! 0.3913~17!

u1u1u1 8–21 1.51~76! 0.4795~15! 10–22 0.66~57! 0.3639~21!

u2u2u2 8–19 1.44~81! 0.4573~18! 10–20 0.72~67! 0.3514~24!

u3u3u3 8–17 0.86~69! 0.4455~20! 10–17 1.15~101! 0.3435~29!

u1u1s1 8–23 1.35~66! 0.4991~13! 10–26 0.84~56! 0.3804~18!

u2u2s1 8–21 1.47~76! 0.4842~15! 10–24 0.70~52! 0.3715~20!

u3u3s1 8–20 1.29~75! 0.4760~16! 10–22 0.71~57! 0.3667~22!

s1s1u1 8–25 1.19~58! 0.5198~12! 10–28 0.97~57! 0.3970~17!

s1s1u2 8–24 1.29~62! 0.5123~13! 10–27 0.92~55! 0.3932~17!

s1s1u3 8–23 1.29~65! 0.5080~13! 10–26 0.92~57! 0.3906~18!

u1u1s2 8–22 1.45~71! 0.4897~14! 10–25 0.95~59! 0.3730~19!

u2u2s2 8–21 1.46~76! 0.4747~15! 10–23 0.77~57! 0.3640~21!

u3u3s2 8–19 1.36~80! 0.4666~17! 10–21 0.74~61! 0.3590~23!

s2s2u1 8–24 1.33~63! 0.5010~13! 10–26 0.81~56! 0.3818~18!

s2s2u2 8–23 1.35~67! 0.4933~14! 10–25 0.94~59! 0.3780~18!

s2s2u3 8–22 1.37~71! 0.4892~14! 10–24 0.69~52! 0.3746~20!
s

of
t

hm

the
at mPS/mV50.75 and 0.7, assumingmPS
2 52Amq . Setting

f 5132 MeV, we obtaind andaF given in the right column
of Table XI. For the two finer lattices atb56.25 and 6.47,
aF is consistent with zero andd'0.1. At the coarser lattice
the values ofaF andd are not stable.

Further data are needed to pin down precise valuesd
and aF . We consider that results at finer lattices, closer
the continuum limit, are more reliable and taked50.10(2)
andaF50 as our best estimates.

The ratio test for the existence of quenched logarit
terms was originally proposed in Ref.@5#, in which one plots
y0 defined by
03450
o

y05
mPS,12

2

mPS,11
2

2m1

m11m2
~35!

as a function ofx0 defined by

x0511
m2

m12m2
lnS m2

m1
D . ~36!

The relationy0511dx0 follows if we ignoreO(mq
2) term in

Eq. ~28!. As shown in Fig. 25, however,y0 systematically
varies with quark masses, suggesting a contribution from
3-16
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LIGHT HADRON SPECTRUM AND QUARK MASSES FROM . . . PHYSICAL REVIEW D67, 034503 ~2003!
O(mq
2) term. The double ratio defined by Eq.~30! is de-

signed to cancel theO(mq
2) terms and, hence, is more effe

tive to observe the quenched singularity.

B. Ratio test of pseudoscalar meson decay constant

Quenched chiral singularities are also expected in me
decay constants@27#. Let f f g be the pseudoscalar meson d

FIG. 21. Effective mass plots for twice the AWI quark mas
2mq

AWI(0) , at b55.90 for the degenerate cases, corresponding
mPS/mV'0.75 ~top!, 0.6 ~middle!, and 0.4~bottom!.

FIG. 22. Same as Fig. 21 atb56.47.
03450
n
-

cay constant for the flavor combination~f, g!. In Ref. @27#,
the ratio

yf5
f 12

2

f 11f 22
~37!

was shown to satisfy the relation

yf512
d

2
x, ~38!

with x defined by Eq.~33!, whereaF is set to zero. Values o
yf are listed in Table X, and the ratio test with Eq.~37! is
summarized in Fig. 26. We findd'0.08– 0.16, in agreemen
with the value from the mass ratio analysis.

C. Pseudoscalar meson mass fit

The parameterd is estimated also by fitting pseudoscal
meson mass data to Eq.~28! assumingaF50 for all b. The
AWI quark mass introduces errors into the fit variab
Therefore the VWI quark massmq

VWI(0)5(1/k21/kc)/2 is
employed, takingkc as a parameter. We carry out fully co
related fits described in Appendix D, independently for d
generate and nondegenerate cases.

A noticeable property of the QxPT formula, Eq.~28!, is
that A, d, andLx cannot be determined simultaneously b
cause the three conditions to minimizex2 are not mathemati-
cally independent. A possible method is to fixf L

[2A2/Lx
2. Values ofA andd depend on the choice off L ,

while kc andB, as well asx2 and the fit curve, are indepen
dent. We considerf L54, 8, 16, and 32, which correspond
Lx'1.32, 1.00, 0.76, and 0.57 GeV, respectively~see Table
XII !.1 This range ofLx contains a natural scale for chira
perturbation theory,Lx5mr or 1 GeV.

The results are summarized in Table XIII. The value od
is stable against a variation off L and b and is consistent
within 2s with our estimate 0.10~2! from the mass ratio test

D. Comparison with other results for d

The value of d has recently been estimated by oth
groups. The FNAL group reportedd50.065(13)@28# using
the clover quark action, and the QCDSF Collaboration o
tained d'0.14(2) @29# with a nonperturbatively improved
clover action. These estimates are consistent with ours.

It has been pointed out in Ref.@30# that thex-y correlation
seen in Fig. 24 may be reproduced with a smalld
'0.03– 0.07, ifaF'0.5. Our data for largeb, however, do
not seem to be compatible with such a largeaF .

1These values ofLx in physical units are computed usingA de-
termined by a degenerate fit atb55.90. We confirm that theb
dependence ofA is very weak if translated into physical units an
that degenerate and nondegenerate fits lead toA consistent with
each other.

,
to
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TABLE IX. Bare AWI quark masses 2mq
AWI(0) obtained at the simulation points. Here 2mq is a short-cut

notation formqf
1mqg

. The fit range@ tmin ,tmax# is also given.

k1k2

b55.90 b56.10 b56.25 b56.47

Range 2mq
AWI(0) Range 2mq

AWI(0) Range 2mq
AWI(0) Range 2mq

AWI(0)

s1s1 8–25 0.090662~82! 10–32 0.069701~56! 10–39 0.060678~48! 10–53 0.046245~46!

s2s2 8–25 0.067556~77! 10–32 0.050123~53! 10–39 0.046676~47! 10–53 0.034949~44!

u1u1 8–25 0.042373~72! 10–32 0.030977~50! 10–39 0.029459~44! 10–53 0.020087~41!

u2u2 8–25 0.025840~74! 10–32 0.018363~50! 10–39 0.017590~42! 10–53 0.012752~39!

u3u3 8–25 0.016953~201! 10–32 0.011828~68! 10–39 0.010777~44! 10–53 0.007253~40!

s1u1 8–25 0.066309~78! 10–32 0.050203~54! 10–39 0.044982~47! 10–53 0.033101~45!

s1u2 8–25 0.057951~78! 10–32 0.043825~54! 10–39 0.038975~46! 10–53 0.029392~44!

s1u3 8–25 0.053722~82! 10–32 0.040611~56! 10–39 0.035554~47! 10–53 0.026619~45!

s2u1 8–25 0.054911~75! 10–32 0.040518~52! 10–39 0.038040~46! 10–53 0.027495~43!

s2u2 8–25 0.046611~75! 10–32 0.034180~52! 10–39 0.032063~45! 10–53 0.023802~43!

s2u3 8–25 0.042394~79! 10–32 0.030978~54! 10–39 0.028654~45! 10–53 0.021038~43!
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E. Vector meson and baryon masses

QxPT predicts singularities of the formO(mPS)
;O(Amq) for vector mesons and baryons@17,18#. Ratio
tests similar to those for the pseudoscalar mesons indi
that the coefficient of theO(mPS) term is nonvanishing for
both vector mesons and baryons. It is difficult, however,
reliably estimate the coefficients from the ratios because
large errors. Direct fits of mass data to the QxPT formula are
also difficult as they are not very stable. While our data
consistent with QxPT, statistics and the range of the qua
mass in our study do not allow conclusive results. Our te
of the QxPT mass formulas for these cases are describe
Appendix F.

FIG. 23. Deviations from the chiral relationy[mPS,12
2 /(m1

AWI

1m2
AWI)5const. The horizontal axis isx[m1

AWI1m2
AWI . Solid and

open symbols represent degenerate and nondegenerate quark
cases, respectively. The error from the lattice spacing is not
cluded.
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VI. HADRON MASS SPECTRUM

A. Chiral fits

Chiral fits of the pseudoscalar meson mass have alre
been described in Sec. V C and are shown in Figs. 1~a!, 2~a!,
3~a!, and 4~a! with parameters summarized in Table XI
Comparisons of various fit functions for pseudoscalar me
masses are given in Appendix E.

For vector mesons and baryons, we choose the pse
scalar meson mass as the variable to represent the q
mass dependence. For vector mesons we adopt@17#

mV,125mV
01

C1/2

6 H 3

2
~m111m22!12

m22
3 2m11

3

m22
2 2m11

2 J
1

C1

2
~m11

2 1m22
2 !, ~39!

wheremf g is the pseudoscalar meson mass with the qu
flavor combination~f, g!. The coefficientC1/2 is proportional
to d, while theC1 term is present in ordinaryxPT. For octet
baryons, we employ@18#

ass
- FIG. 24. Test of quenched chiral logarithms for pseudosca
meson masses.
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mS5mO
0 1

1

2
$4F2wuu24~D2F !Fwud1~D2F !2wss%24bFmuu

2 12~bD2bF!mss
2

1~2D2/322F2!vuu1~2D2/324DF12F2!vud , ~40!

mL5mO
0 1

1

2
$~4D/322F !2wuu1~D/31F !2wss22~4D/322F !~D/31F !wud%14~2bD/32bF!muu

2

22~bD/31bF!mss
2 1~2D2/928DF/312F2!vuu1~10D2/924DF/322F2!vud , ~41!

TABLE X. Values ofx, y, andyf used in the ratio tests formPS
2 and f PS.

b55.90
k1k2 x y yf

s1u1 20.09551~24! 0.98835~38! 1.00408~59!
s1u2 20.25594~87! 0.9749~12! 1.0122~17!
s1u3 20.4480~59! 0.9558~62! 1.0313~80!
s2u1 20.03613~10! 0.99602~17! 1.00166~24!
s2u2 20.15161~60! 0.98710~84! 1.0076~12!
s2u3 20.3089~50! 0.9725~57! 1.0249~75!

b56.10
k1k2 x y yf

s1u1 20.10843~25! 0.98764~58! 1.00369~82!
s1u2 20.28809~90! 0.9718~18! 1.0128~25!
s1u3 20.4988~29! 0.9553~62! 1.0346~75!
s2u1 20.03845~10! 0.99589~24! 1.00158~31!
s2u2 20.16528~61! 0.9852~13! 1.0086~17!
s2u3 20.3360~23! 0.9725~58! 1.0284~66!

b56.25
k1k2 x y yf

s1u1 20.08628~19! 0.98986~53! 1.00232~70!
s1u2 20.24925~69! 0.9712~16! 1.0094~21!
s1u3 20.4746~19! 0.9456~34! 1.0243~47!
s2u1 20.03518~10! 0.99583~24! 1.00116~30!
s2u2 20.15627~49! 0.9817~12! 1.0068~14!
s2u3 20.3459~15! 0.9599~29! 1.0201~38!

b56.47
k1k2 x y yf

s1u1 20.11458~32! 0.9870~15! 1.0054~17!
s1u2 20.26924~95! 0.9699~37! 1.0145~43!
s1u3 20.5417~27! 0.9402~81! 1.0336~99!
s2u1 20.05086~16! 0.99414~75! 1.00272~83!
s2u2 20.16660~67! 0.9808~26! 1.0096~30!
s2u3 20.3961~23! 0.9546~69! 1.0262~82!
la
for S-type and L-type cases. For decuplets, the formu
reads

mD5mD
0 1

5H2

162
~4wuu14wud1wss!

1
C2

18
~wuu22wud1wss!1c~2muu

2 1mss
2 !, ~42!
03450
Here,

wf 9522pd
mf f

3 2mgg
3

mf f
2 2mgg

2 , ~43!

v f g5
mf g

3

8p f 2 . ~44!
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TABLE XI. Values of d andaF from the fit ~31!.

b

One-parameter fit
y511dx

Two-parameter fit
y511dx1aXz

d x2/Ndf d aX aF x2/Ndf

5.90 0.106~5! 7.0 0.016~12! 2.69~29! 0.59~6! 0.61
6.10 0.103~6! 2.2 0.042~21! 1.88~55! 0.40~12! 0.12
6.25 0.117~7! 0.1 0.112~15! 0.14~36! 0.03~8! 0.03
6.47 0.113~13! 0.0 0.113~33! 0.01~88! 0.00~19! 0.02
t-

e
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u
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a
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ct
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TheO(mPS
3 ) terms are not included in Eq.~39! for vector

mesons and in Eq.~42! for decuplet baryons. The octe
decuplet coupling terms are also ignored in Eqs.~40! and
~41! for octet baryons. These choices are made becaus
ting parameters are not well determined if these terms
introduced~see Appendix F!, and the dropped terms hav
small effects for the spectrum. Fittings with and witho
them are compared in Fig. 27 for degenerate massesb
55.90. The two types of fittings reproduce the data equ
well. The difference remains small at the physical point,
most 5%~5 s! at finite lattice spacings and at most 1.2
~1.3s! after the continuum extrapolation.

We setd50.1 andaF50 as suggested from the pseud
scalar case. These choices do not affect the fits for ve
mesons and decuplet baryons: a nonvanishingaF leads to
the O(mf g

3 ) effect, which is not included in the fit function
and a change ofd is absorbed by a redefinition of the param
eters.

For the nucleon mass, droppingO(mPS
3 ) terms in Eq.~40!

would lead to a positive curvature~concave function!, which
03450
fit-
re

t

y
t

or

contradicts the data that show a negative curvature~convex
function! in Figs. 1~c!, 2~c!, 3~c!, and 4~c!. Therefore we
include O(mPS

3 ) terms for octet baryons. The coefficient o
O(mPS

3 ) terms is affected by the choice ofd and aF . We
study the effect of the uncertainty ofd andaF on the result-
ing octet masses by varyingd from 0.08 to 0.12 andaF from
20.7 to10.7. The change ofd in this range results in a 0.4%
~1.3s! difference at finite lattice spacings and 0.3%~0.3s! in
the continuum limit. The change ofaF leads to differences
of 2.9% ~4.7s! and 2.2%~1.4s!, respectively. We also fixf
5 f p5132 MeV. Changingf to f K5226 MeV affects octet
baryon masses by at most 2.5s at finite lattice spacings and
by 0.5s in the continuum limit. Artifacts of fixing these pa
rameters are sufficiently small at least in the continuum lim

Fits are made to degenerate and nondegenerate dat
gether. Because the size of the covariance matrix beco
too large and the matrix elements cannot be determined
ably, we do not include correlations among different qua
masses.

Fits for vector mesons and baryons are shown in F
TABLE XII. Parameters from QxPT chiral fit ~28! with aF50 for pseudoscalar meson masses.

Degenerate fit
b55.90 b56.10 b56.25 b56.47

kc 0.1598315~68! 0.1549903~55! 0.1525355~69! 0.1498049~79!

A @lattice# 1.1127~39! 0.8784~42! 0.7396~67! 0.5862~85!

A @GeV# 2.152~19! 2.231~22! 2.271~31! 2.322~59!

d 0.1061~45! 0.0815~68! 0.0598~96! 0.079~20!

B 1.012~29! 1.096~47! 1.088~55! 1.42~15!

Lx @GeV# 0.761~7! 0.789~8! 0.803~11! 0.821~21!

Nondegenerate fit withk15s1

b55.90 b56.10 b56.25 b56.47

A @lattice# 1.1161~49! 0.8740~49! 0.7339~62! 0.5771~90!

A @GeV# 2.158~20! 2.220~23! 2.254~30! 2.286~58!

d 0.0943~57! 0.0813~62! 0.0774~88! 0.090~24!

B 0.893~51! 1.121~55! 1.285~66! 1.62~21!

Nondegenerate fit withk15s2

b55.90 b56.10 b56.25 b56.47

A @lattice# 1.1177~54! 0.8731~55! 0.7312~65! 0.5731~96!

A @GeV# 2.161~20! 2.218~23! 2.246~30! 2.270~59!

d 0.0980~63! 0.0827~64! 0.0815~99! 0.101~25!

B 0.906~66! 1.143~65! 1.360~79! 1.78~24!
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TABLE XIII. Values of d obtained from ratio tests formPS and f PS and QxPT chiral fits. DG denotes
degenerate fit and ND,si nondegenerate fits with one ofk being fixed tosi .

b55.90 b56.10 b56.25 b56.47

Ratio
mPS 0.106~5! 0.103~6! 0.117~7! 0.113~13!

f PS 0.095~13! 0.091~17! 0.079~17! 0.111~32!

Fit 2A2/Lx
2

DG 4 0.122~4! 0.091~5! 0.065~11! 0.088~9!

DG 8 0.114~5! 0.086~8! 0.062~10! 0.083~23!

DG 16 0.106~5! 0.082~7! 0.060~10! 0.079~20!

DG 32 0.100~4! 0.077~6! 0.058~9! 0.075~19!

ND,s1 16 0.094~6! 0.081~6! 0.077~9! 0.090~24!

ND,s2 16 0.098~6! 0.083~6! 0.082~10! 0.101~25!
to
or

in

y

o
a
f

-

II

e
its

e
re

ry-
e

e

the
rge

do-
1–4. Parameters are summarized in Table XIV for vec
mesons, in Table XV for octet baryons, and in Table XVI f
decuplet baryons. As we see in the figures and tables, QxPT
fits reproduce the data at allb.

B. Hadron masses at the physical point

The extrapolation and interpolation to the physical po
are made as follows. For the case of themK input, we deter-
mine mPS(kud ,s1) and mPS(kud ,s2) from nondegenerate
fits to pseudoscalar mesons and interpolate them linearl
terms of thes quark mass so thatmPS(kud ,ks) takes the
experimental value ofmK . For themf input, we first deter-
mine the massmss of the degenerate pseudoscalar mes
consisting of two strange quarks from the vector meson m
fit and evaluateks . We then make a linear interpolation o
mPS(kud ,s1) and mPS(kud ,s2) to find mK5mPS(kud ,ks)
[mus . Values ofmuu , mss, andmus then lead to the pre
dictions for other hadron masses.

Hadron masses in lattice units are listed in Table XV
We include results for fictitious hadrons such as ‘‘hs5 s̄s’’
~pseudoscalar meson consisting of two strange quarks!, Lss

FIG. 25. Ratio test proposed in Ref.@5#. Data atb55.90 are
connected to the point~0.0, 1.0! to guide the eyes.
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~L-like baryon consisting of two quarks withms and a light
quark withmud), andNsss ~octet baryon consisting of thre
quarks withms). Hadron masses translated to physical un
are compiled in Table XVIII.

C. Continuum extrapolation

For our lattice actions scaling violation is given by

m~a!5m~0!@11Sa1~S8a!21O~a3!#. ~45!

Hadron mass data in Fig. 5 are fitted well without theO(a2)
and higher-order terms (x2/Ndf,1.6). Hadron masses in th
continuum limit are given in Table IV. Statistical errors a
about 1%–3%. Table XIX listsSof the terms linear ina. The
S for baryons are larger than those for mesons. Lighter ba
ons have larger values ofS for both octet and decuplet. Th
nucleon has the largestS of about 280 MeV, with which the
scaling violationSa is about 10% in the middle of our rang
of lattice spacing,a50.075 fm.

A fit retaining a quadratic term leads toS and S8 ill de-
termined with the magnitude of errors comparable to
central values. The masses in the continuum limit have la

FIG. 26. Ratio test of quenched chiral logarithms for pseu
scalar meson decay constants.
3-21
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errors of 13%, which are 5 times those from the linear
trapolation. Within these errors, the continuum results fr
the quadratic fit are consistent with those of the linear o
With only four points of lattice spacings, we are not able
test effects of higher-order terms further.

We therefore estimate the systematic errors from
O(a2) terms by an order estimate, assumingS8;S and sub-
stituting a50.075 fm as above.2 The errors estimated in thi
way normalized by the central values are summarized
Table XX under the column ‘‘O(a2) error.’’ We find their
magnitude to be quite small. Even for the nucleon with
largest scaling violation, theO(a2) error is about 1%. Thus
unlessS8 is unduly large,O(a2) systematic errors would no
exceed a percent level. This is much smaller than the de
tion between the calculated quenched spectrum and ex
ment.

D. Results from polynomial chiral fits

Polynomial chiral fits are carried out to degenerate a
nondegenerate data separately, fully incorporating the co
lation among different quark masses. We employ quadr
polynomials in terms of the VWI quark mass, except a cu
polynomial for degenerate octet baryons. The fitting pro
dure is described in Appendix D. The fits are plotted in Fi
1–4 by dashed lines. Hadron masses at the physical po
are listed in Table XXI.

Extrapolating the results to the continuum limit, hadr
masses from polynomial chiral fits are also fitted well
linear functions ina with x2/Ndf<1.7. The continuum ex-
trapolation is shown in Fig. 5 by dashed lines. Masses in
continuum limit are given in Table XXII.

At the four b values, the difference in hadron masses
the physical point between the QxPT fit and the polynomial
fit is at most 3%. In the continuum limit the differences a
within 1.5% ~1.6s!, as listed in the column ‘‘chiral fit error’’
in Table XX. This difference is sufficiently small so that
does not alter the pattern of deviation between the quenc
spectrum calculated with QxPT chiral extrapolation and th
experimental spectrum as shown in Fig. 28.

2For an estimate ofS8, we fit deviations ofm(a) from the linear
fit using a pure quadratic function ofa. This method givesS8 of
O(50 MeV) with an error ofO(100 MeV).

TABLE XIV. Parameters from the QxPT fit ~39! for vector me-
son masses.

b55.90 b56.10 b56.25 b56.47

x2/Ndf 0.40 0.07 0.08 0.72
mV

0 ~lattice! 0.3969~49! 0.3030~38! 0.2502~40! 0.1966~59!

mV
0 ~GeV! 0.7675~32! 0.7695~33! 0.7684~42! 0.7789~85!

C1 ~lattice! 0.919~38! 1.259~54! 1.496~79! 2.27~22!

C1 ~GeV21! 0.475~23! 0.495~25! 0.487~30! 0.574~66!

C1/2 20.058~27! 20.075~28! 20.065~35! 20.155~72!
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E. Systematic error and final results

The total systematic error for the mass spectrum is e
mated by adding in quadrature the error from continu
extrapolation@‘‘ O(a2) error’’ in Table XX#, that from chiral
extrapolations~‘‘chiral fit error’’ in the table!, and a 0.6%
error for finite-size effects.

Our final results for the quenched light hadron spectr
including the systematic error are summarized in Fig. 6 a
Table IV.

F. Comparison with previous results

1. Meson hyperfine splitting

The GF11 Collaboration@3# calculated hadron masse
with the mK input using lattices withLsa'2.3 fm. The chi-
ral and continuum extrapolations are made with a lin
form. Based on a finite-size study atb55.7 with Lsa
'2.3 fm (Ls516) and'3.4 fm (Ls524), they corrected the
continuum results for finite-size effects. They claimed th
the hyperfine splitting betweenK andK* is consistent with
experiment.

FIG. 27. Degenerate hadron masses vsmPS
2 at b55.9. The left-

most points are values extrapolated to the chiral limit, and the s
ond ones from the left are those at the physical point. Fits from
types of chiral extrapolations based on QxPT are shown. See tex
for details.

TABLE XV. Parameters from the QxPT fit, Eqs.~40! and ~41!,
for octet baryon masses.C1/252(3pd/2)(D23F)2 is the coefffi-
cient of themPS-linear term in the degenerate mass formula.

b55.90 b56.10 b56.25 b56.47

x2/Ndf 0.42 0.60 0.73 0.10
mO

0 ~lattice! 0.5141~29! 0.3774~25! 0.3075~20! 0.2353~33!

mO
0 ~GeV! 0.9941~84! 0.9585~81! 0.945~10! 0.932~19!

bF ~lattice! 20.534~27! 20.696~36! 20.823~37! 20.97~12!

bF ~GeV21! 20.276~14! 20.274~14! 20.268~13! 20.245~30!

bD ~lattice! 0.034~13! 0.052~17! 0.071~20! 0.159~60!

bD ~GeV21! 0.018~7! 0.020~7! 0.023~6! 0.040~15!

F 0.334~14! 0.326~14! 0.315~13! 0.299~31!

D 0.484~13! 0.475~15! 0.450~13! 0.467~28!

C1/2 20.126~15! 20.120~15! 20.116~13! 20.087~30!
3-22
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This differs from our small hyperfine splitting. We com
pare our data~solid symbols! and the GF11 data~open sym-
bols!, both withmK input, in Fig. 29. For the GF11 data, th
results from the larger lattice withLsa'3.4 fm are also
shown~open squares! at a'0.7 GeV21, and the continuum
estimates before and after the finite-size correction are sh
at a50.

We observe that all data forK* and f at finite a are
nearly consistent with each other. The difference in the c
tinuum limit is due to a steeper slope of the GF11 data for
continuum extrapolation, arising from small values ofmK*
and mf at b55.7 on the lattice ofLsa'2.3 fm ~the right-
most triangles!. If we adopted the data from theLsa
'3.4 fm lattice ~open squares!, we would obtain a con-
tinuum value in agreement with our result.

In Ref. @3#, the discrepancy betweenLsa'3.4 and 2.3 fm
is considered as finite-size effects. However, since the da
smallera are consistent betweenLsa'3.0 fm ~our data! and
2.3 fm ~Ref. @3#!, it is not clear whether we can attribute th
difference simply to finite-size effects. The conclusion of t
GF11 critically depends on their data atb55.7, for which
we suspect an underestimation of errors.

2. Nucleon mass

In previous calculations atb'5.7– 6.2 with mPS/mV
*0.5, nucleon masses are significantly higher than exp
ment at finitea @3,31#. The GF11 claimed agreement wit
experiment after the continuum extrapolation and the fin
size correction. In the present study, however, we find
nucleon mass to besmallerthan the previous estimates eve
at finite a. Extrapolating to the continuum limit, we find th
nucleon mass to be smaller than experiment by 7%~2.5 s!.
See Fig. 29 where our data and those of the GF11 are c
pared.

The origin of our small nucleon mass at a finitea is the
negative curvature in 1/k toward small quark masses, as o
served in Figs. 1–4. This trend becomes manifest only w
the quark mass is reduced tomPS/mV'0.4 while sustaining
statistical precisions. In fact, a linear fit of our data
mPS/mV*0.5 gives a larger nucleon mass consistent w
the previous results.

TABLE XVI. Parameters from the QxPT fit ~42! for decuplet
baryon masses.C1/252(5p/6)H2 is the coefficient of the
mPS-linear term in the degenerate mass formula.

b55.90 b56.10 b56.25 b56.47

x2/Ndf 0.03 0.03 0.03 0.04
mD

0 ~lattice! 0.7144~64! 0.5301~52! 0.4309~48! 0.3390~87!

mD
0 ~GeV! 1.381~15! 1.346~14! 1.323~17! 1.343~36!

c ~lattice! 0.483~16! 0.630~27! 0.735~31! 1.028~110!
c ~GeV21! 0.250~9! 0.248~11! 0.239~11! 0.259~29!

H2 0.65~13! 0.55~15! 0.39~15! 0.70~40!

C2 20.49~26! 20.42~30! 20.75~28! 0.88~79!

C1/2 20.169~33! 20.145~39! 20.101~40! 20.18~10!
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3. Masses ofJ* and V

The GF11 reported the masses ofJ* andV from themK

input higher than experiment by 3%–5%. In contrast, Fig
shows that our masses are smaller than experiment by a s
lar magnitude.

The origin of these differences can be seen in the
panel in Fig. 29. While the results from the two groups a
consistent ata'0.5 GeV21, the GF11 values at the smalle
a lie far above our continuum extrapolations. As in the ca
of the meson hyperfine splitting, the continuum extrapo
tions of the GF11 data would become closer to ours if
data atb55.7 and atLsa'2.3 fm were replaced with thos
at Lsa'3.4 fm.

TABLE XVII. Hadron masses in lattice units from QxPT fits.

K input
b55.90 b56.10 b56.25 b56.47

kc 0.1598315~68! 0.1549903~55! 0.1525355~69! 0.1498049~79!

kud 0.1597449~63! 0.1549274~47! 0.1524834~57! 0.1497687~65!

ks 0.157104~49! 0.153103~33! 0.151056~33! 0.148730~49!

p 0.06982~58! 0.05315~45! 0.04396~48! 0.03408~68!

r 0.3974~33! 0.3025~26! 0.2502~27! 0.1940~38!

K 0.2574~22! 0.1959~17! 0.1621~18! 0.1256~25!

K* 0.4427~23! 0.3376~18! 0.2797~19! 0.2150~27!

hs 0.3510~32! 0.2701~24! 0.2240~26! 0.1740~41!

f 0.4899~21! 0.3745~17! 0.3106~18! 0.2384~27!

N 0.5202~32! 0.3824~27! 0.3117~21! 0.2391~35!

D 0.7096~46! 0.5277~37! 0.4308~35! 0.3363~58!

L 0.5840~30! 0.4340~24! 0.3543~21! 0.2713~33!

S 0.6294~31! 0.4691~27! 0.3841~25! 0.2948~38!

S* 0.7469~36! 0.5588~30! 0.4576~27! 0.3578~41!

Lss 0.6986~35! 0.5241~30! 0.4308~30! 0.3295~45!

J 0.6671~35! 0.5001~28! 0.4091~27! 0.3140~44!

J* 0.7881~34! 0.5924~29! 0.4870~26! 0.3791~40!

Nsss 0.7486~40! 0.5641~32! 0.4640~34! 0.3554~52!

V 0.8333~36! 0.6287~29! 0.5189~29! 0.4003~45!

f input
b55.90 b56.10 b56.25 b56.47

ks 0.156156~105! 0.152519~69! 0.150621~70! 0.148393~86!

K 0.2965~41! 0.2232~31! 0.1836~34! 0.1433~43!

K* 0.4611~34! 0.3508~26! 0.2902~28! 0.2241~38!

hs 0.4092~61! 0.3110~46! 0.2567~50! 0.2011~66!

f 0.5272~44! 0.4013~34! 0.3319~36! 0.2573~51!

L 0.6094~40! 0.4525~31! 0.3689~30! 0.2833~43!

S 0.6620~45! 0.4930~38! 0.4038~39! 0.3109~53!

S* 0.7639~42! 0.5711~35! 0.4675~32! 0.3666~48!

Lss 0.7490~60! 0.5612~47! 0.4618~53! 0.3542~67!

J 0.7178~61! 0.5372~48! 0.4387~51! 0.3391~71!

J* 0.8232~52! 0.6177~41! 0.5073~42! 0.3968~58!

Nsss 0.8134~72! 0.6118~56! 0.5034~63! 0.3878~83!

V 0.8876~67! 0.6677~51! 0.5502~55! 0.4267~75!
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TABLE XVIII. Hadron masses in units of GeV from QxPT fits.

K input
Expt. b55.90 b56.10 b56.25 b56.47

a21 1.934~16! 2.540~22! 3.071~34! 3.961~79!

K* 0.8961 0.8561~29! 0.8575~30! 0.8591~40! 0.8516~71!

hs 0.6786~13! 0.6860~14! 0.6879~19! 0.6893~59!

f 1.0194 0.9472~43! 0.9512~44! 0.9538~58! 0.9445~102!
N 0.9396 1.0060~87! 0.9712~83! 0.9574~106! 0.9472~194!
D 1.2320 1.3722~128! 1.3404~116! 1.3229~142! 1.3321~278!
L 1.1157 1.1294~73! 1.1023~69! 1.0881~88! 1.0746~150!
S 1.1926 1.2171~65! 1.1915~66! 1.1797~82! 1.1676~138!

S* 1.3837 1.4442~104! 1.4193~97! 1.4055~120! 1.4173~215!
Lss 1.3509~60! 1.3312~64! 1.3232~75! 1.3052~132!
J 1.3149 1.2899~60! 1.2702~59! 1.2563~75! 1.2440~122!

J* 1.5318 1.5240~90! 1.5048~89! 1.4957~111! 1.5019~194!
Nsss 1.4475~56! 1.4327~58! 1.4250~70! 1.4077~120!
V 1.6725 1.6113~82! 1.5970~84! 1.5935~106! 1.5858~185!

f input
Expt. b55.90 b56.10 b56.25 b56.47

K 0.4977 0.5733~34! 0.5669~34! 0.5640~46! 0.5675~72!

K* 0.8961 0.8917~11! 0.8910~11! 0.8914~14! 0.8878~29!

hs 0.7913~54! 0.7898~52! 0.7883~71! 0.7967~109!
N 0.9396 1.0060~87! 0.9712~83! 0.9574~106! 0.9472~194!
D 1.2320 1.3722~128! 1.3404~116! 1.3229~142! 1.3321~278!
L 1.1157 1.1784~48! 1.1492~46! 1.1331~55! 1.1221~102!
S 1.1926 1.2800~39! 1.2521~44! 1.2402~47! 1.2317~85!

S* 1.3837 1.4771~87! 1.4506~81! 1.4357~98! 1.4523~183!
Lss 1.4484~28! 1.4254~34! 1.4183~33! 1.4032~65!

J 1.3149 1.3879~26! 1.3644~28! 1.3473~31! 1.3432~55!

J* 1.5318 1.5918~56! 1.5690~57! 1.5580~65! 1.5717~128!
Nsss 1.5729~27! 1.5540~26! 1.5461~38! 1.5362~61!

V 1.6725 1.7162~33! 1.6959~33! 1.6897~38! 1.6903~93!
e
g-

is

as

ier
ore

it,
low.

by

ze
at-
4. Comparison with staggered quark results

The negative curvature of the nucleon mass has also b
reported in Ref.@6#, in which the nucleon mass for the sta
gered quark action is calculated down tomPS/mV
'0.3– 0.4. However, our resultmN5878(25) MeV in the
continuum limit obtained from the Wilson quark action
smaller thanmN5964(35) MeV @6# from the staggered
quark action by about 2.5s.

It has been pointed out in Ref.@32# that the difference in
the Wilson and Kogut-Susskind results for the nucleon m
03450
en

s

exists not only at the physical point, but even at heav
quark masses for which the discrepancy is statistically m
significant. In Ref.@32#, the nucleon tor mass ratio off the
physical quark mass is calculated in the continuum lim
using the same method as that explained in Sec. X be
The ratios for the staggered action are larger than ours
about 8% for the whole range of the quark mass~see Fig. 4
in Ref. @32#!.

The origin of the difference is not explained by finite-si
effects since both calculations employ sufficiently large l
62
03

079
02
TABLE XIX. CoefficientsS in units of GeV ofO(a) terms in linear continuum extrapolations of hadron masses.x2/Ndf of the fits are
also shown.

Input K K* f N L S J D S* J* V

mK S 20.004 20.018 0.278 0.208 0.173 0.144 0.173 0.118 0.083 0.0
x2/Ndf 0.47 0.45 0.15 0.01 0.03 0.03 0.36 0.52 0.28 0.

mf S 0.067 0.007 0.278 0.214 0.169 0.149 0.173 0.120 0.092 0.
x2/Ndf 0.35 0.49 0.15 0.13 0.38 1.29 0.36 1.08 1.63 1.
3-24
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tices or by the chiral extrapolation since the difference ex
even for heavy quarks. The continuum extrapolation is a
improbable as the cause, because masses calculated at
b are well reproduced by lowest-order scaling violation
O(a) for our Wilson results andO(a2) for the staggered
quarks. For the moment the origin of the difference is
open issue.

VII. LIGHT QUARK MASSES

A. Renormalization factors

We calculate renormalized quark masses in theMS
scheme at the scalem52 GeV. They are given by

mq
VWI5Zmmq

VWI ~0!a21, ~46!

mq
AWI5

ZA

ZP
mq

AWI ~0!a21, ~47!

for VWI and AWI masses. The renormalization factorsZm
@33#, ZA @34#, and ZP @35# are estimated with tadpole
improved one-loop perturbation theory@36#, by matching the
lattice scheme to theMS scheme atm51/a. They read

Zm58kc@110.01aP~1/a!#, ~48!

TABLE XX. Comparison of statistical errors~Stat.!, estimated
O(a2) effects of continuum extrapolations, and estimated syst
atic errors of chiral extrapolations~mass difference from QxPT and
polynomial chiral fits!. Deviations of the experimental value from
our final mass prediction are also given. Errors or deviations quo
in percent are relative to the central values of the predicted m
those in terms ofs are normalized by statistical errors.

K input
Stat. O(a2) error Chiral fit error Deviation

K* 1.04% 0.00%, 0.00s 0.67%, 0.65s 4.42%, 4.26s
f 1.35% 0.00%, 0.00s 1.35%, 1.00s 6.54%, 4.83s
N 2.84% 1.12%, 0.39s 1.05%, 0.37s 7.01%, 2.47s
L 2.00% 0.63%, 0.31s 0.24%, 0.12s 9.46%, 4.74s
S 1.67% 0.43%, 0.26s 20.63%, 0.38s 6.80%, 4.07s
J 1.40% 0.30%, 0.21s 0.88%, 0.63s 9.49%, 6.78s
D 2.80% 0.43%, 0.15s 20.38%, 0.14s 22.00%, 0.72s

S* 2.10% 0.20%, 0.10s 20.54%, 0.26s 1.84%, 0.88s
J* 1.76% 0.10%, 0.06s 0.29%, 0.16s 4.97%, 2.83s
V 1.54% 0.06%, 0.04s 20.07%, 0.04s 7.17%, 4.65s

f input

K 1.78% 0.06%, 0.04s 21.34%, 0.75s 210.06%, 5.64s
K* 0.37% 0.00%, 0.00s 0.23%, 0.63s 0.84%, 2.27s
L 1.27% 0.66%, 0.52s 20.21%, 0.17s 5.21%, 4.11s
S 0.96% 0.41%, 0.43s 21.54%, 1.61s 1.41%, 1.48s
J 0.58% 0.32%, 0.55s 20.23%, 0.40s 2.06%, 3.52s
S* 1.72% 0.21%, 0.12s 20.53%, 0.31s 20.28%, 0.17s
J* 1.05% 0.12%, 0.12s 0.09%, 0.08s 0.99%, 0.94s
V 0.60% 0.09%, 0.15s 20.64%, 1.07s 1.53%, 2.56s
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ZA5$11@0.4482~4p/12!#aP~1/a!%/u0 , ~49!

ZP5121.0335aP~1/a!, ~50!

with u05^UP&1/4, where^UP& is the plaquette average. Fo
aP(1/a), we first computeaP(q* ) according to

2 ln~^UP&!5
4p

3
aP~q* !@121.18969aP~q* !#, ~51!

where q* 53.4018/a, and use the renormalization grou
equation to two-loop order. The running of the quark ma
from m51/a to 2 GeV is made employing the three-loo
renormalization group equation@37#. We have checked tha
employing the four-loop equation@38# instead of the three-
loop one has a negligible effect of at most 0.15% and 0.1s at
finite a.

B. Chiral and continuum extrapolations

For AWI quark masses, we need to carry out chiral e
trapolation and/or interpolation to the physical point. Po
nomials in 1/k are used for this since quenched chiral sing
larities are absent@25,26#. In fact, as shown in Fig. 30, the
ratio of renormalized quark masses,

y5
m1

VWI1m2
VWI

m1
AWI1m2

AWI , ~52!

is flat as a function ofx5m1
AWI1m2

AWI , suggesting linear
behavior of the AWI quark mass in 1/k.

A comparison ofkc andkc
AWI wheremq

AWI vanishes sug-
gests the presence of a QxPT singularity for the pseudoscala
meson massmPS and its absence formq

AWI ; see inset plots of
Figs. 1~a!, 2~a!, 3~a!, and 4~a!. The AWI quark massmq

AWI

defined by Eq.~23! should vanish atkc since ,̄4 on the
right-hand side gives a factor 12e2mp and, hence,kc

AWI

5kc by definition. The values ofkc from the QxPT fit to
mPS andkc

AWI from a linear fit tomq
AWI agree well, whereas a

quadratic fit ofmPS clearly fails to do so. Values forkc
AWI

and kc from various fits are compiled in Table XXIII. Nu
merically, kc from the QxPT fit of mPS

2 agrees withkc
AWI

obtained from a linear or quadratic fit with at most 2.8s. On
the other hand, if we adopt fits with the quadratic~cubic!
extrapolation ofmPS

2 , the difference betweenkc and kc
AWI

increases to as much as 17s ~12s!.
For actual chiral extrapolation ofmq

AWI , we employ a qua-
dratic fit and enforcekc

AWI to agree withkc obtained from the
QxPT fit of mPS, having confirmed their agreement as d
scribed above. This constraint is imposed because eve
small difference betweenkc

AWI and kc affects estimates o
mq

AWI at the physical point. We employ

2mq
AWI ~0!5B1

dg~1/k21/kc!1B2
dg~1/k21/kc!

2. ~53!

Fitting parametersB1
dg and B2

dg are given in Table XXIV.
Fits with various functional forms are hardly distinguishab
as shown in Fig. 31.

-

d
s;
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TABLE XXI. Hadron masses in units of GeV from polynomial fits.

K input
Expt. b55.90 b56.10 b56.25 b56.47

a21 1.970~8! 2.584~13! 3.109~20! 4.102~60!

K* 0.8961 0.8726~20! 0.8722~20! 0.8678~33! 0.8672~73!

hs 0.6906~12! 0.6930~12! 0.6915~17! 0.6908~59!

f 1.0194 0.9659~19! 0.9672~22! 0.9676~25! 0.9657~65!

N 0.9396 1.0139~64! 0.9833~73! 0.9640~97! 0.9576~196!
D 1.2320 1.3968~76! 1.3621~83! 1.3365~92! 1.3516~241!
L 1.1157 1.1600~47! 1.1265~55! 1.1045~71! 1.1002~139!
S 1.1926 1.2272~44! 1.1982~50! 1.1804~61! 1.1787~135!

S* 1.3837 1.4626~64! 1.4342~68! 1.4160~77! 1.4311~201!
Lss 1.3629~41! 1.3384~45! 1.3245~52! 1.3249~127!
J 1.3149 1.3203~42! 1.2971~45! 1.2759~53! 1.2752~136!

J* 1.5318 1.5542~56! 1.5290~62! 1.5169~73! 1.5310~190!
Nsss 1.4790~37! 1.4608~43! 1.4462~49! 1.4348~133!
V 1.6725 1.6451~55! 1.6262~58! 1.6098~67! 1.6118~166!

f input

K 0.4977 0.5572~20! 0.5541~22! 0.5527~26! 0.5534~65!

K* 0.8961 0.8998~13! 0.8989~14! 0.8943~27! 0.8953~59!

hs 0.7787~28! 0.7775~32! 0.7750~35! 0.7762~86!

N 0.9396 1.0139~64! 0.9833~73! 0.9640~97! 0.9576~196!
D 1.2320 1.3968~76! 1.3621~83! 1.3365~92! 1.3516~241!
L 1.1157 1.1969~40! 1.1638~48! 1.1413~62! 1.1383~132!
S 1.1926 1.2738~35! 1.2455~40! 1.2275~54! 1.2245~110!

S* 1.3837 1.4881~55! 1.4615~59! 1.4426~68! 1.4566~175!
Lss 1.4367~29! 1.4131~33! 1.3982~44! 1.4011~104!
J 1.3149 1.3926~31! 1.3707~32! 1.3478~45! 1.3483~124!

J* 1.5318 1.6035~43! 1.5814~47! 1.5677~55! 1.5848~156!
Nsss 1.5805~26! 1.5591~28! 1.5453~39! 1.5355~95!

V 1.6725 1.7251~36! 1.7057~35! 1.6882~45! 1.6902~107!
fit

ect

-

For calculating thes quark mass, we first make a linear
to a nondegenerate combination of quark masses,

mq
AWI ~0!1msi

AWI ~0!5A0
si1A1

si/k, ~54!

TABLE XXII. Hadron spectrum from linear continuum extrapo
lations of masses determined by polynomial chiral fits.

mK input mf input

Mass~GeV! x2/Ndf Mass~GeV! x2/Ndf

K 0.546~06! 0.07
K* 0.864~07! 0.42 0.891~05! 0.70
f 0.970~06! 0.08
N 0.887~22! 0.18 0.887~22! 0.18
L 1.022~16! 0.60 1.058~14! 0.80
S 1.110~14! 0.62 1.158~12! 0.74
J 1.212~13! 0.89 1.285~11! 1.73
D 1.252~24! 1.07 1.252~24! 1.07

S* 1.351~20! 1.14 1.380~17! 1.34
J* 1.463~18! 1.05 1.518~14! 1.71
V 1.560~17! 0.43 1.637~11! 1.14
03450
keeping ksi
fixed. We then setk5kud and calculate

mud
AWI(0)1ms

AWI(0) by a linear interpolation in terms of 1/ksi
.

We do not employ a quadratic extrapolation since the eff
of the quadratic term is negligibly small ins quark mass, but
increases errors of fitting parameters significantly.

FIG. 28. Light hadron spectrum from polynomial chiral fits.
3-26
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LIGHT HADRON SPECTRUM AND QUARK MASSES FROM . . . PHYSICAL REVIEW D67, 034503 ~2003!
Values formq
AWI(0) andmq

VWI(0) at the physical quark mas
point are presented in Table XXV. Quark masses transla
to theMS scheme atm52 GeV are given in Table XXVI and
are plotted in Figs. 11 and 12. They are well reproduced
linear functions ina. The AWI and VWI quark masses
which are different at finitea, extrapolate to a universa

FIG. 29. Comparison of our hadron masses~solid symbols! with
those of Ref.@3# ~open symbols!. Open triangles~squares! are data
obtained on lattices withLsa'2.3 fm (Lsa'3.4 fm). Open sym-
bols ata'0 represent data on finite lattice~right! and those after
finite-size corrections~left!. Experimental values are shown b
stars.

FIG. 30. The ratioy5(m1
VWI1m2

VWI)/(m1
AWI1m2

AWI) as a func-
tion of x5m1

AWI1m2
AWI . Solid and open symbols are for degenera

and nondegenerate cases, respectively.kc
AWI is used to calculate

mqi

VWI . Errors from the lattice spacing are not included.
03450
d

y

value in the continuum limit, as they should. We determ
the quark masses in the continuum limit by a combined
ear extrapolation ofmq

VWI andmq
AWI ~Table XXVII!.

C. Systematic errors and final results

To estimate systematic errors from chiral extrapolatio
we consider a quadratic fit tomq

AWI , taking kc
AWI as a fit

parameter. We then carry out a QxPT fit to mPS with kc set
to kc

AWI and evaluate VWI and AWI quark masses. Chiral fi
up to here employk as an independent variable. To evalua
errors in quark masses from fits in terms ofk, we consider an
independent QxPT fit to mPS

2 as a function ofmq
AWI without

referring tok.
Figure 32 shows thatmud is sensitively affected by the

treatment of the chiral limit. At finitea, bothmq
VWI andmq

AWI

from the alternative fit above shown by triangles differ fro
the original ones~circles! far beyond statistical errors. Lin
early extrapolated to the continuum, the alternative meth
lead tomud'4.1– 4.8 MeV, depending on the choice of fit
The fit to mPS as a function ofmq

AWI ~shown by diamonds!
gives the lowest value of'3.5 MeV. Taking the maximum of
the differences between five results and the value obtaine

FIG. 31. Chiral extrapolations of the quark mass based on
axial-vector Ward identity atb55.90.

FIG. 32. Comparison of the light quark masses determined fr
various chiral fits. The VWI~AWI ! quark masses are shown b
solid ~open! symbols. Circles are results obtained from our ma
analysis, while triangles are from the alternative chiral fits discus
in the text. Open diamonds are obtained from fits tomPS

2 as a
function of mq

AWI .
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TABLE XXIII. Values of kc
AWI from the quark mass based on the axial-vector Ward identity andkc from

various chiral extrapolations of pseudoscalar meson masses. The second column shows fit number
XLVI.

b55.90 b56.10 b56.25 b56.47

kc
AWI ~linear! 0.1598254~38! 0.1549765~21! 0.1525172~13! 0.1497968~11!

kc
AWI ~quadratic! 0.1598490~93! 0.1549821~23! 0.1525226~15! 0.1498001~12!

kc ~QxPT! Fit 5 0.1598315~68! 0.1549903~55! 0.1525355~69! 0.1498049~79!

kc ~quadratic! Fit 2 0.1599531~73! 0.1550430~50! 0.1525650~53! 0.1498244~78!

kc ~cubic! Fit 3 0.1598993~63! 0.1550251~45! 0.1525579~67! 0.1498210~76!
or
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the preceding subsection, we estimate the systematic err
be 10.51 and20.79 MeV.

Systematic errors from chiral fits are not large forms . As
Figs. 33 and 34 show, results from various chiral fits at fin
a agree with each other within at most 3s. We estimate the
systematic error in the continuum limit by the same meth
as formud . We obtain15.8 and22.9 MeV for themK input
and122.0 and20 MeV for themf input.

We also investigate uncertainties from various definitio
of the axial-vector current and higher-order effects in
renormalization factors. For the former, we test for the lo
axial current defined by

Am
local~n!5 f̄ nig5gmgn , ~55!

with the tadpole-improved renormalization factor

ZA
local5120.316aP~1/a!. ~56!

The procedure to calculate the AWI quark massmq
AWI,local(0)

is described in Appendix G. For the latter, we repeat analy
using theMS coupling

1

gMS
2

~1/a!
5

^Up&
g2 20.134868, ~57!

instead ofaP(1/a).
Figures 35, 36, and 37 show the data and continuum

trapolations. The values ofmq
AWI ~triangles! and mq

AWI,local

~squares! are in good agreement. The difference is about
on the coarsest lattice and is smaller on finer lattices for
03450
to

e

d

s
e
l

es

x-

ll

cases ofmud , ms (mK input!, andms (mf input!. The two
values agree in the continuum limit within 1.5s of the sta-
tistical error. The results withaP and aMS are compared
using solid and open symbols. The small difference inmq

VWI

reflects a small value of the one-loop coefficients. On
other hand, the difference inmq

AWI is about 5% on the coars
est lattice and about 3% on the finest lattice, which leads
difference of 2% in the continuum limit, to be compared wi
the statistical error of 2%–4%.

As shown in Figs. 35, 36, and 37, the central values in
continuum limit are contained within the error band given
the sum of statistical error and systematic one from ch
extrapolations. Therefore we do not add the errors from
definition of current and higher-order effects in the renorm
ization factors to the estimate of the systematic error abo

Final results are given in Eqs.~8!, ~9!, and~10!. We note
that these numbers are different from those given in our e
lier publication @9#, in which we employed a linear chira
extrapolation ofmq

AWI and corrected for a small differenc
betweenkc and kc

AWI . Values here obtained by constraine
quadratic chiral fits are our final results.

VIII. QCD SCALE PARAMETER

A. Methods and results

We calculate the QCD scale parameterLMS in the MS
scheme. In this scheme, the renormalization group coe
cients are known to four-loop order. Since the relation b
tween the lattice coupling andMS coupling is known only
up to two loops@39#, we employ the expression to three-loo
order given by
TABLE XXIV. Parameters of chiral fits to quark masses based on the axial-vector Ward identity.

b55.90 b56.10 b56.25 b56.47

A0
dg 24.3885~39! 24.8871~38! 25.1724~35! 25.5069~47!

A1
dg 0.70142~62! 0.75739~59! 0.78888~53! 0.82492~71!

kc
AWI 0.1598299~31! 0.1549768~18! 0.1525160~13! 0.1497959~11!

B1
dg 0.6986~49! 0.7386~70! 0.753~12! 0.799~21!

B2
dg 0.022~28! 0.163~58! 0.37~12! 0.39~30!

A0
s1 22.1705~16! 22.4283~17! 22.5771~15! 22.7510~21!

A1
s1 0.35410~26! 0.38170~26! 0.39765~23! 0.41553~31!

A0
s2 22.1554~22! 22.4146~22! 22.5654~19! 22.7399~27!

A1
s2 0.34989~35! 0.37809~34! 0.39481~28! 0.41304~40!
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TABLE XXV. Light quark masses in lattice units.

b55.90 b56.10 b56.25 b56.47

mud
VWI 0.001696~37! 0.001311~35! 0.001120~42! 0.000808~64!

mud
AWI 0.001185~23! 0.000969~21! 0.000845~25! 0.000646~42!

ms
VWI(K) 0.0543~10! 0.0398~7! 0.0321~8! 0.0241~12!

ms
AWI(K) 0.0379~7! 0.0296~5! 0.0246~6! 0.0195~9!

ms
VWI(f) 0.0736~21! 0.0523~15! 0.0417~15! 0.0318~20!

ms
AWI(f) 0.0512~15! 0.0389~11! 0.0321~12! 0.0258~16!
e
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n
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LMS/m5~b0y!2b1/2b0
2
expS 2

1

2b0yD S 11
b1

22b0b2

2b0
3 yD ,

~58!

wherey5aMS(m)/4p andb2
MS52857/2 for theMS scheme

of quenched QCD@40#.
We estimate theMS coupling in three ways, using th

mean-field couplingaMF @41#, the plaquette couplingaP
@36#, and the potential couplingaV .

The mean-field~or tadpole-improved! couplingaMF is de-
fined by aMF5a0 /^UP&, wherea0 is the bare lattice cou
pling. Using the relation between theMS coupling and bare
coupling up to two loop@39# and the perturbative expansio
of the plaquette, one obtains

1

aMS~p/a!
5

1

aMF
10.3092821.95683aMF . ~59!

SubstitutingaMS(p/a) into Eq. ~58! with m5p/a yields
LMS. Our measurements of the plaquette are listed in Ta
XXVIII. The very small statistical error of the plaquette
ignored in our analyses.

The potential couplingaV is defined through the staticqq̄
potential@36#. Using the plaquette couplingaP defined by

2 ln^UP&5
4p

3
aP~q* !@121.18969aP~q* !#, ~60!

with the optimal value ofq* 53.4018/a @36,42#, the poten-
tial coupling is evaluated by@43,44#

aV~q* !5aP~q* !@112.8140aP~q* !2#. ~61!

TABLE XXVI. Light quark masses in units of GeV in theMS
scheme atm52 GeV.

b55.90 b56.10 b56.25 b56.47

mud
VWI 0.00418~6! 0.00431~9! 0.00450~15! 0.00424~28!

mud
AWI 0.00302~4! 0.00327~5! 0.00348~8! 0.00347~18!

ms
VWI(K) 0.1338~13! 0.1306~13! 0.1289~17! 0.1267~37!

ms
AWI(K) 0.0965~9! 0.1000~8! 0.1014~11! 0.1049~26!

ms
VWI(f) 0.1814~35! 0.1716~32! 0.1673~41! 0.1669~67!

ms
AWI(f) 0.1304~25! 0.1315~25! 0.1322~34! 0.1385~54!
03450
le

We evolveaV(q* ) from m5q* to m5p/a using the three-
loop renormalization group withb2

V56178.36@43,44# and
calculate

aMS~p/a!5aV~p/a!20.82230aV~p/a!2

22.66504aV~p/a!3, ~62!

We also evaluateaMS directly from theaP coupling using
the Brodsky-Lepage-MacKanzie-~BLM- ! @45# improved re-
lation

aMS~p/a!5aP~m!1
2

p
aP~m!210.95465aP~m!3,

~63!

wherem5e5/6q* .
The values ofLMS are given in Table XXIX and Fig. 38

They are fitted well with a function linear ina with small
x2/Ndf50.3– 0.5. The difference among continuum values
LMS is smaller than statistical errors. SinceLMS from aV
coupling exhibits the smallest scaling violation, we quote E
~7! as our best estimate ofLMS in quenched QCD. We note
that the scale is determined frommr .

The analysis above is based on perturbation theory
two-loop order. To estimate effects of higher-order terms
couplings, we add or subtractaP(q* )@2.81404aP(q* )2#3/2

on the right-hand side of Eq.~61!. This leads to values o
LMS differing from the original ones by about 10 MeV. Th
effects of the four-loop term in the definition ofLMS @Eq.
~58!#, evaluated similarly, is less than 0.1 MeV. We conclu
that higher-order effects are of order 10 MeV, which is twi
the statistical error in Eq.~7!.

B. Comparison with other results

There are a number of ways to determine the QCD sc
parameter. The SCRI @46# group obtained LMS

TABLE XXVII. Parameters of continuum extrapolations o
quark masses. Parameters are defined bymq

VWI5m01AVWIa and
mq

AWI5m01AAWIa.

m0 ~MeV! AVWI AAWI x2/Ndf

mud 4.29~14! 20.12~31! 22.49~30! 1.13
ms(K) 113.8~2.3! 41.2~5.5! 234.6~5.3! 0.81
ms(f) 142.3~5.8! 76~15! 225~14! 0.31
3-29



-
e

le

r-

lu-
ur

e

it

a
-

f

ra

re

n

as
al

y, if

ich
aga-

rom

t

AOKI et al. PHYSICAL REVIEW D 67, 034503 ~2003!
5247(16) MeV from the measurement ofAs/L using the
string tensionAs5465 MeV estimated from the charmo
nium level splitting. With a recursive finite-size techniqu
using the Schro¨dinger functional the ALPHA Collaboration
@47# obtainedLMS5238(19) MeV, where the physical sca
is fixed by the Sommer scale@48# r 050.5 fm. In what fol-
lows we considerL values that would come out if we dete
mine the string tension or the Sommer scale with ther me-
son mass obtained in our simulation.

We borrow a parametrization@46# ~proposed in Ref.@49#!
of As and 1/r 0 obtained with high-statistics data and eva
ate them atb55.9, 6.1, 6.25, and 6.47, the points of o
simulation. Using ourmr we evaluateAs/mr and 1/r 0mr as
depicted in Fig. 39, where the errors arising fromAs and
1/r 0 are ignored. These values show a linear dependenc
a, leading to

As/mr50.494~16!, ~64!

1/~r 0mr!50.409~13!. ~65!

With mr5768.4 MeV, we obtain in the continuum lim
As5380(12) MeV andr 050.628(20) fm, which exhibit
10%–20% deviations from the usually accepted values. V
ues ofAs and r 0 in the continuum limit have an extra sys
tematic error of about 5%~1.5s! from continuum extrapola-
tions.As is increased by 16 MeV ifAs/mr is extrapolated
as a function ofaAs, and r 0 is decreased by 0.030 fm i
1/(r 0mr) is extrapolated in terms ofa/r 0 . We call this error
the systematic error in the scale conversion.

With these scales the SCRI resultLMS5247(16) MeV is
converted toLMS5202(13)(7) MeV, while the ALPHA re-
sult LMS5238(19) MeV toLMS5189(15)(6) MeV. Here
the first errors come from those quoted in the original lite
ture and the second are from the error of ourr mass mea-
surement. Figure 38 compares our estimate ofL with those
obtained by SCRI and ALPHA and with those we have
evaluated consistently using ther mass~labeled as ‘‘trans-
lated’’!. Our result and the translated values of SCRI a
ALPHA are consistent if the systematic errors inLMS from
higher-order terms of about 10 MeV and a possible incre
of about 10 MeV of the translated results from the sc

TABLE XXVIII. Plaquette values.

b55.90 b56.10 b56.25 b56.47

0.58184394~109! 0.60413086~71! 0.61810507~55! 0.63608939~47!
03450
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conversion are taken into account. Three values ofL ob-
tained with the same scale (mr in this case! are supposed to
be those in the continuum limit, and hence the discrepanc
it exists, should be resolved within quenched QCD.

IX. MESON DECAY CONSTANTS

A. Pseudoscalar meson decay constants

We extract pseudoscalar meson decay constantsf PS from
the correlation function̂A4

local(t)P(0)&. The value off PS is
related tomq

AWI,local(0) defined in Eq.~G2!:

f PSa5Z̃Af PS
~0! , ~66!

f PS
~0!5

A2mPSaCPS
P

~mPSa!2 ~mf
AWI,local~0!1mg

AWI,local~0!!, ~67!

for the flavor combination~f, g!, whereCPS
P is the amplitude

of propagator with the point quark source defined by

^PP~ t !PP~0!&'CPS
P exp~2mPSt !. ~68!

To avoid the direct use of point source propagators, wh
are noisier than the corresponding smeared source prop
tors, we apply the following procedure: the amplitudeCPS

S

for the smeared source propagator is already obtained f
the meson mass fit

^PP~ t !PS~0!&'CPS
S exp~2mPSat!. ~69!

The ratioh5CPS
P /CPS

S can be obtained from an additional fi

FIG. 33. Same as Fig. 32 for the strange quark mass withmK

input.
TABLE XXIX. LMS in units of MeV.

Method b55.90 b56.10 b56.25 b56.47 b5`

aMF 233.1~1.9! 231.4~2.0! 229.4~2.5! 223.2~4.4! 220.4~5.7!
aV 219.1~1.8! 220.4~1.9! 220.2~2.4! 216.1~4.3! 219.5~5.4!

aP without BLM 258.3~2.2! 249.8~2.1! 244.9~2.7! 235.5~4.7! 219.3~6.2!
ap with BLM 254.6~2.1! 246.7~2.1! 242.1~2.6! 233.1~4.6! 218.0~6.1!

ap→LP 258.2~2.2! 249.8~2.1! 244.9~2.7! 235.5~4.7! 219.2~6.2!
3-30



o

e

-
-

e
s

ica
. V

LIGHT HADRON SPECTRUM AND QUARK MASSES FROM . . . PHYSICAL REVIEW D67, 034503 ~2003!
^PP~ t !PP~0!&

^PP~ t !PS~0!&
'h. ~70!

Note that Eq.~70! is the only new fit which is necessary t
calculatef PS. We illustrate a typical fit in Fig. 40.

For the renormalization constantZ̃A , we employ the
tadpole-improved@36,50# one-loop formula@35#, which is
factorized into two parts,

Z̃A5ZA
localZk , ~71!

where

Zk5A12
3k f

4ke
A12

3kg

4kc
. ~72!

Table XXX summarizes the results forZk f PS
(0) at the simula-

tion points.
For f [Zk f PS

(0) , nondegenerate data are well reproduc
by a linear function of 1/kui

, wherekui
is the hopping pa-

rameter for theu,d quarks, while the degenerate data show

FIG. 34. Same as Fig. 32 for the strange quark mass withmf

input.

FIG. 35. Comparison of theu, d quark masses. Circles are th
VWI quark masses. Triangles~squares! are the AWI quark masse
derived from the extended~local! axial-vector current. Solid~open!
symbols indicate that masses are calculated usingaP (aMS). The
leftmost data show the result from a combined fit with the statist
error and the sum of statistical and systematic errors. See Sec
for details.
03450
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slight negative curvature~Fig. 41!. Therefore, we employ a
quadratic polynomial function of 1/k,

f 5A0
dg1A1

dg/k1A2
dg/k2, ~73!

for the degenerate case, and a linear function of 1/kui
,

f 5A0
sj1A1

sj /kui
, ~74!

for the nondegenerate case (ui ,sj ). Table XXXI presents
Zk f PS

(0) at the physical point.
Multiplying ZA

local and a21, we obtain f PS in physical
units ~Table XXXII!. The data are well reproduced by a lin
ear function ina, as shown in Fig. 13. Accordingly, we ob
tain smallx2/Ndf50.45, 0.86, and 1.38 forf p , f K (mK in-
put! and f K (mf input!, respectively. Our final results forf PS
are summarized in Eqs.~12! and ~13! and Table V. For the
ratio f K / f p21, we obtain 0.156~29! in the continuum limit
from a linear fit of Fig. 14.

B. Vector meson decay constants

Vector meson decay constantsFV are extracted from the
correlation function̂ Vi(n)Vi(0)& of the local vector current

Vi~n!5 f̄ ng ign . ~75!

SinceVi is the vector meson operator, we obtain

FVa5ZVA2k fA2kgFV
~0! , ~76!

l
II

FIG. 36. Same as Fig. 35 forms with mK input.

FIG. 37. Same as Fig. 35 forms with mf input.
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FV
~0!5A2CV

P/mVa, ~77!

whereCV
P is the amplitude of vector meson propagator w

the point source. Employing a method similar to that used
the previous subsection, we first obtain the amplitude
smeared propagatorCV

S and then fit the ratioh of the point
and smeared propagators to calculateCV

P5hCV
S .

We adopt a nonperturbative definition@51# given by

ZV5 lim
t→`

^VC~ t !V~0!&

^V~ t !V~0!&
, ~78!

where

Vi
C~n!5

1

2
$ f̄ n1m̂Un,m

† ~g i11!gn1 f̄ nUn,m~g i21!gn1m̂%

~79!

is the conserved vector current. Examples of the fit for
~78! are shown in Fig. 42. Values ofZV depend little on the
quark mass, as shown in Table XXXIII. We provideFVa at
the simulation points in Table XXXIV.

FIG. 38. LMS vs a. Errors at finitea are statistical only. The
systematic error from higher-order terms is indicated forLMS from
aV coupling in the continuum limit. The systematic error from t
scale conversion is not included in the translated values.

FIG. 39. As/mr and 1/r 0mr vs a.
03450
n
f

.

Chiral extrapolations are carried out in a similar mann
to f PS. Data are fit by a linear function of 1/k ~see Fig. 43!.
Table XXXV presentsFr andFf (mf input! in units of GeV.
We extrapolate them to the continuum limit linearly ina, as
shown in Fig. 15. Final results forFV using the nonpertur-
bative renormalization constant are summarized in Eqs.~15!
and ~16! and Table V.

For comparison, we study the renormalization factor e
mated by tadpole-improved one-loop perturbation theory

FV
TPa5A123k f /4kcA123kg/4kc

3@120.82aP~1/a!#FV
~0! . ~80!

FIG. 40. Examples of fits for Eq.~70! at b56.10 in units of
105. The three panels show the data formPS/mV'0.75 ~top!, 0.6
~middle!, and 0.4~bottom!.

FIG. 41. Pseudoscalar meson decay constants vs 1/k at b
55.90. Solid curves show chiral fits with quadratic polynomial~lin-
ear! for the degenerate~nondegenerate! case. The dashed line is fo
a linear fit to the degenerate case.
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Continuum extrapolations, plotted in Fig. 15, show thatFV
TP

exhibits a scaling violation much larger thanFV . Although
the difference ofFV

TP and FV at finite a becomes smalle
towards the continuum limit,FV

TP extrapolates to a value
slightly smaller thanFV . The coefficient ofaP in Eq. ~80! is
rather large, when compared to that forZA

local in Eq. ~56! used
for f PS. Higher-order terms may be important to extractFV

TP

in the continuum limit from the region of our lattice spacin
Therefore we takeFV determined with the nonperturbativ
renormalization factor as our best estimate.

X. LIGHT HADRON SPECTRUM AS FUNCTIONS
OF QUARK MASSES

We carry out an additional analysis in which the co
tinuum extrapolations are made before the chiral fits and

TABLE XXX. Pseudoscalar meson decay constantZk f PS
(0) ,

whereZk is the k-dependent part of the renormalization consta
defined in Eq.~72!. Ranges for fits in Eq.~70! are also given.

b55.90 b56.10

Range Value Range Value

s1s1 12–28 0.10128~51! 12–35 0.07412~44!

s2s2 12–28 0.09379~53! 12–35 0.06834~47!

u1u1 12–28 0.08498~55! 12–35 0.06232~53!

u2u2 12–28 0.07875~59! 12–35 0.05816~61!

u3u3 12–28 0.07469~87! 12–35 0.05553~76!

s1u1 12–28 0.09297~53! 12–35 0.06809~48!

s1u2 12–28 0.08985~55! 12–35 0.06608~51!

s1u3 12–28 0.08833~56! 12–35 0.06526~55!

s2u1 12–28 0.08935~54! 12–35 0.06532~50!

s2u2 12–28 0.08627~55! 12–35 0.06332~53!

s2u3 12–28 0.08473~57! 12–35 0.06247~57!

b56.25 b56.47

s1s1 17–42 0.05987~45! 20–56 0.04605~67!

s2s2 17–42 0.05606~47! 20–56 0.04324~72!

u1u1 17–42 0.05106~49! 20–56 0.03914~80!

u2u2 17–42 0.04734~53! 20–56 0.03690~84!

u3u3 17–42 0.04493~57! 20–56 0.03508~89!

s1u1 17–42 0.05536~47! 20–56 0.04257~73!

s1u2 17–42 0.05350~49! 20–56 0.04152~76!

s1u3 17–42 0.05251~50! 20–56 0.04086~80!

s2u1 17–42 0.05353~48! 20–56 0.04119~76!

s2u2 17–42 0.05170~50! 20–56 0.04014~78!

s2u3 17–42 0.05070~51! 20–56 0.03945~81!
03450
-
b-

tain the hadron spectrum in the continuum limit as functio
of quark masses. A motivation of this analysis concerns
question of whether QxPT mass formulas at finitea may
suffer from lattice artifacts. Because the QxPT parameters
obtained in Sec. VI are smooth ina, we expect thatO(a)
terms vanish smoothly toward the continuum limit. The
ternative procedure provides us with a more direct test of
QxPT formulas in the continuum limit. Furthermore, th
quark mass ormPS/mV dependence of hadron masses in t
continuum limit can be used to estimate the size of the s
ing violation in future calculations with improved actions
fixed a, without difficult chiral extrapolations.

A. Continuum extrapolation

We take the continuum extrapolation of hadron mass d
at finite quark mass. To do this, we first interpolate or sligh
extrapolate the data tomPS/mV50.75, 0.7, 0.6, 0.5, and 0.4
at eachb. These values ofmPS/mV are close to our raw data
points such that the errors and uncertainties from fits
small. In practice, we use the QxPT formulas adopted in Sec
VI. We also repeat the whole procedure using polynom

FIG. 42. Ratios^VCVL&/^VLVL& and fits to obtainZV at b
56.25. Parameters aremPS/mV'0.75 ~top!, mPS/mV'0.6
~middle!, andmPS/mV'0.4 ~bottom! at b55.90.

t

TABLE XXXI. Pseudoscalar meson decay constantZk f PS
(0) .

b55.90 b56.10 b56.25 b56.47

f p 0.06882~92! 0.05201~90! 0.04172~67! 0.03304~101!
f K (mK input! 0.08343~61! 0.06216~59! 0.04970~55! 0.03913~85!

(mf input! 0.08781~74! 0.06486~62! 0.05170~60! 0.04074~90!
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TABLE XXXII. Pseudoscalar meson decay constants in units of GeV.

b55.90 b56.10 b56.25 b56.47

f p 0.1220~20! 0.1227~24! 0.1198~23! 0.1233~44!

f K (mK input! 0.1479~14! 0.1466~16! 0.1427~19! 0.1461~38!

(mf input! 0.1557~11! 0.1530~14! 0.1485~17! 0.1521~34!
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chiral fits to estimate the systematics of choosing differen
functions. Errors for interpolated and extrapolated values
a factor 1–3 larger than those for the raw data.

We then extrapolate the hadron masses to the contin
limit at eachmPS/mV . In order to calculate a relative valu
of a as a function ofb, we use the vector meson massmV at
mPS/mV50.75, which we denote asmV

(0.75); i.e., masses a
eachmPS/mV are normalized bymV

(0.75) and extrapolated lin-
early inmV

(0.75)a to the continuum limit. A value ofmV
(0.75) in

physical units is not necessary at this step. We provide
Tables XXXVI–XL normalized hadron masses at eachb ob-
tained by the QxPT formulas and those in the continuu
limit. Values of x2/Ndf for the continuum extrapolations ar
x2/Ndf'0.5 for mesons,'1.0 for octet baryons, and'3.0
for decuplet baryons. We think that the large values ofx2 for
decuplet baryons are still acceptable because the numb
degrees of freedom is only 2.

B. QxPT fits in the continuum limit

We fit the continuum hadron spectrum, normalized
mV

(0.75), using the QxPT formulas and following the proce
dure given in Sec. VI and obtain the hadron spectrum as w
as the value ofmV

(0.75)50.981(18) GeV. The quark mass
the continuum limit at eachmPS/mV is necessary for a chira
fit of pseudoscalar meson masses. We first interpolate
AWI quark massmq

AWI(0) linearly in 1/k to each value of
mPS/mV at eachb. We then convertmq

AWI(0) to the values in
the MS scheme atm52 GeV, usinga determined from
mV

(0.75). The AWI quark masses are linearly extrapolated

TABLE XXXIII. Renormalization constantZV determined by a
nonperturbative method. Ranges of the fit shown at the bottom
common to all combinations of quark masses.

b55.90 b56.10 b56.25 b56.47

s1s1 0.53589~20! 0.59909~20! 0.63341~23! 0.67379~23!

s2s2 0.53514~24! 0.59867~27! 0.63326~31! 0.67403~30!

u1u1 0.53386~34! 0.59761~42! 0.63236~54! 0.67406~49!

u2u2 0.53240~52! 0.59592~70! 0.63005~103! 0.67367~73!

u3u3 0.53098~77! 0.59415~111! 0.62637~194! 0.67272~126!
s1u1 0.53480~25! 0.59838~28! 0.63303~33! 0.67384~33!

s1u2 0.53400~29! 0.59771~34! 0.63244~43! 0.67353~39!

s1u3 0.53340~33! 0.59720~41! 0.63173~54! 0.67294~48!

s2u1 0.53447~28! 0.59816~33! 0.63288~40! 0.67400~38!

s2u2 0.53368~33! 0.59744~41! 0.63218~52! 0.67371~45!

s2u3 0.53309~38! 0.59688~49! 0.63134~66! 0.67312~55!

Range 9–17 14–22 20–35 20–40
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the continuum limit with a reasonably smallx2/Ndf,0.5.
For completeness, we provide in Table XLI lattice spacin
at eachb and quark masses for eachmPS/mV normalized by
mV

(0.75).
The QxPT fits in the continuum limit look quite similar to

those at finitea as shown in Fig. 44. The values of the p
rameters are consistent with those obtained from an extra
lation of the parameters at finiteb, as given in Table XLII.
See also, for example, Fig. 45 in which we plot the oc
baryon mass in the chiral limit. A comparison of the coef
cients of the singular terms of the QxPT formulas is made in
Appendix F.

C. Universality of the light hadron spectrum

Table XLIII summarizes the light hadron masses thus
tained together with deviations from those from the origin
procedure. The two spectra are consistent with each o
with differences smaller than 1s of the statistical error. See
also Fig. 9 in which we compare masses from the two me
ods for the case of themK input. For interpolation and ex
trapolation of hadron masses, we test polynomial chiral
instead of the QxPT formulas. The deviations remain withi
1s for pseudoscalar mesons and baryons and 1.5s for vector
mesons.

We therefore conclude that the two spectra determined
the two methods are consistent with each other with diff
ences smaller than 1.5s. This confirms that both chiral and
continuum extrapolations are under control. We take the
ferences as systematic errors due to the chiral and contin
extrapolations.

re

TABLE XXXIV. Renormalized vector meson decay consta
FVa.

b55.90 b56.10 b56.25 b56.47

s1s1 0.12390~56! 0.09476~48! 0.07647~52! 0.05843~67!

s2s2 0.12211~63! 0.09277~55! 0.07496~58! 0.05626~83!

u1u1 0.11987~76! 0.09037~69! 0.07330~61! 0.05606~87!

u2u2 0.11864~79! 0.08960~69! 0.07211~79! 0.05571~120!
u3u3 0.11795~99! 0.08912~88! 0.07183~90! 0.05556~118!
s1u1 0.12147~62! 0.09233~55! 0.07441~61! 0.05695~73!

s1u2 0.12054~69! 0.09136~62! 0.07397~56! 0.05664~81!

s1u3 0.12025~75! 0.09106~69! 0.07362~63! 0.05675~96!

s2u1 0.12081~67! 0.09151~60! 0.07380~66! 0.05662~78!

s2u2 0.12005~75! 0.09061~69! 0.07345~61! 0.05642~88!

s2u3 0.11978~83! 0.09029~77! 0.07317~68! 0.05651~105!
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XI. CONCLUSIONS

In this article we presented details of our calculation
the light hadron spectrum and quark masses in quenc
QCD. The computational power provided by the CP-PA
computer enabled an exploration of hadron masses at lig
quark masses than hitherto attempted.

The high-precision data for pseudoscalar meson ma
revealed evidence supporting the presence of chiral sin
larities as predicted by quenched chiral perturbation the
In the vector meson and baryon sectors the precision of
data is not sufficient to draw conclusive statements
quenched chiral singularities. However, simulations cove
the range of quark masses sufficiently small to obtain
stable result of the spectrum also for vector mesons and b
ons. Predictions do not depend on the choice of conventio
polynomial chiral fits or fits based on quenched chiral p
turbation theory. Since the scaling violation also turned
to be mild for the plaquette gluon and Wilson quark actio
the hadron masses keep the statistical precision of 1%–
for mesons and 2%–3% for baryons after the continuum
trapolation. The systematic error is estimated to be at m
1.7%.

The chief finding is the pattern and magnitude of t
breakdown of the quenched approximation for the light h
ron spectrum. In the meson sector the quenching error m
fests itself in a small hyperfine splitting when compared w
experiment. A small mass splitting is also seen in the
cuplet baryons, and masses themselves are small for
baryons. The magnitude of deviation, typically 5%–10%,
much larger than the statistical and systematic errors.

The quenched approximation poses a limitation of o
ability to predict fundamental parameters of QCD. T
strange quark massms depends on the hadron mass inp
with a difference as large as 25%. The QCD scale param
has an uncertainty of the order of 15% depending on inp
i.e., mr or phenomenological values ofAs or r 0 .

It appears to us that it is not worthwhile to pursue pre
sion further, and the effort should rather be directed tow
QCD simulations incorporating the effects of dynamical s
quarks. We in fact started an attempt@52# in this direction
using improved gluon and quark actions. In the course of
work we recalculated the quenched hadron spectrum u
the improved actions. The light hadron spectrum obtaine
the continuum limit is in good agreement with the resu
reported in this article, providing further confirmation of th
success and limitation of quenched QCD.
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APPENDIX A: GAUGE FIXING

For the measurement of the hadronic observable, we
gauge configurations to the Coulomb gauge by maximiz
the quantity

H5(
n

(
m51

3

Re@Tr Un,m#. ~A1!

To achieve this, we combine two methods:~a! an SU~2!
subgroup method, which is similar to the pseudo-heat-b
algorithm for SU~3! gauge theories@15#, and ~b! an overre-
laxed steepest descent method@53#. Both methods can be
vectorized and parallelized by splitting the lattice sites in
even and odd sites.

1. SU„2… subgroup method

Under a gauge transformation

Un,m→Un,m8 5GnUn,mGn1m̂
† , ~A2!

with SU~3! matricesGn , H transforms as

H→H85 (
m51

3

Tr@GnUn,m1Un2m̂,mGn
†#

1terms independent ofGn . ~A3!

If the gauge group is SU~2!, it is easy to find the solutionGn
which maximizesH8 for a given siten. The global maximum
can be achieved iteratively by repeating the maximization
all sites. For the SU~3! case, we can gradually increaseH by

FIG. 43. FVa vs 1/k at b55.90 with chiral extrapolations. Non
degenerate data are slightly shifted inx for clarity.

TABLE XXXV. Vector meson decay constantFV at physical
points in units of GeV.

b55.90 b56.10 b56.25 b56.47

Fr 0.2256~20! 0.2227~21! 0.2166~29! 0.2163~60!

Ff 0.2416~19! 0.2430~19! 0.2360~24! 0.2321~47!
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applying the maximization for different SU~2! subgroups of
SU~3!. In our simulations, we maximize three SU~2! sub-
groups per iteration.

2. Overrelaxed steepest descent method

Alternatively, H can be maximized by iterative gaug
transformations with

Gn5exp~anDn!, ~A4!

Dn5 (
m51

3

Dn,m , ~A5!

Dn,m5@Un2m̂,m2Un,m2h.c.2trace#, ~A6!

with a suitable real numberan , because the gradient ofH
with respect toun

a defined byGn5exp(ilaun
a) is given by

dH

dun
a 5Re Tr@2 ilaDn#. ~A7!

Note thatdH/dun
a vanishes at the supremum ofH and is

proportional to(m]mAm
a (x) in the continuum limit.

A candidate ofan is obtained by solving the supremu
condition ofH,

Re (
m51

3

Tr@eanDnDnUn,m2Un2m̂,mDne2anDn#50,

~A8!

to the leading order ofan , which gives

an5
ReSmTr@Dn$Un2m̂,m2Un,m%#

ReSmTr@Dn
2$Un2m̂,m1Un,m%#

. ~A9!

An overrelaxation is introduced through a parameter 1,v
,2 in the gauge transformation:

Gn5exp~vanDn!. ~A10!
03450
3. Implementation on the CP-PACS

We find that the steepest descent algorithm with the ov
relaxing parameterv'1.98– 1.99 converges much fast
than the SU~2! subgroup method, when the configuration
already close to the maximum. When the configuration is
from the maximum, however, this method sometimes fails
converge. Therefore, we first apply the SU~2! subgroup
method for several hundred iterations to drive the configu
tion close to the maximum. In our simulations, we adopt
SU~2! subgroup method for the first 200, 500, 1000, a
6000 iterations atb55.9, 6.1, 6.25, and 6.47, respectivel
before applying the steepest descent method.

For a convergence check, we monitor

h5H/~9Ls
3Lt! ~A11!

and

D5
1

Ls
3Lt

(
n

1

3 (
m51

3
1

3
Tr@Dn,mDn,m

† #. ~A12!

Note that

D}E dx(
m51

3

(
a51

8

~]mAm
a !2 ~A13!

in the continuum limit. We truncate iterations at thei th itera-
tion when the conditions

uhi2hi 21u,10210, ~A14!

D i,10214 ~A15!

are both satisfied. We have checked that stronger con
gence criterion does not lead to a significant difference
hadron propagators.

APPENDIX B: QUARK PROPAGATORS

In order to solve Eq. ~17!, we use a red-black-
preconditioned minimal residual~MR! algorithm. We accel-
TABLE XXXVI. Pseudoscalar meson masses interpolated or slightly extrapolated tomPS/mV

50.75(s1), 0.7(s2), 0.6(u1), 0.5(u2), and 0.4(u3) and normalized bymV
(0.75)a. Parameters andx2/Ndf of

their linear continuum extrapolations (mPSa)/(mV
(0.75)a)5c01cmV

(0.75)a are also given.

k1k2 b55.90 b56.10 b56.25 b56.47 c0 c x2/Ndf

s1s1 0.7500~0! 0.7500~0! 0.7500~0! 0.7500~0! 0.7500~0! 0.000~0! 0.00
s2s2 0.6635~5! 0.6623~5! 0.6624~6! 0.6606~16! 0.6595~15! 0.008~4! 0.38
u1u1 0.5282~8! 0.5266~9! 0.5265~12! 0.5253~25! 0.5229~27! 0.010~6! 0.09
u2u2 0.4192~11! 0.4179~12! 0.4176~16! 0.4179~31! 0.4153~36! 0.007~9! 0.07
u3u3 0.3243~13! 0.3235~14! 0.3231~18! 0.3247~35! 0.3223~41! 0.004~10! 0.14
s1u1 0.6482~6! 0.6460~6! 0.6462~8! 0.6439~29! 0.6415~20! 0.013~5! 0.66
s1u2 0.6074~7! 0.6047~7! 0.6046~9! 0.6029~31! 0.5989~22! 0.016~5! 0.51
s1u3 0.5790~7! 0.5757~7! 0.5752~9! 0.5740~33! 0.5677~24! 0.022~6! 0.43
s2u1 0.5998~8! 0.5971~8! 0.5974~10! 0.5941~34! 0.5915~26! 0.016~6! 0.65
s2u2 0.5556~8! 0.5525~8! 0.5527~11! 0.5500~35! 0.5460~28! 0.018~7! 0.58
s2u3 0.5244~9! 0.5207~8! 0.5206~11! 0.5185~36! 0.5124~28! 0.023~7! 0.59
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TABLE XXXVII. Same as Table XXXVI for vector mesons. Values ofmV
(0.75)a at eachb are also shown.

k1k2 b55.90 b56.10 b56.25 b56.47 c0 c x2/Ndf

s1s1 1.0000~0! 1.0000~0! 1.0000~0! 1.0000~0! 1.0000~0! 0.000~0! 0.00
s2s2 0.9478~6! 0.9462~7! 0.9463~9! 0.9437~22! 0.9422~22! 0.011~5! 0.38
u1u1 0.8803~14! 0.8777~15! 0.8776~20! 0.8755~42! 0.8716~46! 0.017~11! 0.09
u2u2 0.8383~23! 0.8358~24! 0.8353~31! 0.8358~62! 0.8306~72! 0.015~17! 0.07
u3u3 0.8108~33! 0.8087~34! 0.8078~45! 0.8118~87! 0.8056~103! 0.009~25! 0.14
s1u1 0.9400~7! 0.9386~7! 0.9386~9! 0.9372~21! 0.9354~22! 0.009~5! 0.13
s1u2 0.9187~10! 0.9173~10! 0.9171~14! 0.9167~28! 0.9142~32! 0.009~7! 0.05
s1u3 0.9046~14! 0.9033~14! 0.9030~19! 0.9037~36! 0.9008~42! 0.007~10! 0.08
s2u1 0.9140~10! 0.9118~11! 0.9118~14! 0.9094~31! 0.9067~32! 0.014~8! 0.17
s2u2 0.8928~13! 0.8906~14! 0.8905~18! 0.8891~38! 0.8856~42! 0.014~10! 0.07
s2u3 0.8788~16! 0.8767~17! 0.8764~23! 0.8763~45! 0.8723~52! 0.012~12! 0.06

mV
(0.75)a 0.5086~12! 0.3874~11! 0.3212~10! 0.2447~14!
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erate the convergence by applying successive overre
ations. For the overrelaxation factor, we adoptf 51.1 from a
test study made atf 50.9, 1.0, 1.1, and 1.2. The number
iterations for f 51.1 is smaller than those forf 50.9 (f
51.2) by 20%~5%!.

At each MR step, we monitor the residual sum of squa
R2, whereR5S2D(k)G, and truncate iterations when th
conditionR2,10212 (R2,10214 at b56.47) is satisfied for
the point source andR2,1027 for the smeared source. Had
ron propagators obtained with this stopping condition
compared with those with a much stronger one on sev
configurations. From this test we estimate that the trunca
error in hadron propagators on each configuration is sma
than 5% of our final statistical error for any particle at a
time slice.

The numbers of iterations needed to calculate qu
propagators are listed in Table XLIV. The number is a
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proximately proportional to the inverse of the quark ma
defined by (1/k21/kc)/2, wherekc is the critical hopping
parameter.

Our exponentially smeared source, Eq.~18!, is motivated
from a result of the JLQCD Collaboration for the pion wa
function,

C~r !5
^0u(nc̄~n!g5c~n1r !up&

^0u(nc̄~n!g5c~n!up&
, ~B1!

which was well reproduced by a single-exponential funct
C(r )5A exp(2Br) except at the originC(0)'1.0 @21#. The
coefficientA and slopeB of the JLQCD Collaboration can b
parametrized as
TABLE XXXVIII. The same as Table XXXVI forS-like octet baryons.

k1k2 b55.90 b56.10 b56.25 b56.47 c0 c x2/Ndf

s1s1s1 1.5385~23! 1.5175~23! 1.5076~26! 1.4983~45! 1.4568~62! 0.159~15! 0.31
s2s2s2 1.4424~24! 1.4160~26! 1.4032~30! 1.3938~55! 1.3398~70! 0.200~17! 0.66
u1u1u1 1.2988~30! 1.2672~33! 1.2517~39! 1.2471~78! 1.1788~92! 0.234~22! 1.44
u2u2u2 1.1955~39! 1.1618~43! 1.1452~48! 1.1458~102! 1.0701~117! 0.243~28! 1.73
u3u3u3 1.1195~49! 1.0848~53! 1.0679~56! 1.0722~123! 0.9928~141! 0.245~34! 1.71
u1u1s1 1.3970~26! 1.3704~29! 1.3583~33! 1.3521~62! 1.2973~77! 0.194~18! 1.08
u2u2s1 1.3430~28! 1.3151~33! 1.3023~37! 1.2991~71! 1.2400~86! 0.200~21! 1.53
u3u3s1 1.3067~31! 1.2782~37! 1.2648~40! 1.2638~77! 1.2023~94! 0.202~22! 1.75
s1s1u1 1.4562~24! 1.4320~26! 1.4168~29! 1.4112~52! 1.3574~68! 0.193~16! 1.21
s1s1u2 1.4221~24! 1.3971~27! 1.3806~30! 1.3766~55! 1.3196~71! 0.200~17! 1.70
s1s1u3 1.3969~25! 1.3717~27! 1.3545~31! 1.3515~57! 1.2931~73! 0.203~18! 1.97
u1u1s2 1.3564~27! 1.3276~31! 1.3137~35! 1.3080~68! 1.2471~83! 0.213~20! 1.22
u2u2s2 1.2999~31! 1.2697~35! 1.2552~39! 1.2524~78! 1.1874~93! 0.219~22! 1.60
u3u3s2 1.2618~34! 1.2308~39! 1.2160~43! 1.2153~85! 1.1477~102! 0.221~24! 1.78
s2s2u1 1.3900~25! 1.3622~28! 1.3469~33! 1.3404~62! 1.2804~76! 0.214~18! 1.13
s2s2u2 1.3533~27! 1.3247~29! 1.3081~34! 1.3033~65! 1.2399~80! 0.221~19! 1.46
s2s2u3 1.3263~28! 1.2975~30! 1.2803~35! 1.2764~68! 1.2115~83! 0.224~20! 1.62
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TABLE XXXIX. Same as Table XXXVI forL-like octet baryons.

k1k2 b55.90 b56.10 b56.25 b56.47 c0 c x2/Ndf

u1u1s1 1.3732~26! 1.3451~28! 1.3286~33! 1.3229~62! 1.2609~77! 0.219~18! 1.31
u2u2s1 1.3014~29! 1.2718~31! 1.2541~36! 1.2509~72! 1.1836~87! 0.230~21! 1.68
u3u3s1 1.2476~33! 1.2174~34! 1.1993~39! 1.1978~80! 1.1281~96! 0.233~23! 1.75
s1s1u1 1.4737~24! 1.4504~25! 1.4408~29! 1.4313~53! 1.3859~68! 0.171~17! 0.53
s1s1u2 1.4510~25! 1.4270~27! 1.4175~30! 1.4085~56! 1.3618~71! 0.174~17! 0.64
s1s1u3 1.4367~25! 1.4123~29! 1.4028~31! 1.3941~59! 1.3467~73! 0.175~18! 0.66
u1u1s2 1.3410~27! 1.3113~30! 1.2953~35! 1.2897~68! 1.2250~83! 0.226~20! 1.30
u2u2s2 1.2677~31! 1.2365~34! 1.2192~39! 1.2164~80! 1.1463~94! 0.236~23! 1.63
u3u3s2 1.2129~36! 1.1811~38! 1.1634~43! 1.1624~90! 1.0898~105! 0.239~25! 1.66
s2s2u1 1.4032~25! 1.3759~28! 1.3632~32! 1.3550~61! 1.2990~75! 0.203~18! 0.86
s2s2u2 1.3790~26! 1.3509~30! 1.3384~34! 1.3309~64! 1.2735~79! 0.205~19! 1.01
s2s2u3 1.3636~27! 1.3352~31! 1.3227~35! 1.3156~66! 1.2574~81! 0.207~19! 1.07
l

i-

tors
A~mra,mqa!5a01a1mra1@a21a3~mra!2#mqa,
~B2!

B~mra,mqa!5b01b1mra1@b21b3~mra!2#mqa,
~B3!

wheremra is the dimensionlessr meson mass in the chira
limit, mqa5(1/k21/kc)/2 is the bare quark mass, and

a050.915, a150.576,

a250.2127, a3520.644,

b0520.0537, b150.978,

b250.2146, b3520.5123.
03450
Applying the results of test runs formr andkc , we adoptA
andB listed in Table XLIV. The smearing radius is approx
mately constant,a/B'0.33 fm at our fourb values.

APPENDIX C: HADRON PROPAGATORS

For masons we employ the operators defined by

MA
f g~n!5 f̄ nGAgn , ~C1!

wheref andg are quark fields with flavorsf andg, andGA is
one of the 16 spin matrices

GS5I , GP5g5 , G P̃5 ig0g5 , GV5g i , G Ṽ5 ig0g i ,

GA5 ig5g i , GT5 i @g i ,g j #/2 ~ i , j 51,2,3!. ~C2!

With these operators, we calculate 16 meson propaga
^MA(n)MA(0)&.
TABLE XL. Same as Table XXXVI for decuplet baryons.

k1k2 b55.90 b56.10 b56.25 b56.47 c0 c x2/Ndf

s1s1s1 1.6918~29! 1.6712~29! 1.6639~35! 1.6718~77! 1.6244~87! 0.129~21! 3.02
s2s2s2 1.6164~33! 1.5933~34! 1.5851~41! 1.5931~83! 1.5415~98! 0.143~23! 2.94
u1u1u1 1.5205~40! 1.4948~43! 1.4845~50! 1.4969~100! 1.4374~120! 0.158~29! 3.05
u2u2u2 1.4629~48! 1.4354~50! 1.4227~59! 1.4402~122! 1.3725~143! 0.172~34! 3.04
u3u3u3 1.4271~58! 1.3979~60! 1.3827~69! 1.4051~151! 1.3286~172! 0.188~41! 2.75
u1u1s1 1.5768~36! 1.5529~37! 1.5435~44! 1.5553~89! 1.4999~106! 0.146~25! 3.45
u2u2s1 1.5372~40! 1.5123~42! 1.5012~48! 1.5176~99! 1.4569~118! 0.153~28! 3.88
u3u3s1 1.5118~45! 1.4859~48! 1.4730~53! 1.4943~111! 1.4278~131! 0.159~32! 4.22
s1s1u1 1.6339~32! 1.6117~33! 1.6033~39! 1.6136~81! 1.5622~94! 0.136~23! 3.53
s1s1u2 1.6135~33! 1.5909~35! 1.5816~40! 1.5948~83! 1.5408~98! 0.138~24! 4.08
s1s1u3 1.6000~35! 1.5770~37! 1.5667~42! 1.5832~87! 1.5265~103! 0.139~25! 4.69
u1u1s2 1.5522~37! 1.5274~40! 1.5177~47! 1.5290~93! 1.4722~111! 0.152~27! 3.14
u2u2s2 1.5129~42! 1.4870~44! 1.4757~51! 1.4913~104! 1.4291~124! 0.159~30! 3.46
u3u3s2 1.4877~47! 1.4609~50! 1.4478~56! 1.4680~117! 1.4001~138! 0.167~33! 3.71
s2s2u1 1.5841~35! 1.5602~37! 1.5513~44! 1.5611~88! 1.5069~104! 0.147~25! 3.11
s2s2u2 1.5641~37! 1.5396~39! 1.5299~45! 1.5422~91! 1.4855~109! 0.150~26! 3.46
s2s2u3 1.5508~39! 1.5260~41! 1.5153~47! 1.5306~95! 1.4711~114! 0.152~27! 3.88
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TABLE XLI. Quark massesmqa in theMS scheme atm52 GeV interpolated or slightly extrapolated t
mPS/mV50.75(s1), 0.7(s2), 0.6(u1), 0.5(u2), and 0.4(u3) and normalized bymV

(0.75)a together with param-
eters andx2/Ndf of their linear continuum extrapolations (mqa)/(mV

(0.75)a)5c01cmV
(0.75)a. Lattice spacings

at eachb determined from the physical value ofmV
0.75 are also given.

k1k2 b55.90 b56.10 b56.25 b56.47 c0 c x2/Ndf

s1 0.1164~3! 0.1185~4! 0.1203~5! 0.1216~10! 0.1265~11! 20.020~3! 0.28
s2 0.0910~3! 0.0927~4! 0.0943~5! 0.0949~9! 0.0992~10! 20.016~2! 0.51
u1 0.0568~3! 0.0581~3! 0.0593~4! 0.0598~8! 0.0630~9! 20.012~2! 0.40
u2 0.0347~3! 0.0357~3! 0.0365~4! 0.0370~8! 0.0393~9! 20.009~2! 0.15
u3 0.0199~2! 0.0205~2! 0.0209~4! 0.0215~7! 0.0226~8! 20.005~2! 0.05

a21 ~GeV! 1.929~36! 2.532~47! 3.054~57! 4.009~78!
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For the spin-1/2 octet baryons we take the operators
fined by

Oa
f gh~n!5eabc~ f n

TaCg5gn
b!hna

2 , ~C3!

wherea, b, care color indices,C5g4g2 is the charge con-
jugation matrix, anda51, 2 represents the spin state, up
down, of the octet baryon. To distinguishS- andL-like octet
baryons, we antisymmetrize flavor indices, written symbo
cally as

S52
@ f h#g1@gh# f

&
, ~C4!

L5
@ f h#g2@gh# f 22@ f g#h

A6
, ~C5!

with @ f g#5 f g2g f .
The spin-3/2 decuplet baryon operators are given by

Dm,a
f gh~n!5eabc~ f n

TaCgmgn
b!hna

c . ~C6!

Writing out the spin structure~m, a! explicitly, we obtain

D3/25eabc~ f TaCG1gb!h1
c , ~C7!

FIG. 44. Degenerate masses and chiral fits in the continu
limit. V5mV

(0.75) . See text for details.
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D1/25eabc@~ f TaCT0gb!h1
c

2~ f TaCG1gb!h2
c#/3, ~C8!

D21/25eabc@~ f TaCG0gb!h2
c

2~ f TaCG2gb!h1
c#/3, ~C9!

D23/25eabc~ f TaCG2gb!h2
c , ~C10!

where G65(g17 ig2)/2, G05g3 , and the subscript ofD
denotes thez component of the spin.

With these operators, we calculate eight baryon propa
tors given by

^Sa~n!Sa~0!&, a51,2, ~C11!

^Ga~n!La~0!&, a51,2, ~C12!

^DS~n!DS~0!&, S53/2,1/2,21/2,23/2, ~C13!

together with eight antibaryon propagators defined by
same expressions with the baryon operators replaced by
tibaryon operators. To enhance the signal, we average z
momentum propagators on a configuration over all sta
with the same quantum numbers: three polarization st
for the vector meson and two~four! spin states for the octe
~decuplet! baryon. We also average the propagators for
particle and the antiparticle—i.e., meson propagators att and
Lt2t are averaged—and baryon propagators for particlet
and those for antiparticle atLt2t are averaged. Errors of th
propagators are estimated treating the data thus obtaine
being statistically independent.

APPENDIX D: CORRELATED FITS FOR CHIRAL
EXTRAPOLATION

A difficulty in a correlated chiral extrapolation is that th
size of the full covariance matrix ~error matrix!
C(t,k1k2 ;t8,k18k28) is very large and the matrix become
close to a singular matrix so thatC21 necessary forx2 fits
cannot be estimated reliably. When we make a fit for b
degenerate and nondegenerate data simultaneously, the
of C becomes of order 200, e.g., (2821011)3115209 for
fitting range @10,28# used for 11 combinations of quar

m
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TABLE XLII. Parameters of QxPT fits made in the continuum limit. Results are given in units ofmV
(0.75)

of the continuum theory and in physical units~GeV, GeV21!. We also give parameters obtained from
extrapolation of the parameters at finiteb.

x2/Ndf Parameter in mV
(0.75) units in physical units Extrap.~in physical units!

PS 0.2 A 1.72~23! 1.69~23! 2.43~4!

B 2.17~91! 1.69~9!

d 0.16~10!

Vector 0.0 mV
0 0.791~29! 0.776~11! 0.777~10!

C1 0.548~79! 0.559~93! 0.560~72!

C1/2 20.133~98! 20.136~82!

Octet 0.0 mO
0 0.877~12! 0.861~20! 0.863~24!

bF 20.248~66! 20.253~67! 20.244~36!

bD 0.040~44! 0.041~45! 0.040~18!

F 0.290~71! 0.280~36!

D 0.434~69! 0.416~35!

Decuplet 0.0 mD
0 1.265~72! 1.241~74! 1.251~43!

c 0.220~77! 0.224~78! 0.234~28!

H2 0.06~99! 0.16~40!

C2 0.3~3.0! 20.38~77!
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masses. We find that the condition number ofC is far beyond
1015 so that one cannot handle the matrix within our nume
cal accuracy. Instead of the simultaneous fits, we make in
pendent fits for degenerate and nondegenerate ca
Namely, we make three fits for masons:~1! degenerate fit
with five data atk1k25s1s1 , s2s2 , u1u1 , u2u2 , u3u3 , ~2!
nondegenerate fit with one of the hopping parameterk1
5s1 using four data atk1k25s1s1 , s1u1 , s1u2 , s1u3 , and
~3! the same with k15s2 using k1k2
5s2s2 ,s2u1 ,s2u2 ,s2u3 . Fits for baryons are carried ou
similarly, because two quarks in baryons are taken to
degenerate.

For each correlated fit, we employ the procedure adop
in Ref. @54#. We first minimizex full

2 defined by

x full
2 5 (

t,t8,k2 ,k28
$G~ t,k2!2G0~ t,k2!%C21~ t,k2 ;t8k28!

3$G~ t8,k28!2G0~ t8,k28!%, ~D1!

FIG. 45. Octet baryon mass in the chiral limit vs the latti
spacing. The leftmost point represents the value in the continu
limit, but determined from the chiral fit in the continuum limit.
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whereG(t,k2) are data of hadron propagators andG0(t,k2)
is a fitting function, e.g.,G0(t,k2)5A(k2)exp@2m(k2)t# for
baryons. The massesm(k2) thus determined are in gener
different from those obtained by individualx2 fits for each
k2 . The difference is small for most cases, though it oc
sionally amounts to 1.2s. We use masses from the full co
related fits for later analyses. Results remain essentially
same if masses from individual fits are used. We then ca
late an error matrixS for the fit parameters by

S5~DTC21D !21, ~D2!

whereD is the Jacobian defined by

m

TABLE XLIII. Hadron spectrum from QxPT chiral fits in the
continuum limit. The scalemV

(0.75) of the continuum theory is also
given. See text for details. Deviation and its statistical significa
are relative to our final result~data in Table IV!.

mK input mf input

Mass~GeV! Deviation Mass~GeV! Deviation

mV
(0.75) 0.981~18! 0.981~18!

K 0.559~6! 1.0%, 0.6s
K* 0.856~9! 20.3%, 0.3s 0.889~4! 0.0%, 0.0s
f 0.951~12! 20.6%, 0.4s
N 0.876~23! 20.2%, 0.1s 0.876~23! 20.2%, 0.1s
L 1.011~17! 20.8%, 0.4s 1.057~12! 20.3%, 0.3s
S 1.109~16! 20.7%, 0.4s 1.173~10! 20.2%, 0.2s
J 1.189~13! 21.0%, 0.7s 1.285~8! 20.3%, 0.5s
D 1.251~48! 20.5%, 0.2s 1.251~48! 20.5%, 0.2s

S* 1.353~32! 20.4%, 0.2s 1.385~31! 20.2%, 0.1s
J* 1.453~27! 20.4%, 0.2s 1.517~25! 0.0%, 0.0s
V 1.551~20! 20.6%, 0.4s 1.647~14! 0.0%, 0.0s
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TABLE XLIV. Smearing parameters for quark matrix inversion. ParametersA and B appear in the
smearing functionS(n)5A exp(2Bunu). The numbers of iterations necessary for point~P! and smeared~S!
sources are also given.

b55.90 (r P
2 510212, r S

251027)

k 0.15660 0.15740 0.15830 0.15890 0.15920

A 1.1427 1.1408 1.1387 1.1373 1.1366

B 0.3290 0.3268 0.3242 0.3226 0.3217

No. iter~P! 22068 307613 495626 7806170 11306320

No. iter~S! 20166 279610 463623 7506170 10806290

b56.10 (r P
2 510212, r S

251027)

k 0.15280 0.15340 0.15400 0.15440 0.15460

A 1.0884 1.0863 1.0843 1.0830 1.0823

B 0.2361 0.2339 0.2317 0.2303 0.2296

No. iter~P! 25966 37369 644621 1170660 17406230

No. iter~S! 26164 37867 661618 1220660 18406250

b56.25 (r P
2 510212, r S

251027)

k 0.15075 0.15115 0.15165 0.15200 0.15220

A 1.06304 1.06151 1.05961 1.05829 1.05754

B 0.19336 0.19175 0.18974 0.18835 0.18755

No. iter~P! 27566 35968 586615 1080640 19006120

No. iter~S! 29863 38765 633611 1170640 21306130

b56.47 (r P
2 510214, r S

251027)

k 0.14855 0.14885 0.14925 0.14945 0.14960

A 1.02817 1.02688 1.02517 1.02431 1.02368

B 0.13484 0.13351 0.13174 0.13085 0.13019

No. iter~P! 42768 561611 987663 1600650 30606160

No. iter~S! 40563 53266 940660 1520640 29306140
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Dt,k2 ;A~k
28!,m~k

28!5@]G0~ t,k2!/]A~k28!,]G0~ t,k2!/]m~k28!#.

~D3!

Note thatD is diagonal with respect tok2 . For the chiral
extrapolation, we minimizexext

2 given by

xext
2 5(

k2

$m~k2!2 f ~k2!%S21~k2 ,k28!$m~k28!2 f ~k28!%,

~D4!

where f (k2) is the fitting function we try and the matri
S(k2 ,k28) is the submatrix among the masses of the f
error matrixS in Eq. ~D2!.

This procedure works well only when the full covarian
matrix C is reliably determined. Although the condition num
ber of C is as large as 1014– 1015 for degenerate fits and
1012– 1013 for nondegenerate fits, small eigenvalues and
corresponding eigenvectors responsible forx full

2 are deter-
mined well. The jackknife error for these quantities is of t
order of 10%~20% at b56.47). The error sometimes in
creases to 50% for large eigenvalues. We think that it cau
no problem because the corresponding eigenmodes hav
significant contribution tox full

2 .
03450
l

e

es
no

In fully correlated chiral fits,x full
2 should be close toNdf .

For pseudoscalar mesons, we choose the fitting range c
fully to satisfy this condition~see Table XLV!. We use the
common ranges for both QxPT fits in Sec. VI A and qua-
dratic polynomial fits in Sec. VI D.

For vector mesons and baryons, we employ uncorrela
QxPT chiral extrapolations made simultaneously to had
masses with degenerate and nondegenerate quark mass
addition, we perform fully correlated polynomial chiral fit
With our choice of fitting ranges for the former, we obser
that x full

2 /Ndf for the latter are much larger than unity, a
though errors ofx full

2 /Ndf are also large. After trial and error
discarding data aroundt'tmin in degenerate propagators
k5s1 and s2 and/oru1 leads tox full

2 /Ndf'1. We therefore
use different ranges for polynomial chiral fits from those f
QxPT fits, noting that masses for these cases do not cha
significantly.

For the mass-mass covariance matrixS, the condition
number isO(104) and all errors for eigenvalues and eige
vectors are contained within 25% of central values. Hen
we are able to perform numerically reliable full correlat
chiral extrapolations.
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TABLE XLV. Values of x full
2 for degenerate~DG! and nondegenerate~ND! pseudoscalar meson mass fit

b

DG ND (k15s1) ND (k15s2)

Ndf x full
2 Ndf x full

2 Ndf x full
2

5.90 85 79~21! 68 61~17! 68 61~18!

6.10 100 119~26! 80 92~22! 80 99~23!

6.25 40 47~15! 32 29~12! 32 33~13!

6.47 70 172~66! 56 85~36! 56 86~35!
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APPENDIX E: CHIRAL FITS FOR PSEUDOSCALAR
MESONS

We compare eight chiral fit functions for pseudosca
meson masses listed in Table XLVI, using the fully corr
lated fits described in Appendix D. The first five are for t
degenerate cases,sisi and uiui . Fits 1–3 are polynomials
while fits 4 and 5 are based on QxPT using Eq.~28! with
aF50, with or without the quadratic termB(m11m2)2. The
remaining three functions are for the nondegenerate c
siuj . Two of them are polynomials, and the last one is
QxPT formula~28! with aF50. For nondegenerate fits, w
fix kc to a value determined from a degenerate fit.

The values ofxext
2 /Ndf for chiral extrapolations are ver

large irrespective of the choice of fitting functions, as sho
in Table XLVI. A similar phenomenon was observed also
previous studies. See, e.g., Ref.@6#. This may be due to the
fact that higher-order terms are required to reproduce
data. Because the number of our data points is limited,
clusion of such terms is not possible, and hence we choo
functional form from overall consistency.

Concerning the relative magnitude ofxext
2 /Ndf , we find,

for the degenerate fits, thatxext
2 /Ndf is the smallest with the

QxPT formulas keeping theO(mq
2) term ~fit 5!. When we
03450
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remove theO(mq
2) term,xext

2 /Ndf becomes much larger. Thi

observation is consistent with the presence of theO(mq
2)

term expected from the mass ratio test given in Sec. V.
nondegenerate fits, similar values ofxext

2 /Ndf are obtained
from both quadratic~fit 2n) and QxPT ~fit 5n) fits.

To keep consistency with the presence of QxPT singular-
ity shown by the ratio tests in Sec. V A, we decide to emp
QxPT fits ~fits 5 and 5n) for the main course of our analyse
and use quadratic fits~fits 2 and 2n) for estimations of sys-
tematic errors from the chiral extrapolation.

APPENDIX F: TEST OF Q xPT MASS FORMULA FOR
VECTOR MESONS AND BARYONS

Lowest-order QxPT mass formulas for vector meson
@17# and baryons@18# can be written as

mH~mPS!5m01C1/2mPS1C1mPS
2 1C3/2mPS

3 , ~F1!

whereCi are polynomials of the couplings in the quench
chiral Lagrangian. We find that it is difficult to constrain a
coupling parameters~6 for vector mesons and 11 for baryon
in addition tod andaF) under the limitation of the accurac
gen-
TABLE XLVI. Chiral fit functions andxext
2 /Ndf for pseudoscalar meson masses. Fits 1–5 are for de

erate cases, while fits 1n– 5n are for nondegenerate cases withms5(1/s121/kc)/2 for upper rows andms

5(1/s221/kc)/2 for lower rows.

Fit function Parameters Ndf

xext
2 /Ndf

b55.90 b56.10 b56.25 b56.47

Fit 1 mPS
2 52Am kc , A 3 1290~100! 1117~92! 942~82! 630~170!

Fit 2 mPS
2 52Am14Bm2 kc , A, B 2 417~43! 172~28! 67~28! 59~30!

Fit 3 mPS
2 52Am14Bm218Cm3 kc , A, B, C 1 182~43! 125~54! 100~55! 83~48!

Fit 4 mPS
2 52Am@12d„ln(fLm/A)11…# kc , A, d 2 1018~85! 606~61! 376~55! 285~92!

Fit 5 mPS
2 52Am@12d„ln(fLm/A)11…#

14Bm2
kc , A, d, B 1 116~31! 71~35! 57~31! 26~26!

Fit 1n mPS
2 5Asms1Am As , A 2 630~110! 455~55! 430~50! 246~67!

381~84! 314~45! 339~41! 233~64!

Fit 2n mPS
2 5A(ms1m)1B(ms1m)2

1C(ms2m)2
A, B, C 1 91~26! 20~12! 2~3! 0~1!

128~35! 36~17! 4~4! 1~4!

Fit 5n mPS
2 5A(ms1m)@12d„ln(fLms /A)

1m/(m2ms)ln(m/ms)…]
1B(ms1m)2

A, d, B 1 147~40! 46~19! 12~9! 4~9!

80~50! 62~24! 14~10! 8~13!
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of our mass data and the number of data points. We there
setd50.1 andaF50, and drop the couplings of the flavo
singlet pseudoscalar meson to vector mesons and bary
We also setf 5132 MeV unless otherwise stated.

1. Vector mesons

The lowest-order QxPT formula for vector mesons@17# is
given by

mV5mV
01

C1/2

6 H 3

2
~muu1mss!12

mss
3 2muu

3

mss
2 2muu

2 J
1

C1

2
~muu

2 1mss
2 !1CD~muu

3 1mss
3 !1CNmus

3 , ~F2!

wheremf g is the pseudoscalar meson mass. The coefficie
are written in terms of the couplingsgi of the quenched
chiral Lagrangian:

C1/2524pg2
2d, ~F3!

CD522g2g4 /~12p f 2!, ~F4!

CN5~24g1g214g2
2AN!/~12p f 2!. ~F5!

The coefficientC1/2 of the term linear inmPS is proportional
to d and represents the quenched singularity. QxPT predicts a
negative value forC1/2. A phenomenological estimate i
C1/2'20.71 usingd50.1 andg250.75 @17#.

a. Ratio test

We perform ratio tests for vector meson masses indep
dently for degenerate and nondegenerate cases. For th
generate case, the mass formula, Eq.~F2!, reduces to Eq.
~F1! with

C3/25CD1CN . ~F6!

Hence we obtain a relation

y5C1/21C1x1O~mPS
2 ! ~F7!

for

y5
mV,222mV,11

mPS,222mPS,11
, ~F8!

x5mPS,221mPS,11. ~F9!

We calculatey andx for all ten combinations ofk1 andk2 .
Equation~F7! is obtained also for nondegenerate cases, w
y and x replaced by more complicated expressions. We
tain 15 data points fory and x from all combinations satis
fying (uisj )Þ(ui8sj8).

In Figs. 46 and 47 we show plots ofy versusx for degen-
erate and nondegenerate cases, respectively. Data fory are
fitted well by a linear function ofx, and intercepts are nega
tive taking a value in the range20.3–0.0. These results sug
gest that theO(mPS

2 ) term in Eq.~F7! and henceC3/2 in Eq.
03450
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~F6! or CD andCN in Eq. ~F2! are small. We find thatC1/2 is
negative, but much smaller in magnitude than the pheno
enological estimate'20.71.

b. Chiral fit

We make a fit, Eq.~F2!, directly to the vector meson mas
data, treating the degenerate and nondegenerate cases s
taneously. We ignore correlations among masses for diffe
quark masses, or else the size of the full covariance ma
becomes too large to obtain reliable matrix elements.

We find that the QxPT fit keeping all five fitting param-
eters is unstable; the covariance matrix for the fit parame
becomes close to singular with the condition number
O(108– 109).

Dropping theO(mPS
3 ) terms, the fit becomes more stab

with the condition numbers ofO(104– 106). The fit repro-
duces the data equally well as that including theO(mPS

3 )
terms as illustrated in Fig. 27 for the degenerate data ab
55.90 ~the baryon fits in this figure are discussed below!.
Equivalently, x2/Ndf of at most 0.8 obtained without th
O(mPS

3 ) terms are comparable to 0.9 including theO(mPS
3 )

terms. Taking the stability of fits as a guide, we adopt the
without the O(mPS

3 ) terms for vector mesons. This choic
also agrees with a small value ofC3/2 observed in the ratio
test.

For the coefficient of the leading chiral singularity, w
obtain C1/2520.058(27), 20.075~28!, 20.065~35!, and
20.155~72! at b55.90, 6.10, 6.25, and 6.47, respective
which are stable under variation ofb. Taking a weighted
average, we findC1/2520.071(8), which is much smaller
than a phenomenological estimateC1/2524pg2

2d520.71
(d50.1). The valueC1/2520.13(10) obtained from chira
fits in the continuum limit~Sec. X! also supports this con
clusion. A much larger value ofC1/2'20.6 to 20.7 is re-
ported in Ref.@29#. One possible origin of the difference i
the finite-size effects in Ref.@29#.

2. Decuplet baryons

Keeping terms up toO(mPS
3 ), the QxPT formula for de-

cuplet baryon masses is given by@18#

mD5mD
0 1

5H2

162
~4wuu14wus1wss!

1
C2

18
~wuu22wus1wss!1c~2muu

2 1mss
2 !

1~210H2/811C2/9!~vuu12vus!, ~F10!

where wi j and v i j are defined in Eqs.~43! and ~44!. The
terms proportional tov i j areO(mPS

3 ).

a. Ratio test

For the degenerate case, the formula~F10! reduces to the
cubic polynomial as in Eq.~F1!, where

C1/252~5pd/6!H2. ~F11!
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Therefore, we can perform a ratio test by constructingy and
x, which are similar to those for vector mesons.

As Fig. 48 shows, we observeC1/2'20.1 from the inter-
cept and a small value ofC3/2 from the linearity of the data
The negative value forC1/2 is consistent with the negativ
sign in Eq.~F11!.

b. Chiral fit

We study direct fits of the decuplet baryon mass data
the mass formula~F10! using degenerate and nondegener
masses simultaneously. SinceC3/2 is small in the ratio test,
we consider fits with and without theO(mPS

3 ) terms in Eq.
~F10!. We note that the number of parameters is the same~4!.

The two types of fits are indistinguishable. Both yie
x2/Ndf'0.5 with the condition number of the covarianc
matrix of O(106– 107), and the fitting curves are nearl
identical in the range of our data points. See Fig. 27 for
results atb55.90.

The fits without theO(mPS
3 ) terms giveH250.65(13),

0.55~15!, 0.39~15!, and 0.70~40! and C1/252(5pd/6)H25

FIG. 46. Ratio test for QxPT formulas for degenerate vecto
mesons.

FIG. 47. Same as Fig. 46, but for nondegenerate vector mes
03450
o
e

e

20.169(33), 20.145~39!, 20.101~40!, and 20.18~10! for
b55.90, 6.10, 6.25, and 6.47, respectively. Results at dif
ent b are consistent with each other, and the weighted a
ageC1/2520.14(1) is consistent with the estimate'20.1
from the ratio test.

Including theO(mPS
3 ) terms reduces theC1/2 coefficient

to C1/2520.020(29), 20.019~32!, 20.031~28!, and
20.204~73! for b55.90, 6.10, 6.25, and 6.47, which a
much smaller than the values from the ratio test.

Considering the consistency with the ratio test, we e
ploy the mass formula without theO(mPS

3 ) terms in the main
analyses and use the fits with theO(mPS

3 ) terms for error
estimations.

For the adopted fit,C2 is consistent with zero within
;2s. Setting C250 does not change the decuplet bary
masses at the physical point by more than 0.5s for all b
values. We keep, however, the term proportional toC2 since
it is the same order as the term proportional toH2.

3. Octet baryon

The QxPT mass formulas we consider for octet baryo
are written as

ns.

FIG. 48. Same as Fig. 46, but for degenerate decuplet bary

FIG. 49. Same as Fig. 46, but for degenerate octet baryons
3-44
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TABLE XLVII. Bare AWI quark masses 2mq
AWI,local(0) obtained at the simulation points. Here 2mq stands

for mqf
1mqg

. The fit range@ tmin ,tmax# is also given.

b55.90 b56.10 b56.25 b56.47

k1k2 Range Value Range Value Range Value Range Value
s1s1 5–25 0.091309~80! 8–32 0.072038~59! 7–39 0.063377~74! 10–53 0.048770~80!

s2s2 5–25 0.067984~74! 8–32 0.051800~53! 7–39 0.048763~67! 10–53 0.036887~72!

u1u1 5–25 0.042573~68! 8–32 0.031987~50! 7–39 0.030771~57! 10–53 0.021232~60!

u2u2 5–25 0.025941~69! 8–32 0.018921~56! 7–39 0.018359~52! 10–53 0.013501~58!

u3u3 5–25 0.017144~142! 8–32 0.012114~100! 7–39 0.011225~60! 10–53 0.007701~62!

s1u1 5–25 0.066713~75! 8–32 0.051875~54! 7–39 0.046989~66! 10–53 0.034941~73!

s1u2 5–25 0.058270~75! 8–32 0.045274~54! 7–39 0.040706~64! 10–53 0.031035~73!

s1u3 5–25 0.054006~78! 8–32 0.041953~57! 7–39 0.037117~65! 10–53 0.028115~78!

s2u1 5–25 0.055217~71! 8–32 0.041860~51! 7–39 0.039740~62! 10–53 0.029039~67!

s2u2 5–25 0.046842~71! 8–32 0.035299~52! 7–39 0.033486~59! 10–53 0.025147~66!

s2u3 5–25 0.042594~75! 8–32 0.031982~55! 7–39 0.029911~60! 10–53 0.022235~70!
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mS5mO
0 1

1

2
$4F2wuu24~D2F !Fwus1~D2F !2wss%

1
C2

9
~wuu22wus1wss!24bFmuu

2 12~bD2bF!mss
2

1~2D2/322F22C2/9!vuu1~2D2/324DF

12F225C2/9!vus , ~F12!

mL5mO
0 1

1

2
$~4D/322F !2wuu1~D/31F !2wss

22~4D/322F !~D/31F !wus%14~2bD/32bF!muu
2

22~bD/31bF!mss
2 1~2D2/928DF/312F2

2C2/3!vuu1~10D2/924DF/322F22C2/3!vus .

~F13!

The notation is the same as that for decuplet baryons.

a. Ratio test

The QxPT mass formula~F12! reduces to the cubic poly
nomial in Eq.~F1! with

C1/252~3pd/2!~D23F !2. ~F14!

The negative sign ofC1/2 suggests that the degenerate oc
mass is a concave function ofmPS

2 for sufficiently light
quarks. On the other hand, our data exhibit a convex~i.e.,
negative! curvature as shown in Fig. 27. A negative curvatu
is also observed in Ref.@6# for the Kogut-Susskind action
We consider that the negative curvature is due toO(mPS

3 )
terms and that they have a large effect for the range of qu
masses covered by our data.

In Fig. 49 we show the ratio test as in Eq.~F7! for degen-
erate quark masses. IfO(mPS

2 ) terms in Eq.~F7! or, equiva-
lently, theO(mPS

3 ) terms in the mass formula are negligibl
one would obtainC1/2'0.6, which is opposite in sign com
pared to Eq.~F14!.
03450
t
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b. Chiral fit

For octet baryons, it is natural to fitS- andL-like baryons
simultaneously, because many coefficients of individ
terms are related with each other. In these fits we nee
include theO(mPS

3 ) terms to reproduce the negative curv
ture while maintaining consistency with QxPT.

We find that the six-parameter fit as indicated by E
~F12! and ~F13! shows several local minima in paramet
space, and the minimization procedure converges to diffe
minima depending on the jackknife ensemble. Some par
eters exhibit irregular dependence on the lattice spacing,
F50.150(20), 0.139~25!, 0.103~43!, and 0.247~49! for b
55.90, 6.10, 6.25, and 6.47.

Recalling that the octet-decuplet couplingC is zero within
2s in the decuplet baryon fit, we setC50 for octet baryons
and obtain stable fits, e.g.,F50.334(14), 0.326~14!,
0.315~13!, and 0.299~31! for b55.90, 6.10, 6.25, and 6.47

In view of the stability of parameters, we employ th
simplified fit (C50). The fits are almost indistinguishab
from those keepingCÞ0 in the range of measured point
See Fig. 27.

For the coefficient of the leading chiral singularity, w
obtain C1/2520.118(4) as the weighted average over t
four values ofb. This is smaller than a phenomenologic
estimate C1/252(3pd/2)(D23F)2'20.27 assumingd
50.1,F50.5, andD50.75. The smallness ofC1/2 is not due
to lattice cutoff effects, becauseC1/2520.09(8) is obtained
in the continuum limit~Sec. X!.

APPENDIX G: QUARK MASS FROM LOCAL
AXIAL-VECTOR CURRENT

An alternative definition of the AWI quark mass is give
by

2mq
AWI,locala5

ZA
local

ZP
2mq

AWI,local~0! , ~G1!

2mq
AWI,local,~0!5mPSa lim

t→`

^A4
local~ t !P~0!&

^P~ t !P~0!&
, ~G2!
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where the time derivative in the numerator is substituted
mPSa and

Am
local~n!5 f̄ nig5gmgn ~G3!

is the local axial-vector current.
For mq

AWI,local(0) , we first antisymmetrize the correlato
^A4

local(t)P(0)& and then make a fit
en

ed
ng

ys

03450
y
mPSa

^A4
local~ t !P~0!&

^P~ t !P~0!&
'2mq

AWI,local,~0! tanh@mPSa~Lt/22t !#,

~G4!

where mPSa is already determined by the pseudosca
propagator fit. The results for 2mq

AWI,local(0) are summarized
in Table XLVII. Chiral fits are made by a quadratic polyno
mial under the constraintkc

AWI,local5kc . For the renormaliza-
tion coefficient formq

AWI,local(0) , we use Eq.~56!.
ys.
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