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The dual transformation is applied to non-Abelian gauge theories in four dimensions. It is shown that after
the dual transformation the SU(2) Higgs-Kibble models give the same partition functions as the relativistic
hydrodynamics of Freedman coupled to Higgs scalars and that these two theories have various dual relations.
The hydrodynamics thus obtained is naturally defined as an expansion in the inverse of the original coupling
constant. There exists a simple classical solution representing a circulation-flow of fluid (vorticity) in the
hydrodynamics with two triplets of Higgs scalars. This vorticity solution satisfies a flux quantization rule and
corresponds to the vortex solution of Nielsen and Olesen in the non-Abelian Higgs-Kibble model.

I. INTRODUCTION

The purpose of the present paper is to study a
dual transformation in non-Abelian gauge theories,
especially in the Higgs-Kibble models, with the
help of the technique developed in a previous paper
by one of us on the Abelian gauge theories.! The
dual transformation originally discussed in the
study of critical phenomena in solid-state physics?®?
connects two different models with different cou-
pling constants (or temperatures in solid-state
physics) related inversely to each other. There-
fore, the transformation is very useful to de-
termine a critical coupling constant, or to investi-
gate a model in the strong-coupling region by using
the result of the dually transformed model in the
weak-coupling region. There are several works
in which this dual transformation is discussed in
the lattice version of the U(1)-invariant®® or
Z(N)-invariant®” gauge theories. These works
intend to embody the duality of Mandelstam and
’t Hooft® in the lattice gauge theories.

In the previous study of conventional field the-
ory! it has been noted that the dual transformation
is nothingbut a Fouvrier trvansformation performed
in the integrand of a partition function defined by
the path-integral method. It has also been shown
that the dually transformed Abelian Higgs model
is identical to the relativistic hydrodynamics of
Kalb and Ramond® and of Nambu,'® coupled to a
Higgs scalar. The correspondence between the
classical solutions and that between the Green’s
functions in the two models (Higgs vs Kalb,
Ramond, and Nambu) have been clarified there.

In this paper, we shall apply the technique de-
veloped in the previous paper! to non-Abelian
gauge theovries, especially to the Higgs-Kibble
models with an internal-symmetry group of SU(2).
We shall discuss the models with one doublet or

two triplets of Higgs scalars. It will be shown that
the dually transformed non-Abelian Higgs-Kibble
models are identical to the non-Abelian hydro-
dynamical models of Freedman!! coupled com-
plicatedly to Higgs scalars. Freedman has found
his model in the course of generalizing the model
of Kalb and Ramond® and of Nambu'® to a non-
Abelian case. It will be noted that these models
represent relativistic hydrodynamics with (Freed-
man) or without (Kalb-Ramond-Nambu) internal
symmetry. It will also be noted that the gauge
principle of Kalb and Ramond (of Freedman),
written in terms of an antisymmetric tensor field
W, (velocity potential), has to do with the dually
transformed Abelian (non-Abelian) Higgs-Kibble
models and that this gauge principle looks very
different from the original gauge principle of Yang
and Mills,!? written in terms of a vector potential
Af. The Lagrangian of our hydrodynamics, ob-
tained from the original non-Abelain Higgs-Kibble
model with the help of the dual transformation,
will be defined as an expansion in the inverse of
the original guage coupling constant, 1/e, so

that this hydrodynamical model may play an im-
portant role in the future study of the non-Abelian
gauge theories in the strong-coupling region. We
shall also derive various dual relations between
the Green’s functions of our hydrodynamical mod-
els and those of the original non-Abelian Higgs-
Kibble models. In order to derive these we shall
introduce an external tensor source and perform
the dual transformation in the presence of this
source. The hydrodynamical model with two Higgs
scalars in the triplet representation has a clas-
sical soltuion representing a circulation flow
around the x® axis possessing the third isospin
index, whose rapid stream is localized around the
x% axis. This solution corresponds to the vortex
solution of Nielsen and Olesen!® in the non-Abelian
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Higgs-Kibble models. It is, therefore, natural
to have a flux quantization rule also in our hydro-

dynamics. The quantized flux in our hydrodynamics -

is “electric” [the (0, 3) component of the velocity
potential] since the electric components of the
velocity potential correspond to the magnetic com-
ponents of the Higgs-Kibble models.

In the next section, we shall show that the dually
transformed non-Abelian Higgs-Kibble models are
identical to the relativistic hydrodynamics of
Freedman, a non-Abelian version of the theory of
Kalb and Ramond and cf Nambu coupled compli-
catedly to the Higgs scalars. In Sec. III, we shall
study several dual relations between the Green’s
functions of the non-Abelian Higgs-Kibble models
and those of the hydrodynamics. A classical so-
lution, representing a circulation flow around the
x3 axis and corresponding to.the vortex solution of
Nielsen and Olesen, will be obtained and discussed
there.

II. DUAL TRANSFORMATION IN NON-ABELIAN
GAUGE THEORIES '

The Lagrangian densities for the vector fields
A% and the scalars ¢* (and ¥°) discussed in this
paper are the following:

£r==1(FL)?+ (o, —ie 3T°AL)D [2 -V (9T0)  (2.1)
and

L1 ==3(F8)? 4 3(5,0% +e €A ¢°)?
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V11(¢'7 Zp)=—C2(¢ -¢)+C4(¢ -¢)2—d2(lp-lp)
+d4(d)'¢)2“eg(¢ '¢)+eq(¢ 'Z/))z’ (2'5)

In the above equations (¢ -9) =222_¢%°, c,, c,,
d,, d,, e,, and e, are all positive numbers, and
7° (@ =1~ 3) and €°*° denote the Pauli matrices
and the structure constants of the SU(2) group,
respectively.

A. Model I

First, we shall study model I described by the
Lagrangian density (2.1) since it is simpler than
model II described by (2.2). The partition function
of model I is written as

2z [ 04360 [ [Io6,0]1
X [ALp()8(0,(x)) 8 (¢ ,(x)) 6 (¢ ,(x))]
xexp[z‘fd“xf,l(x):' R (2.6)

where the components of the Higgs scalar ¢ (x) are
defined by

(,b(x): (¢1(x)+2¢2(x)> , (2.7)
¢ ,(x) +i0,(x)

and Ay (v) denotes the Faddeev-Popov deter-

minant corresponding to the gauge-fixing condi-

tions

¢, (x)=0,x)=¢,K)=0. (2.8)
+3(8,0% + €€ AL 1) _ V11 (0, ), (2.2) o f
where It is more convenient to set the gauge-fixing condi-
tions on the Higgs scalars as above rather than on
Fi, =0,A%-9,A% +e€“""A'L’LA';‘, (2.3) the gauge fields A{, since we need to integrate over
A°(x) completely after performing the dual trans-
1 - T t.4)2 2.4 u
Vi(9'9)=-c 070 +c,(970), @.4) formation. Let us define the dual transformation
and by
)
exp)i fd“x[— i(Fe,)? Eoc f W, (x) exp<if dw{- % [m*W?,)? - 2mW? , F™ ‘“’]}) , (2.9)

where W, are antisymmetric tensor fields. This is a non-Abelian version of the dual transformation
(2.5) in Ref. 1. As was stressed in Ref. 1, this transformation (2.9) is a kind of Fourier transformation
and is analogous to the transformation in quantum mechanics from the coordinate representation to the
momentum representation. In Eq. (2.9), the parameter m is arbitrary and nonvanishing, and

0 a =1 a, \p
Wi, =2¢€ Ware

LVAp

where €, ,,,

(2.10)

equals +1 or —1 according to whether (uvip) is an even or odd permutation of (1234). The

Faddeev-Popov determinant'* AL (x), for ¢ subject to the conditions (2.8), is given by

st @)=1/[ TT a0 I 660,60 [0, 00F,
a=1 k=2

(2.11)

where ¢,(x)* is the kth component of ¢ (x)* obtained from ¢ (x) by the infinitesimal gauge transformation,
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with parameters w®(x), namely,

dx)?~p(x) +i3T0% (%) (x) .

(2.12)

After performing the dual transformation (2.9) in the integrand of the partition function (2.6), we carry

out the following integration over Aj:

f:DAﬁ(x)exp;ifd“x[% ezAa"‘K:”,,(cp,W)Ab'”-m(Vﬁ - —%Jﬁ) A“"‘M

ab \-1/2 ; 4 1/m\? € 1\ab €
o (detK2®) 2 expqi | d'x| - s\ 7 yar _ WJ'“ (K1) Vb,v_WJ,u . (2.13)

In Eq. (2.13) K% is defined by

(2.14)

m -
KZbVE% |¢ Iababgu.v - ? € Wﬁv’
the velocity vector V§ of the hydrodynamics sat-
isfying the continuity equation (8* V% =0) is in-
troduced by .

Ve =t We (2.15)

vy ?

and the current J}, is given by
Je=—igp'ir 8.0 (5,=5,-5,). (2.16)

Notice that J% vanishes under the gauge condi-
tions (2.8). In the above integration over A%, we
must define the inverse of the matrix K. We do
it by the power-series expansion in m/e as

Mz‘vabc,vl=6acguh, (2.173_)
and
M(¢a W)=K(¢)s W/).1
ad -~ n
E@"E(% W<I>"> (2.17b)
n=0
=iy (T—)@'lwvl
e
m \2 ~ ~
+ <7> PIIWEIWEly ... (2.17¢)

Here we assume that ¢ has a nonvanishing vacuum
expectation value so that ™! is well defined by

2
(@’1)‘:};5 Ik g, (2.18)
Also, the matrix W is introduced by
W = oot e v (2.19)

Now, from Egs. (2.6), (2.9), (2.11), and (2.13),
we obtain

Z,ocZ;«:f DW;,(x)f D¢1(x)H¢l(5¢)3
x[det M2 (o,, W)]*/2

xexp[i fd“x Sf(x):l , (2.20)

r
where
* 1/m\? ay 1 prab by v 1 2 2
= 2\e ve Muv((pl!W)V’ —-am (WZu)
+(0,0,-V(8,7). (2.21)

Thus, we have proved that the non-Abelian Higgs-
Kibble model I described by the Lagrangian den-
sity (2.1) gives the same partition function as the
non-Abelian hydrodynamical model described by
the Lagrangian density (2.21). We may say that
the hydrodynamical model obtained above is
dually velated to the original non-Abelian Higgs-
Kibble model described by Eq. (2.1), since the
former is obtained from the latter with the help
of the dual transformation (2.9). It should be
stressed that the dually transformed non-Abelian
Higgs-Kibble model, the relativistic hydrody-
namical model described by the Lagrangian den-
sity (2.21), is defined by a power-series expan-
sion in teyms of 1/e as is seen in the definition
of the matrix M(¢,, W) [Egs. (2.17b) and (2.17¢)].
Therefore, this hydrodynamical model may play
an important role in the future study of the strong-
coupling region (e > 1) of the non-Abelian gauge
theories with the help of the various dual relations
between the Green’s functions of these two mod-
els, which will be given in the next section.

Recently, Freedman'! has found a non-Abelian
version of the relativistic hydrodynamics of Kalb
and Ramond® and of Nambu.!° His Lagrangian is
equivalent to

1 (m\? ay 1 g rab b v
& preedman = = 9\e Vv Muy(¢1, w)v ’ (2.22)

under the restriction that ¢, is constant. It is
interesting to notice that the action corresponding
to the Lagrangian density (2.22) is invariant under
the following gauge transformation with parameters
Ab(x):

Wﬁu-W{fw"'vszZ—vszZ’ (223)
where
AT LT <%><“"p3 (2.24)
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and

PS =M% (¢, W)VPY, (2.25)
This transformation is a non-Abelian version of
the gauge transformation discussed by Kalb and
Ramond® in the Abelian hydrodynamics,

W= W,,+8, A, -8,A, .
In our Lagrangian (2.21), the symmetry associated
with the transformation (2.23) is broken by the
mass term so that it is not necessary to fix the
gauge in our partiition function of the non-Abelian
hydrodynamics. Furthermore, it is notable that
the functional measure, which has appeared in
Eq. (2.20) after the dual transformation from the
parition function of the non-Abelian gauge model
(2.6) with the correct functional measure, is just
the necessary one for the non-Abelian relativistic
hydrodynamical model defined by such a nonlinear
Lagrangian (2.21). This correctness of the mea-
sure will be proved in the following.

As was discussed in the previous paper,’ !5 the
partition function is originally defined by the func-
tional integral over dynamical variables ¢ ;(x)
and conjugate momenta p;(x),

ZNOCf:in(x)f Dp;(x) exp%ifd%c
X[Zi:m;];—gc”(p,q)]f,

(2.26)

where 3Cy(p,q) is the Hamiltonian density cor-
responding to a nonlinear Lagrangian density such
as

£ya, @) =52 a1, @a;

i’j

+ ;gi(q)a”h(q). (2.27)

If we perform the integration over p;(x) completely,
we obtain

Zye< fﬁan(x)IxI [detf,;;(@)]'/?

Xexp[ifd‘*x £N(x)] . (2.28)

In our case the matrix f is given by

ab m\? ab
(f ij= = 'Z Mij(¢1, W)- (2-29)
This can be easily understood, if nondynamical
variables &%(x) and dynamical variables b%x) are
introduced as'®

evi=Weoi, (2.30a)

b izde  Wo P, (2.30b)

and if V* is expressed in terms of & and l;",
namely,
Ve=v*°=V.b%,

.
-

V‘;:—Va’i=[ba+(_‘7><'éa)]i.

(2.31a)
(2.31b)

What we should prove becomes the following
relation:

¢, (x)3(det M2/ 2 cc (det M)/ 2, (2.32)

where we have omitted an unimportant constant
factor. In order to prove Eq. (2.32), we prepare
a useful formula in the following: If a regular
matrix K and its inverse M are expressed as

14 14
K= A B andM=<A B), (2.33)
CD Cc’ D’
respectively, we have
detD’=detA xdetM, (2.34)

where A(A’), B(B’), C(C"), and D(D’) are 7 X7,
7 Xs, s X7, and s Xs matrices, respectively.
Proof.

detK:det(A B-4 'A-IB>
C D-C-A"B
=detA xXdet(D - CA™'B)
=detA xdet(D"1).
If we take D’ =(M{}) in Eq. (2.33), we have
detA =det(3 | ¢ |26%) (¢ ,(x))°. (2.35)

Then Eq. (2.32) is derived from Eqs. (2.34) and
(2.35). ‘ .

Therefore, we have proved that the dual trans-
formation from the partition function of the non- .
Abelian gauge model with the appropriate func-

_tional measure (determined by the Faddeev-

Popov method!?) gives the correct partition func-
tion of the relativistic hydrodynamical model with
the measure inherent in the nonlinearity of this
model.

B. Model II

Next we study the model II described by the
Lagrangian density (2.2). The difference between
models I and II lies in the type of representation
of the group SU(2) for the Higgs scalars (the
doublet representation in model I and the triplet
representation in model II). Since 7,(SU(2))={0},*
there is no nonvanishing topological quantum num-
ber in model 1. It is, therefore, difficult to dis-
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cuss the stability of a vortex solution in model much easier to discuss the stability of the vortex
I. On the other hand, the symmetry controlling solution. In the following, we thus set the gauge
model II is essentially O(3) which possesses a condition so as to give a vortex solution. Namely,
nonvanishing topological quantum number char- we start from the following partition function:

acterized by 7,(0(3))=2,={0, 1}.*° 1t is, therefore,

Zy [ 24500 [ 26 |60 |99 [ © [960)| |96 [D960) [ De0Imyto)

xHA () 803 (x))0(¥°(x))8(x () — 16 (x))

xexp[ fd X Ly ] v (2.36)
where |¢(x)|, |o(x)|, &), n(x), ¢(x), and x(x) are defined by
1) +id2(x) = |p(x) | eH P, (2.37a)
PHx) + 392 (x) = |Plx) | e, (2.37b)
E(x)=xx)+ £lx), (2.317c)
and
n)=xk)-tk). (2.37d)

In Eq. (2.36), we fix x(x) to be n6(x) in a way similar to the Abelian case,' where §(x) is the azimuthal
angle of X around a given string S at the time x°, and % is an integer. Since we have already presented
in model I our prescription for the dual transformation in detail, we shall skip the complicated calcula-
tions in model II.

The Faddeev-Popov determinant’ AL (x) is given by

AL (x)3(6)0(32)d(x —n8) = |19 - 9162 | 6(¢°)5(4°)6(x —n6). (2.38)
The dual transformation (2.9) and the functional integrations over A% (x), ¢3(x), ¥*(x), and x(r) lead to the

following result:

zg= [owe,w [ 26| [0 6w [2c)|o60)| |90)] [Be) x Tw) | (detarzt)/2

- Xexp[fd“xé: (x)} (2.39)

The integrand of Eq. (2.39) is supposed to be expressed in terms of the three independent variables
|(x)|, |¥(x)|, and &(x) with the help of Egs. (2.37a)-(2.37d). The Lagrangian density £, dually related
to £;;, is given by

1/ m\? e .
eim= () (v = ) a0 (70 ) )4 0,0 4 0,8 - Vi, ).

(2.40)
The matrix M is defined by the power-series expansion in m/e, as in Eqs. (2.17a), (2.17b), and (2.17c)
with the help of the matrix W of Eq. (2.19). The matrices K and ® are given by

K% =t ‘é‘ W‘;’; v (2.41)

and

éab -gu,,[(qb)"’ﬁ“" a¢b+(zp)26ab_¢a¢b]’ ) (242)

respectively. It should be stressed that in order to give a well-defined !, it is necessary to introduce
two Higgs scalars into the triplet representation and to require that these two scalars ¢ and ¥ have non-
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vanishing vacuum expectation values and be not parallel or antiparallel to each other. This can be easily
understood from the explicit form of &1,

@ e [5@+ (¢)2¢“¢"+(w)2¢'g; gz@)(wmpaqsn] ' (2.43)
The current j2 (v) in Eq. (2.34), given by

7ele) =€ (¢%, 0+ 9 8,9, (2.44)
has the only nonvanishing component

73 =02+ |#]92,0) +(|¢ |2 = |9]2)e, ¢ (2.45)

under the gauge-fixing conditions given in Eq. (2.36). The term proportional to 8u(n9) plays an important
role for producing a vorticity source wzv(x) in our non-Abelian hydrodynamics. The vorticity source
w?,(x) is defined as the coefficient of the term linearly proportional to W%,, namely, 3(4mm/e)

X W‘:w(x)w“’ “Y(x), in the Lagrangian density £* of the hydrodynamics. In our case, wf“,(x) is the only non-
vanishing component of the vorticity source. It consists of a regular part w/,(x) and a singular part

w? (x), namely

wp, () =, (x) + 0, (x), _ (2.462)
sy 1 1¢|2-|zp|2> )
L) = 3= €y az<mf~ o¢, (2.46b)
and.
w?,(x) = Zl—- €, ,0,(920° — 8° 8) o (x) (2.46¢)
m
=n f f drdo 59(x - y(, o)) %;’-%gl ) (2.464)

In Eq. (2.46d) we have used y*“(7, 0) as a parametrization of the world sheet of the string S, where 7 and
o denote the timelike and spacelike parameters, respectively. (See Ref. 17.)

It is also possible to prove that the functional measure in Eq. (2.39) is the only necessary one for the
nonlinear Lagrangian density (2.40). The matrix f for model II is

(o124 1912 (o1~ [s]orarg (Z)(lo 2~ [vlr0rg

) (2.47)
2
(Z)lo1- vl (Y 0z
We must now prove the following relation:
|6 12|92 6 x F|2det(M) < detf
33 3b
&« - (W’ |2+ |ll)|2)det(M‘;§’)+(|¢ [2_ ‘¢]2)2det(Moo (Moj) ) ) (2.48)
(M33) (138

This equation can be easily checked by the useful formula Eqgs. (2.33) and (2.34). Thus we conclude that
the functional measure in Eq. (2.39) derived automatically from the dual transformation coincides with
that in Eq. (2.28) with £,=£%. '

III. THE DUAL RELATIONS AND THE VORTICITY SOLUTION

In this section we shall discuss several relations between the original non-Abelian gauge theories de-
scribed by the Lagrangian densities £; and £;; and the non-Abelian hydrodynamics described by the
Lagrangian densities £ and £§. For this purpose, it is useful to introduce an external source J%,
through the replacement

Fa (x)=F%, (x) +J%,(x), (8.1)

in a way similar to the Abelian case.! The dual transformation (2.9) with the replacement (3.1) leads us
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to the formula

Z[ )< z*[I,],

(3.2)

where Z[J%,] and Z*[J% ] are obtained from Z and Z* by replacing £ and £* by £[J%,] and £*[J% ], re-

spectively. The definitions of £[J¢

£[%,] =8 — L F2,(0)J% #0(x) =102, (x) S0 (),
and

LHIL,]=8% 43 mv{;zv(x)J“ vY(x).

,] and £+[J% ] are as follows:

(3.3a)

(3.3Db)

From Egs. (3.2), (3.3a), and (3.3b), we obtain the following relations between the Green’s functions of the

two models dually related to each other:

im(We, (W), = (= ) (FL0)) (3.4)
(im)*(T* um(" YWz, (x,)), = (=9)%( (T*Fa, (¢ )Fi2, (x,)) + (=1)8 ) (3.5)
() (TH WL, () Wiz, () Wi, (), = (= DXT*F4, (x ) Fiz, (x,) Fia, (x )
+(=22[0y 0 F20, (600 + 8 5y (o) FL, () 48,5 (1) (F32,, (6,0
(3.6)
and, in general,

(Em)" (T Wiy, (x) Wz, (x Do Wi, (), = (=) T+F, (x Fiz, () -Fin, (x,)

+ (= D) gy (THF3, ()« o o Fin, (6,)) + + -]

+ (=281 8 (0 @ T*F 3, ()« + o Fin, () 4+ ]

e 3.7

where we have used the notation

v = Gaiﬂj(gui ujg,,,..,j _g“i u].gujvi)
X0 @(x; —x,). (3.8)

These equations are easily obtained by the suc-
cessive functional differentiation of 1InZ with
respect to J% (x), namely,

o Inz[J, (x)]
lelul(xl) ces J‘:Lnn"n( T

_ 0" InZ *[J° (x)]
- 6‘.]'lzllll’l(xl) SRR ( n) ’

En¥n

(3.9)

In our models, the original local SU(2) symmetry
is-broken spontaneously by the Higgs scalars so
that the Green’s functions are defined at the spon-
taneously broken vacuum. Therefore, for the
definition of these Green’s functions, it is nec-
essary to change the variables of the generating
functional from the external sources of the Higgs
scalars to the vacuum expectation values of the
Higgs scalars by using the Legendre transfor-
mation.'® This well-known step can be easily
performed in the two models dually related to

each other since the Higgs scalars are common
in both of these two models. We shall skip this
step here. It is very interesting to discuss the
possible renormalizability of the non-Abelian
hydrodynamics described by the Lagrangian den-
sities £ [Eq. (2.21)] and £% [Eq. (2.40)] by using
the dual relations (3.4)-(3.7) for the Green’s
functions and the renormalization prescription

of the non-Abelian Higgs-Kibble models described
by £; [Eq. (2.1)] and £, [Eq. (2.2)]. We leave

this problem to a future study. In the following,
however, we shall discuss a simple correspondence
between the classical solutions of the two models
described by £;; and £%. As pointed out by
Nielsen and Olesen,'® in the non-Abelian Higgs-
Kibble model described by £;; there exists a
vortex solution, which is static and axially sym-
metric with respect to the x% axis, and the mag-
netic field with a third isospin index F3, is
squeezed along the x® axis. The decomposition
of (3.4) into “electric” and “magnetic” component
shows '

(m &(x)), = - (H(x))

and

(3.10a)
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(b)), = E ), (3.10D)
where

E%i(x)=F*%(x) (3.11a)
and

H%i(x)=3€y;,F"*x). (3.11b)

From Egs. (3.10a) and (3.10b), we find that the
electric component €* and the magnetic component
b® of the non-Abelian hydrodynamics correspond
to the magnetic field —H° and the electric field

E® of the non-Abelian Higgs-Kibble model, re-
spectively. Therefore, thére must exist in the
non-Abelian hydrodynamics a vortex solution
which is static and axially symmetric with respect
to the x*® axis along which the electric component
W3, =— (&%), is squeezed. In the following, we
shall search for such a classical solution. The
field equations of the hydrodynamics in model II
described by the Lagrangian density £} are

m\? “> A m A oA ~
- <—e—> [a“ P: -5, P +<—e—>empz Pf} -m*Wi, =0,

(3.12a)
oV
Dl¢|-v|¢|(au£)2+ —
= ® p 1 mz“a &ﬁabA’u_
_<7>2|¢“a D= §<7> P srer P =00
(3.12b)
6VII
Olp| = [v](e,m*+ 5ot
m m hnd 1 m 2Aa 5£ab ~ .
-<7>2M(a mE - 5<7>P“ sTeT P1=0,
(3.12¢)
and
N )
8”[‘“2%5-|¢lzaun+<1na><|¢|2—|¢l2>Pi]+ 5
- %(%yﬁz é_q?ﬁ”"ﬁo, (3.12d)
where
PL=M2 (9, zl),W)(V”'"___j ) (3.13)
<I>ab =L (I)ab (3.14)

These equations may possess the solutions of a
type :

Wir2=0and W3 ,+0. (3.15)

This can be easily checked by the help of the sim-
ple relations

1

M= @ = g O s (3.16)

pr2=0, (3.17a)
and '

B} = W(V?‘ - —:;Jﬁ) , (3.17b)

where we have assumed that Eq. (3.15) and the
gauge-fixing conditions imposed in the definition
of the partition function Z;; [Eq. (2.36)] hold. For
simplicity, we put the string S [see the explanation
below Eq. (2.31)] on the x°® axis, where the only
component of the singular vorticity source w//,
[Eq. (2.46d)] has a nonvanishing value,

wl!03(x) =n§(x1)6(x2)=n 2% 5(7‘) ‘ (3.18)

with 7 =[(x1)? 4+ (x2)2]1/2,

Now, in order to find a static and axially sym-
metric (with respect to the x% axis) solution we
can make the following assumptions in addition to
(3.15):

e3,3=ea,3(1,), |¢|=i¢((7)’ ll!)l=|¢|(’i’),
t=¢(), (3.19a)
p°=0. ; (3.19b)

Then the field equations (3.12a)—(3.12d) reduce
to

<_> _1_1(___1__7:1_6“)
- v dr \ 1o 1241912 ~ dr

emtesta(Dhum oL 00)=0, (3.200)
-2 i ton)
e (G2
+(aloi ) -0, cao

1 d/ d 8V,
-7 ﬂ(ya?’m* 5To]

¥ (|¢>IZ‘+¢II¢|2 2[(% ac-j—;—es:s>2

and
1 d (41612192 d-> Wy _
"FWGEW — +_a§_-o. (3.204d)

For the sake of simplicity, we further assume
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that the coefficient e, in the potential V (¢, %)
[Eq. (2.5)] vanishes. Then Egs. (3.20a)—(3.20d)
are decoupled with each other at least for very
large ». Under this assumption, we obtain the
following solution for very large »:

e*3(r) 3% aK(e(C+ D) %), (3.21a)
16| (r) 3% VT +bK(2Ve,r), (3.21b)
[4|(r) /> VD +cK,(2Vd,7), (3.21¢)
), 741+dK0([264(C+D)]1/2r), (3.21d)

where the modified Bessel function K («r) satisfies

%d%[yc%K"(W)} — K%K (kr)=0 (3.22a)
with the asymptotic behavior
7 \1/2
Ko(icr),'::o<ﬁ> e~ ", (3.22Db)
and the constants C and D are given by
c=%2 anap=2z (3.23)

2c, 2,

This solution represents a circulation flow of
fluid around the x® axis with a third isospin index.
The rapid stream is localized in the neighborhood
of the x® axis. This can be seen in the behavior

of the velocity vector having the only nonvanishing
component Vj (8 indicates the angle direction
around the x3 axis.):

d
Vi= -2 e%0)

7, ae(C + D)/ 2K (e(C + D)/ ?)

7>

(3.24a)

7, ae(C+D)"? L llze-e(coml/zr
r > 2@(C+D)1721’ . .

(3.24b)

Corresponding to the quantization of the magnetic
flux in the non-Abelian vortex solution of Nielsen

and Olesen, the electric flux quantization rule
holds in the solution of the non-Abelian hydrody -
namics. The field equation (3.12a) with Egs.
(8.13) and (2.45) leads to

m\? 1 33 > 2 3,3
—_ A — - i S
<e> }EI¢IZ+I¢'IZVdS mle d.

0 for (0,0)¢D
= (3.25)
z—ﬂemn for (0,0)eD
where C denotes the boundary of a domain D.
Taking D in Eq. (3.25) to be a very large domain
D, including the origin, and considering the as-
ymptotic behavior (3.24b), we obtain a flux quan-
tization rule in the non-Abelian hydrodynamics,

2
—m f e3qs ==Ly, . (3.26)
Do e

Here » is defined by modulo 2 from a topological
consideration: The fundamental group character-
izing the string of the original SU(2) gauge model
II with the two Higgs scalars in the triplet rep-
resentation is 7,(0(3))=2,={0,1}, an additive
group of integers defined by modulo 2.1°

In conclusion, we stress again that the method
developed in this paper to obtain the dual corres-
pondence between the non-Abelian gauge theories
and the non-Abelian hydrodynamics may become
a very useful tool for a future study of the non-
Abelian gauge theories in the strong-coupling re-
gion.
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